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ABSTRACT ARTICLE HISTORY
In this study, the flow of a viscous fluid through an infinite vertical Received 21 February 2022
cylinder is discussed. The respective flow is induced by pressure gra- Accepted 21 November 2022

dient and with the contribution of temperature and concentration KEYWORDS

gradients. The flow modeling is done with the generalized heat and Free convection flow:
molecular fluxes by utilizing the Prabhakar-like fractional derivative. cylindrical domain; heat and
The fractional partial differential equations which govern the flow mass transfer; Prabhakar-like
model are reduced to the dimensionless form to project the deep fractional derivative; Hankel
understanding of the flow model and then solved analytically by inte- transform

gral transforms namely Hankel and Laplace transforms. The physical

aspects of flow regarding involved parameters especially fractional

parameter are discussed by sketching the graphs of field variables

for the concerned parametric variations.

1. Introduction

The free convection flow with thermal and mass transfers through a closed circular domain
like cylinder has earned the significant attention due to its applications in biological sci-
ences, industries, and important relevancy on several technological processes. Jamil et al.
[1] discussed two-dimensional flow of rate type fluid in cylindrical domain. Mehmood et al.
[2] obtained the closed-form results for the generalized cylindrical flow of non-Newtonian
fluid. Awan et al. [3] investigated cylindrical flow along the axis of cylinder. Maryam et al. [4]
discussed the flow of viscous fluid a channel. Nazar et al. [5, 6] considered an unsteady flow
of differential-type fluid in closed domain. Tong et al. [7] investigated the result for gener-
alized Burger’s fluid in an annular pipe. Shaowei et al. [8] established the results for natural
convection flow of viscous fluid through a vertical cylinder. Gul et al. [9] worked on free
convection flows of blood with the Marangoni convection and magnetic field. The study of
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the derivative of arbitrary order is known as the fractional calculus and it has become a fer-
tile field of science and engineering [10-12]. ElInageeb et al. [13] discussed the generalized
thermal transport for the flow of nanofluid with Prabhakar-like fractional derivative.

Shah et al. [14] considered the damping effect on convective flows through vertical cylin-
der. Prakash and Ogulu [15] discussed the blood flow in constricted tubes. Saqib et al. [16]
considered MHD blood flow with fractional derivative. Imran et al. [17] also considered the
fractional approach to discuss the flow of rate type fluid in the annulus of two concentric
cylinders. Some other interesting cylindrical flows with fractional derivatives are presented
in [18-30]. In this work, the flow of viscous fluid through a cylindrical domain is discussed
by utilizing the Prabhakar-like fractional derivative. Closed-form results for temperature,
concentration, and velocity fields are established with the help of integral transforms
namely Hankel and Laplace transformations. Also the effect of fractional parameter and
flow parameters is investigated by plotting graphically.

2. Mathematical formulation

Suppose a vertical cylinder of the infinite length and radius 'r; is lying along the z-axis as
drawn in Figure 1. The flow of viscous fluid is assumed to be in the z-direction and double
convection flow is induced by the pressure gauge and bouncy effect. The radial direction
is taken normal to the axis of the cylinder as well as the flow direction. For time t < 0, the
cylinder and filled fluid both are in state of rest and thermal state and concentration level
of the system are prescribed by T, and C, respectively. For t > 0, the heat transfer takes
place from the curved surface of cylinder to the fluid and temperature of fluid rises from
T~ to constant value T, while concentration level reaches to C,. The mathematical form
of cylindrical flow model is described in the following partial differential equations [23]:

u <8zu(r, ) _,oulr t)) ap

o r or ) st PGBTIT(r, 1) — Tool — pgBclC(r, 1) — Cool. (1)

The periodic pressure is given by in term of amplitude pressures [24]

0
P Po + p1 COS(wt), ()
9z
where p, and p; are the amplitude values of pressure known as systolic and diastolic
pressures [24, 25].

Heat energy balance equation is

aq(r, t) 1 aT(r,t)
- ) = . 3
ar T q(r,t) = p¢p ot 3)
Fourier's law for transport of heat
aT(r,t)
) = —k . 4
q(r,t) or 4)
Molecular diffusion equation is
acC(r, t) ar,t) 1
=— =J(r,t), 5
ot ar + r *0 ©)
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u(r,.t)=0

T(r,.0) =1
C(1,.1)=1

Figure 1. Flow model and geometry.

Fick’s law for molecular transport

aC(r, t)
ar ©)

J(r,t) = —D

Specified values of temperature at t = 0 and at boundary of flow domain are given by

u(r,0) =0, T(r,0) = Too, C(r,0) = Coo, r €10, 10], 7)
u(rOI t) = OI T(rOI t) = TWI C(rOI t) = CWI t > o~ (8)
Introducing the following relations to get the shape free model:
, , .t T-—T, C—Cx . I
rzL/uzi/t:_lz),X: 00’¢= oo,qz qro )
o Uo ra Tw — T Cw— Cx k(Tw — Too)
. Jro , porg . p1rg
J = , = ’ = , 9
D(Tw —Too)' ™ = oUo" ™" = Vol ©)

and after unhanding the prime notation we get

du (82u(r, t)

au(r, t
at  \ 92 ( )) + po + p1 cos(ft) + Gry (r,t) — Gme(r,1),  (10)

1
r oar

where Gr = 2rTu T, Gm — 24c(C-Co)
0 0
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Non-dimensional heat energy balance equation is

I _ aq(r, t)
P r, t 11
' at < ar ( )> (n
Fourier’s law in dimensionless form
dx(rt
ger,n =~ X0Y (12)
ar

Non-dimensional molecular diffusion equation is

s 2Pt _

o o T J( t), (13)

and Fick’s law in dimensionless form

ap(r, t
sty = - 2200, (14
ar
where Pr = “TC" and Sc = 7 are thermal and mass Prandtl numbers with following dimen-

sionless specified values of field variables.
u(r,0) =0, T(r,0) =0, C(r,0) =0, r €[0,1] (15)

u(l,) =0, T(1,H) =1, C(1, ) =1, t > 0. (16)

2.1. Generalized heat and mass transports

The Fourier's and Fick’s laws with fractional derivatives are stated as

y  ox(nt)
q(r,t) = Daﬂa or (17)
and
_ oy 990D
Jrt) = =D = (18)
where
ne 0. d'f(rt)
D} 4.af (1 t)—/(t " PHE L glatt — 01 ——— e (19)

is the Prabhakar’s fractional derivative. The Laplace transformation of Prabhakar fractional
derivatives is below [13]

df(r, t)
den

L], paf 0} = PP = apy i ) (20)

3. Solution of problem

The fractional flow model is solved by Laplace transform [31, 32].
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3.1. Temperature field

Equations (11),(16), and (17) under the Laplace transform, forn = 0, get the following form:

_ aq(r, 1
Prox(r.p) = — <% +r 1q(r,p)>, (21)
_ ax(r
q(r,p) = —pP(1 - ap‘”)y%, (22)
_ 1
x(1,p) = —. (23)
p
Now using Equation (22) in Equation (21), we get
1) i =) 24
o " rar)XP T pP (1 —ap—“)VX P

where p is the Laplace parameter and the function j (r, p) is Laplace image of x (1, p). Now
applying the Hankel transform [33] keeping in mind the transformed condition x (1,p) = %

i) pP(1 —ap™)”

X p) = . 25
XH(rn, p) p r%pﬁﬂ_ap—a)y—kprp (25)
Equivalently can be written as
_ Ji(ra) 1 J1(rp) Pr
p) = - — . 26
2#{tn P) m p  rn rapP(1 —ap=®)” +Prp 20
In summation
_ H) 1 ) o~ N, o A Ly/+1)
rn,p) = -— — —)'(Pr1)'(—a
T(rn,p) = =2 = = /:m;( O e e e
1
(27)

x p2—l(B=1)+am’

2
r
where Pry = £.

Applying inverse Laplace transform

o (O Pr) (=)™ 1—I(B=1)+ma
1 (I 1) = J1(rn) _ J1(rn) Z Z =)'Pr))'(—a)"T (1 + VI) t
" " =0

r r F'm+DI'yl+1—m) TA=I(B—-1)+am)’
(28)

=0 m=0

Applying inverse Hankel transformation

oo 0

3 — Jo(ran) (2)'(Pr)/(—=a)™T'(y/ + 1)
xnt) =1 _zggngrnh(rn) Tm+ Ol —m+1) TA—1B—1) +am)’

(29)

t1fl(/371)+am
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3.2. Concentration field

Equations (13), (16)3 and (18) for n = 0, and under the Laplace transform take the following
form:

Scpg(r,p) = —

(wvm

o T J(, )) (30)

3¢(r,p)
oy SV E)
p”) ar (31

Jr,p)=—-pP(1-a
- 1
p

Now using Equation (31) in Equation (30), we get

92 MLKAF Scp - 33)
2 75> o(r,p) = PP(1 = ap=o)7 ap—a)y¢(r'p)'

where the function ¢(r, p) is Laplace image of ¢ (r, p). Now applying the Hankel transform,
keeping in mind the transformed condition ¢(1,p) = 1

() pP(1 —ap=™®)”

pr(rn, p) = : 34
&1(rn, P) p r%pﬁ('l —ap~%*)Y + Scp (34)
Equivalently can be written as
- Ji(r) 1 Ji(r, Pr
Ot p) = 1(n)__ 1(rn) ot — ) (35)
In P rn rgpP (1 —ap=*)Y + Scp
In summation
: J(m) 1 Ji(r) Ciyl+1)
rn,p) = 1)'(Sc a
L IX;mZO( ) (scp) (—=a)™ PTG I—m T
1
(36)

X p2—IB—T+am’

r2
where S¢; = &.
Applying inverse Laplace transform transformation

Jm) I o= = (DS ()T (1 +1) 1 EDFem
B ZZ Fm+NDI(yl—-m+1) TA-=IB-1)+am)

(37)

P, t) =

n I'n

Applying inverse Hankel transformation

t1fl(ﬂf1)+am

3 o o Jo(ran) (=) (Se) (=)™ (vl + 1)
¢(r't)_1_2;§n;rnj1(rn) Tm+DCGI—m+1) TA—IB—1) +am)

(38)



WAVES IN RANDOM AND COMPLEX MEDIA . 7

3.3. Velocity field

Equation (9) under Laplace transform with its relative initial condition takes the following
form:

_ 9%a(r,q)  10a(r,p) ;p _ -
pu(r,p) = ( a2 T )T ; + P2+ 72 + Grx(r,p) + Gmo(r,p),  (39)
which satisfies the following condition:
u(l,p) =0. (40)

Applying the Hankel transform

_ J1(r, B _
PU(rn, p) = —r3Un(r, p) + 1) ( + _2p1p 2) + Gry(r,p) + Gmg(r,p), (41
I'n p p>+f

and coupling the expression of xp(rn, p) and ¢x(rn, p) from Equations (20) and (26) in
Equation (31), we get

- _Silm) 1 Po P1p
Un(rn, p) = PR PR (p + ERs

nh (1 [ 1 Ppf(l—ap~)” ]
(p+r?) Lpr?pP (1 —ap=)¥ +Prp
rnd1 (rn) Scpf (1 —ap™*)Y
(p+rd) [ rapP (1 —ap=*)¥ +Scp}

+ Gm

In summation notation

J n 1 o
Bt p) = 1(rn) (p_ p1p )

I'n (p—|—l’2) p2—|—f2

GVJ1 (rn) L(yl+1) 1
r (p+r2)ZZ( 1) (Pr'l) ( ) F(m+1)r(yl_m+.I)p—l_l(ﬂ_—|)+am

I=0 m=0
GmJi(rp) _ m
fn<P+f2>§mZo( V'S (—a)
Cyl+1) 1

X Cm+ DL yl—m+1) p1—l(ﬁ—1)+am'
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Now applying the inverse Laplace transform

1(n) _,

+ T 30 S 1) a”
n /=0 m=0

C(yl+1) gem—I(p=1)
“Tm+ O —m+1) Tam— I8 — 1))

G (1)
+ S S S C1sen )"

I=0 m=0
F(]/I+ 1 t—/(ﬁ—1)+am
X .
Tm+ DLyl —m+ 1) Dam— 1B — 1))

up(rn, t) = " % (0o + p1 cOs(ft))

Inverting Hankel transform

J n _r2
u(r,t) =2 Z r,,oj(f(rc,)) n % (po + p1 cos(ft))

o]

Joran) 2 s VP Tl 1)
i Ggrnh(rn)e *gn; Fm+DI(yI=m+1) Tlam—I(8—1))

—1)+am

t—1(B—1)+am

Jo(rar) 2 (=D S~ (=a™T (1 +y))
+26Gm Zr,,J1(r,,)e *Zm:) FrA+mrI@yl+1—m) T@@m-I1B-1)

(45)

4. Results and discussion

In this work, the flow of a viscous fluid through an infinite vertical cylinder is discussed.
The respective flow is induced by pressure gradient and with the contribution of tempera-
ture and concentration gradients. The flow modeling is done with the generalized heat and
molecular fluxes by utilizing the Prabhakar-like fractional derivative. The respective govern-
ing equations of flow model are also reduced to the dimensionless form to project the deep
understanding of the flow model and then solved analytically by integral transforms namely
Hankel and Laplace transforms. The physical aspects of flow regarding involved parameters
especially fractional parameter are discussed by sketching the graphs of field variables for
the concerned parametric variations and presented in Figures (2)-(9).

The outcomes of fractional parameter 8 are posted over the temperature field in Fig-
ures 2(a) and 2(b) for short and long times. For short times, temperature profiles presented
a growing trend while it has a decaying trend for long times. This adverse behavior of
the temperature profile for short and large times is due to the choice of Mittag-Leffler
function. The deportment of fractional parameter y on temperature profile is discussed
in Figures 3(a)-3(b) for short and long times, temperature profiles show a decaying trend
for both times. This physical aspect of temperature against fractional parameters is due to
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Figure 3. Temperature profile due to the variation of y for timest = 0.2and t = 2.

the choice of the generalized three-parametric Mittag-Leffler function as a kernel of frac-
tional operator. The same behavior of concentration against the corresponding parameters
is appeared in Figures (4) and (5).

In Figures 6(a) and 6(b), the velocity profile is plotted for due variation of fractional
parameter B. Velocity profiles also present an adverse behavior for short and long times.
From the figures it is cleared the velocity profile is an increasing function for short time
while it is a decreasing function for large time and reason behind such behavior is the Mit-
tag-Leffler kernel for fractional operator. Velocity field is sketched for fractional parameter
y in Figures 7(a) and 7(b) and it is noted a decreasing trend in velocity profile for increas-
ing values of y. The effect of Gr and Gm is discussed in Figures 8(a) and 8(b). From the
sketches of profiles, it is observed that velocity field post an increasing trend for increasing
values of Gr and Gm. Gr and Gm are the ratio of bouncy forces due to temperature gradient
and mass gradient restively to the viscous force. Larger the value of Gr and Gm larger the
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Figure 5. Temperature profile due to the variation of y for timest = 0.2andt = 2.

bouncy effect therefore fluid speeds up for increasing values of Gr and Gm. The physical
reasoning behind this increasing trend is that for larger values of both Gr and Gm there
are more buoyancy forces which always support the fluid velocity so fluid speeds up with
increasing values of Gr and Gm. The physical effect of thermal Prandtl number Pr and mass
Prandtl numbers Sc is highlighted in Figures 9(a) and 9(b) and the falling curves appeared
for the increasing values of Prand Sc. As Pr and Sc are the ratio of momentum diffusivity to
the thermal and molecular diffusivities respectively. Larger the values of Pr and Sc, there is
more momentum diffusivity and more viscous friction in the fluid domain which reduces
the velocity of fluid and boundary layer thickness too. In Figure 10(a), comparison of the
present velocity for «, 8 — 1 with that velocity obtained by Nazar et al. [5]. From the figure
it is observed that the overlapping profiles show the validity of our obtained results.
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5. Conclusion

In this flow model, generalized thermal and mass transport for the viscous fluid in cylindrical
domain by utilizing the Prabhakar-like fractional derivative are discussed. The governing
equations for temperature, concentration, and velocity are solved via Laplace and Hankel
transforms for the closed-form results of field variables. The effects of physical parameters
over thermal, molecular, and momentum profiles are posted by sketching the some graphs
of temperature, concentration, and velocity fields. Some key findings of this study are listed
below:

(1) Temperature, concentration, velocity profiles are enhanced for the increasing values
of fractional parameter g for short time while showing a decreasing trend for large
time.



12 (&) ZUNNISAETAL

Veloeity Distribution
=)

T T T T ] T T T T
b =
@ na Gemt ® = oncs
-+ Gr=38 B
I op A i G
s Gr=16
2
a
L - _,E‘ 2+ -1
35
>
L 1 i+ .
1 1 1 1
- i o 6 T i % 02 04 06 08 1

Velocity Distribution

J(“) -8 Pr=2 ) 8 Sc=2

4+ Sc=4

wal. Sc=6 |
dk Sc=8

Velocity Distribution

Figure 9. Velocity profile due to Prand Sc variations.

()

3)

(4)

Temperature, concentration, and velocity profiles are lowered down for the increas-
ing values of y for both long and short times.

Velocity profile is an increasing function for both thermal and mass Grashof numbers
Gr and Gm respectively.

Velocity profile is a decreasing function for the Prandtl number Pr and Schmidt
number Sc.

The generalized results for temperature, concentration, and velocity obtained with
Prabhakar-like fractional derivative are of more decaying nature as compared to the
other fractional derivatives.
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Figure 10. Comparison of this study with Nazar et al. [5].

The three-parametric Mittag-Leffler function is taken as the kernel for Prabhakar-like frac-
tional derivative. As three-parametric Mittag—Leffler function is the generalization expo-
nential function so our results for temperature, concentration, and velocity are more
general results.
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