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The pent–heptagonal carbon nanosheets (CNSs) admit significant industrial applica-
tions. We shall compute the distance-based Hosoya polynomial of CNSs including V C5C7

and HC5C7. The first-, second- and third-order derivatives of Hosoya polynomial, respec-
tively, lead to the Wiener, hyper-Wiener and Tratch–Stankevitch–Zefirov (TSZ) indices
which are the distance-based topological indices. These indices have many physical
applications and can be correlated to physio-chemical properties of chemical structures.
Results exhibit that despite the fact that both sheets have the same chemical formula,
they have different Hosoya polynomials and related distance-based topological indices,
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resulting in distinct quantitative structure–property relation (QSPR) and quantitative
structure–activity relation (QSAR) due to configuration differences.

Keywords: Pent–heptagonal carbon nanosheets; Hosoya polynomial; Wiener index;
hyper-Wiener index; Tratch–Stankevitch–Zefirov index.
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1. Introduction

Nanostructures are structures of tiny dimensions in the nanometer range (1–
100nm), admitting distinct and intriguing properties that distinguish them from
their bulk counterparts. The nanostructures are categorized by their size, shape and
topology. Carbon-based nanostructures (CBNs) are significant due to their unique
features like thermal and electrical conductivity, high mechanical strength, opti-
cal qualities [1, 2]. CBNs include carbon nanosheets (CNSs), graphene, fullerenes,
nanospheres, nanobuds, nanotubes, nanowires, nanoribbons, nanofoam, nanocone,
nanochain and nanotorus. CBNs are developed for industrial and biological engi-
neering applications due to their favorable features [3–5].

CNSs are important due to their flexible and stable uniformly thick structures.
CNSs admit applications in sensors, filtration membranes, sample supports and
conductive coatings [6]. Moreover, they have possible applications including bat-
teries, transistors, water filtration, antennas, supercapacitors, touch-screens, solar
cells, electrocatalytic oxygen reductions and DNA sequencing [7–9]. A novelty in
the field are the porous CNSs admitting high surface area, controlled doping and
good electrical conductivity. They are used in lithium ion batteries, electrocat-
alytic oxygen reductions, supercapacitors and in many energy-related applications
[10–12].

Topological indices are the molecular descriptors indicating numerical values
with clear structural interpretation to describe the complex molecular properties.
A correlation between an index and a single molecular property may reveal the
structural makeup of that feature. In mathematical chemistry, molecular descrip-
tors serve an important role in quantitative structure–property relations (QSPRs)
and quantitative structure–activity relations (QSARs) studies. The first introduced
distance-based topological index was the Wiener index and is defined as [13]

W (G) = Σ(u,v)∈V (G)�, (1)

where u and v are the vertices of graph G and � is the distance (minimum number
of edges traversed) between the two vertices. Wiener index helps in determining
the boiling points of alkanes. Moreover, QSAR implies that this index correlates
the physical properties of alkane to its critical point, density, surface tension and
viscosity [14].

The creation of several more topological indices was sparked by the Wiener
index. A development of the Wiener index is the hyper-Wiener index and defined
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mathematically as [15]

HW(G) = Σ(u,v)∈V (G)�(1 + �). (2)

The hyper-Wiener index reduces a particle’s structure to a number that indicates
subatomic stretching and electronic structures. The Tratch–Stankevitch–Zefirov
(TSZ) index can be written as [16]

TSZ(G) = Σ
1
6
(2� + 3�2 + �3). (3)

The TSZ index is the extended Wiener index [17].
A popular distance-based algebraic polynomial is the Hosoya polynomial [18].

Many chemical applications exist for the Hosoya polynomial [19]. The Hosoya poly-
nomial in variable y for a simply connected graph G is defined as

H(G, y) = Σ(u,v)∈V (G)y
�. (4)

A majority of distance-based topological indices are computed from this polynomial
[13,20]. Since Wiener, hyper-Wiener and TSZ indices are distance-based, therefore
all of these can be derived from the closed form known as Hosoya polynomial.

Molecular graphs are used to mathematically simulate chemical structures. The
topological structure of molecules, represented mathematically as molecular graphs,
is connected to the graph invariants including algebraic polynomials and topological
indices [21]. A graph invariant numerically characterizes a molecule’s topological
structure. The Hosoya index is a polynomial graph invariant and is determined by
counting non-incident edges in a graph.

Hosoya polynomial and computation of corresponding topological indices has
been recently in fashion. A recent novelty is to solve Volterra–Fredholm integral
equations with Hosoya polynomials [22]. Hosoya polynomials of TOX, RTOX,
TSL and RTSL have been investigated [23]. Hosoya polynomials has been inves-
tigated for n-bilinear straight pentachain structures [24], capped armchair nan-
otubes [25], TUC4 nanotube [26], C4C8(R) and C4C8(S) nanosheets [27] and single
walled (n, m) carbon nanotubes [28]. The corresponding topological indices includ-
ing Weiner and hyper-Weiner indices of nanostructures have also been of inter-
est [29, 30].

In the recent era the topological indices are used to predict the physico-chemical
properties of the COVID-19 vaccine [31–35]. It is worth noting that no-one has
investigated the Hosoya polynomial and related distance-based topological indices
of pent–heptagonal CNSs V C5C7[p, q], HC5C7[p, q].

In this work, the Hosoya polynomial of penta–heptagonal CNS structures, com-
prising V C5C7 and HC5C7, is computed. The molecular graphs are formed which
reveal the lattice of a molecule. The Hosoya polynomial displays the molecular
graph’s symmetries and thus, the crystal symmetries. The MAPLE software is used
to determine the first-, second- and third-order derivatives of the Hosoya polynomial
leading to the Wiener, hyper-Wiener and TSZ indices, respectively. Additionally
given is the visual examination of the topological indices for the two CNS.
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2. Methodology

Take into account a molecular graph G = G(V (G)), (E(G)) with finite nonempty
sets of vertices (V (G)) and edges (E(G)). The topology of the chemical structure
of a molecule is displayed in the molecular graph. Let � presents the distance
between any pair of vertices of graph G. For the sake of Hosoya polynomial and
corresponding indices, we shall proceed in the following manner:

• We shall compute the frequency of pair of vertices at distance 1, 2, 3, 4, . . . , d(G),
where d(G) = max�; for all u, v ∈ V (G).

• The general expression for a Hosoya polynomial is

H(G, y) = |l1(q)|y + |l2(q)|y2 + · · · + |ld(q)|yd = Σd
k=1|lk(q)|yk, (5)

where |lk(n)| is the number of pair of vertices at distance k and d is the maxi-
mum of the distances between the pair of vertices. The vertices’ separations from
one another will be organized in matrix form. It will be possible to deduce the
matrix’s general form. In order to determine the coefficient of the kth term of the
Hosoya polynomial, the number of vertices with the same distance |lk(q)| will be
determined.

• Using differential calculus, this polynomial will be utilized to calculate the topo-
logical indices, including the Wiener, hyper-Wiener and TSZ indices.

— The Wiener index can be calculated as the first derivative of Hosoya polyno-
mial taking the value of variable as unity and can be expressed as [36]

W (G) =
d

dy
H(G, y)|y=1. (6)

— The hyper-Wiener index can also be deduced from the Hosoya polynomial via
the following formula [36]:

HW(G) =
1
2

d2

dy2
H(G, y)|y=1. (7)

— The TSZ index can be calculated as the third derivative of Hosoya polynomial
under the following relationship [37]:

TSZ(G) =
1
6

d3

dy3
H(G, y)|y=1. (8)

It is worthy to mention that in all the three equations (6)–(8), the limit y = 1
leads to the sum of coefficients substituting y = 1.

3. Computational Results

This section is devoted to the calculation of Hosoya polynomial and related indices
of the pent–heptagonal CNS including V C5C7 and HC5C7. The structure of C5C7

is a two-dimensional lattice consisting of numerous compounds by alternating C5
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and C7. The structure C5 represents a pentagon and C7 represents a heptagon in
the graph. The computations of Hosoya polynomial and related topological indices
for the two CNS, V C5C7 and HC5C7 are presented in the form of theorems and
corollaries.

3.1. Pent–heptagonal CNS V C5C7

A V C5C7 is the vertical arrangement of CNS C5C7. Thus, a two-dimensional lattice
is developed which entertains C5 as pentagon and C7 as heptagon in V C5C7 as
shown in Fig. 1. It is noteworthy that in the arrangement V C5C7[q], q > 1, qεN is
the length of the sheet.

Theorem 1. For the topology of pent–heptagonal CNS V C4C8, the Hosoya poly-
nomial is calculated as

H(V C5C7, y) = (72q + 2)y + (120q − 2)y2 + (152q − 6)y3

+ (148q − 14)y4 + Σq
w=132((4q − w) + 10)y6w−1

+ Σq
w=133((4q − w) + 6)y6w + Σq

w=134((4q − w) + 2)y6w+1

+ Σq
w=133((4q − w) − 2)y6w+2 + Σq

w=132((4q − w) − 6)y6w+3

+ Σq
w=132((4q − w) − 14)y6w+4. (9)

Proof. The distance matrix D corresponding to the molecular graph of CNS
V C5C7 is

D =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B0 B1 B2 B3 B4 B5 . . . B3q−1 C3q

BT
1 A0 A1 A2 A3 A4 . . . A3q−2 C3q−1

BT
2 AT

1 A0 A1 A2 A3 . . . A3q−3 C3q−2

BT
3 AT

2 AT
1 A0 A1 A2 . . . A3q−4 C3q−3

BT
4 AT

3 AT
2 AT

1 A0 A1 . . . A3q−5 C3q−4

BT
5 AT

4 AT
3 AT

2 AT
1 Ao . . . A3q−6 C3q−5

· · · · · · · ·
· · · · · · · ·
· · · · · · · ·

BT
3q−1 AT

3q−2 AT
3q−3 AT

3q−4 AT
3q−5 AT

3q−6 . . . A0 C1

CT
3q CT

3q−1 CT
3q−2 CT

3q−3 CT
3q−4 CT

3q−5 . . . CT
1 C0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
1≤w≤3q

,
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Fig. 1. The molecular graph of CNS V C5C7.

where A0, A1, A2, A3, A4, A5, . . . , A3q−2, B0, B1, B2, B3, B4, B5, . . . , B3q−1 and
C0, C1, C2, C3, C4, C5, . . . , C3q are the submatrices. These matrices can be com-
puted as follows (♣ = 6q):

A0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 2 3 3 2 3 4 4 5 4 5 6

1 0 2 3 3 2 1 4 5 4 4 3 6 5

1 2 0 1 2 3 3 2 3 4 4 4 4 5

2 3 1 0 1 2 3 1 2 2 3 3 3 4

3 3 2 1 0 1 2 2 2 1 2 2 3 3

3 2 3 2 1 0 1 3 3 2 2 1 4 3

2 1 3 3 2 1 0 4 4 3 3 2 5 4

3 4 2 1 2 3 4 0 1 2 3 4 2 4

4 5 3 2 2 3 4 1 0 1 2 3 1 3

4 4 3 2 1 2 3 2 1 0 1 2 2 2

5 4 4 3 2 2 3 3 2 1 0 1 3 1

4 3 4 3 2 1 2 4 3 2 1 0 4 2

5 6 4 3 3 4 5 2 1 2 3 4 0 3

6 5 5 4 3 3 4 4 3 2 1 2 3 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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Ak =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♣ ♣ + 1 ♣ + 1 ♣ + 2 ♣ + 3 ♣ + 3 ♣ + 2 ♣ + 3 ♣ + 4

♣ + 1 ♣ ♣ + 2 ♣ + 3 ♣ + 3 ♣ + 2 ♣ + 1 ♣ + 4 ♣ + 5

♣− 1 ♣ ♣ ♣ + 1 ♣ + 2 ♣ + 2 ♣ + 1 ♣ + 2 ♣ + 3

♣− 2 ♣− 1 ♣− 1 ♣ ♣ + 1 ♣ + 1 ♣ ♣ + 1 ♣ + 2

♣− 2 ♣− 2 ♣− 1 ♣ ♣ + 1 ♣ ♣− 1 ♣ + 1 ♣ + 2

♣− 1 ♣− 2 ♣ ♣ + 1 ♣ + 1 ♣ ♣− 1 ♣ + 2 ♣ + 3

♣ ♣− 1 ♣ + 1 ♣ + 2 ♣ + 2 ♣ + 1 ♣ ♣ + 3 ♣ + 4

♣− 3 ♣− 2 ♣− 2 ♣− 1 ♣ ♣ ♣− 1 ♣ ♣ + 1

♣− 4 ♣− 3 ♣− 3 ♣− 2 ♣− 1 ♣− 1 ♣− 2 ♣− 1 ♣
♣− 3 ♣− 3 ♣− 2 ♣− 1 ♣ ♣− 1 ♣− 2 ♣ ♣ + 1

♣− 3 ♣− 4 ♣− 2 ♣− 1 ♣− 1 ♣− 2 ♣− 3 ♣ ♣ + 1

♣− 2 ♣− 3 ♣− 1 ♣ ♣ ♣− 1 ♣− 2 ♣ + 1 ♣ + 2

♣− 5 ♣− 4 ♣− 4 ♣− 3 ♣− 2 ♣− 2 ♣− 3 ♣− 2 ♣− 1

♣− 4 ♣− 5 ♣− 3 ♣− 2 ♣− 2 ♣− 3 ♣− 4 ♣− 1 ♣

♣ + 4 ♣ + 5 ♣ + 4 ♣ + 5 ♣ + 6

♣ + 4 ♣ + 4 ♣ + 3 ♣ + 6 ♣ + 5

♣ + 3 ♣ + 4 ♣ + 3 ♣ + 4 ♣ + 5

♣ + 2 ♣ + 3 ♣ + 2 ♣ + 3 ♣ + 4

♣ + 2 ♣ + 2 ♣ + 1 ♣ + 3 ♣ + 3

♣ + 2 ♣ + 2 ♣ + 1 ♣ + 4 ♣ + 3

♣ + 3 ♣ + 3 ♣ + 2 ♣ + 5 ♣ + 4

♣ + 1 ♣ + 2 ♣ + 1 ♣ + 2 ♣ + 3

♣ ♣ + 1 ♣ ♣ + 1 ♣ + 2

♣ + 1 ♣ + 1 ♣ ♣ + 2 ♣ + 2

♣ ♣ ♣− 1 ♣ + 2 ♣ + 1

♣ + 1 ♣ + 1 ♣ ♣ + 3 ♣ + 2

♣− 1 ♣ ♣− 1 ♣ ♣ + 1

♣− 1 ♣− 1 ♣− 2 ♣ + 1 ♣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1≤k≤♣
2 −2

,
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B0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 2 3 3 2 1 3 4 4 5 4 5 6

1 0 1 2 3 3 2 2 3 3 4 4 4 5

2 1 0 1 2 3 3 1 2 2 3 3 3 4

3 2 1 0 1 2 3 2 2 1 2 2 3 3

3 3 2 1 0 1 2 3 3 2 2 1 4 3

2 3 3 2 1 0 1 4 4 3 3 2 5 4

1 2 3 3 2 1 0 4 5 4 4 3 6 5

3 2 1 2 3 4 4 0 1 2 3 4 2 4

3 3 2 2 3 4 4 1 0 1 2 3 1 3

4 3 2 1 2 3 4 2 1 0 1 2 2 2

5 4 3 2 2 3 4 3 2 1 0 1 3 1

4 4 3 2 1 2 3 4 3 2 1 0 4 2

5 4 3 3 4 5 6 2 1 2 3 4 0 3

6 5 4 3 3 4 5 4 3 2 1 2 3 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Bk =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♣ ♣ + 1 ♣ + 1 ♣ + 2 ♣ + 3 ♣ + 3 ♣ + 2 ♣ + 3

♣− 1 ♣ ♣ ♣ + 1 ♣ + 2 ♣ + 2 ♣ + 1 ♣ + 2

♣− 2 ♣− 1 ♣− 1 ♣ ♣ + 1 ♣ + 1 ♣ ♣ + 1

♣− 2 ♣− 2 ♣− 1 ♣ ♣ + 1 ♣ ♣− 1 ♣ + 1

♣− 1 ♣− 2 ♣ ♣ + 1 ♣ + 1 ♣ ♣− 1 ♣ + 2

♣ ♣− 1 ♣ + 1 ♣ + 2 ♣ + 2 ♣ + 1 ♣ ♣ + 3

♣ + 1 ♣ ♣ + 2 ♣ + 3 ♣ + 3 ♣ + 2 ♣ + 1 ♣ + 4

♣− 3 ♣− 2 ♣− 2 ♣− 1 ♣ ♣ ♣− 1 ♣
♣− 4 ♣− 3 ♣− 3 ♣− 2 ♣− 1 ♣− 1 ♣− 2 ♣− 1

♣− 3 ♣− 3 ♣− 2 ♣− 1 ♣ ♣− 1 ♣− 2 ♣
♣− 3 ♣− 4 ♣− 2 ♣− 1 ♣− 1 ♣− 2 ♣− 3 ♣
♣− 2 ♣− 3 ♣− 1 ♣ ♣ ♣− 1 ♣− 2 ♣ + 1

♣− 5 ♣− 4 ♣− 4 ♣− 3 ♣− 2 ♣− 2 ♣− 3 ♣− 2

♣− 4 ♣− 5 ♣− 3 ♣− 2 ♣− 2 ♣− 3 ♣− 4 ♣− 1
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♣ + 4 ♣ + 4 ♣ + 5 ♣ + 4 ♣ + 5 ♣ + 6

♣ + 3 ♣ + 3 ♣ + 4 ♣ + 3 ♣ + 4 ♣ + 5

♣ + 2 ♣ + 2 ♣ + 3 ♣ + 2 ♣ + 3 ♣ + 4

♣ + 2 ♣ + 2 ♣ + 2 ♣ + 1 ♣ + 3 ♣ + 3

♣ + 3 ♣ + 2 ♣ + 2 ♣ + 1 ♣ + 4 ♣ + 3

♣ + 4 ♣ + 3 ♣ + 3 ♣ + 2 ♣ + 5 ♣ + 4

♣ + 5 ♣ + 4 ♣ + 4 ♣ + 3 ♣ + 6 ♣ + 5

♣ + 1 ♣ + 1 ♣ + 2 ♣ + 1 ♣ + 2 ♣ + 3

♣ ♣ ♣ + 1 ♣ ♣ + 1 ♣ + 2

♣ + 1 ♣ + 1 ♣ + 1 ♣ ♣ + 2 ♣ + 2

♣ + 1 ♣ ♣ ♣− 3 ♣ + 2 ♣ + 1

♣ + 2 ♣ + 1 ♣ + 1 ♣ ♣ + 3 ♣ + 2

♣ + 1 ♣− 1 ♣ ♣− 1 ♣ ♣ + 1

♣ ♣− 1 ♣− 1 ♣− 2 ♣ + 1 ♣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1≤k≤♣
2 −1

,

C0 =

[
0 1

1 0

]
, Ck =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♣ ♣ + 1

♣ + 1 ♣
♣− 1 ♣
♣− 2 ♣− 1

♣− 2 ♣− 2

♣− 1 ♣− 2

♣ ♣− 1

♣− 3 ♣− 2

♣− 4 ♣− 3

♣− 3 ♣− 3

♣− 3 ♣− 4

♣− 2 ♣− 3

♣− 5 ♣− 4

♣− 4 ♣− 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1≤k≤♣
2

.
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For the sake of computing |lk(q)| (k is the distance between the pairs), we can
calculate as follows:

l1(q) = [#1 ∈ B0] × [#B0] + [#1 ∈ B1] × [#B1] + [#1 ∈ A0] × [#A0]

+ [#1 ∈ A1] × [#A1] + [#1 ∈ C0] × [#C0] + [#1 ∈ C1] × [#C1]

= 16(1) + 2(1) + 16(4q − 1) + 2(4q − 2) + 2(1) + 2(1)

= 16 + 2 + 64q − 16 + 8q − 4 + 4

= 72q + 2.

Similarly,

|l2(q)| = 120q − 2, |l3(q)| = 152q − 6,

|l4(q)| = 148q − 14, |l6w−1(q)| = Σq
w=132(4n − w) + 10,

|l6w(q)| = Σq
w=133(4q− w) + 6, |l6w+1(q)| = Σq

w=134(4q − w) + 2,

|l6w+2(q)| = Σq
w=133(4q− w) − 2, |l6w+3(q)| = Σq

w=132(4q − w) − 6,

|l6w+4(q)| = Σq
w=132(4q− w) − 14.

Substituting these values into Eq. (5) leads to the following form of Hosoya
polynomial for pent–heptagonal CNS V C5C7 as

H(V C5C7, y) = (72q + 2)y + (120q− 2)y2 + (152q − 6)y3 + (148q − 14)y4

+ Σq
i=132((4q − w) + 10)y6w−1 + Σq

w=133((4q − w) + 6)y6w

+ Σq
w=134((4q − w) + 2)y6w+1 + Σq

w=133((4q − w) − 2)y6w+2

+ Σq
w=132((4q − w) − 6)y6w+3 + Σq

w=132((4q − w) − 14)y6w+4.

Corollary 1. The Wiener, hyper-Wiener and TSZ indices for the topology of pent–
heptagonal CNS V C5C7 can be calculated as

W (V C5C7) = −76 + 2774q2 + 1960q3 + 920q, (10)

HW(V C5C7) =
1
2
[−208 + 1471q + 8327q2 + 14416q3 + 7644q4], (11)

TSZ(V C5C7) =
1
6

[
−372 +

5036
5

q + 16128q2 + 56732q3 + 74520q4 +
169344

5
q5

]
.

(12)

Proof. The Wiener index of CNS V C5C7 is calculated by taking the first derivative
of Hosoya polynomial at y = 1.
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Differentiating Eq. (9) with respect to y we have

dH(V C5C7, y)
dy

= (72q + 2) + 2(120q− 2)y + 3(152q− 6)y2 + 4(148q− 14)y3

+ Σq
w=132(6w − 1)((4q − w) + 10)y6w−2

+ Σq
w=133(6w)((4q − w) + 6)y6w−1

+ Σq
w=134(6w + 1)((4q − w) + 2)y6w

+ Σq
w=133(6w + 2)((4q − w) − 2)y6w+1

+ Σq
w=132(6w + 3)((4q − w) − 6)y6w+2

+ Σq
w=132(6w + 4)((4q − w) − 14)y6w+3.

Taking limit y = 1 gives

W (V C5C7) =
dH(G, y)

dy
|y=1 = (72q + 2) + 2(120q− 2)

+ 3(152q− 6) + 4(148q − 14)

+ Σq
w=132(6w − 1)((4q − w) + 10) + Σq

w=133(6w)((4q − w) + 6)

+ Σq
w=134(6w + 1)((4q − w) + 2) + Σq

w=133(6w + 2)((4q − w) − 2)

+ Σq
w=132(6w + 3)((4q − w) − 6) + Σq

w=132(6w + 4)((4q − w) − 14)

= −76 + 2774q2 + 1960q3 + 920q.

The hyper-Wiener index of CNS V C5C7 is calculated by multiplying Hosoya
polynomial with y and then taking its second derivative at y = 1.

Multiplying Eq. (9) with y leads to

yH(V C5C7, y) = [(72q + 2)y2 + (120q − 2)y3 + (152q − 6)y4 + (148q − 14)y5

+ Σq
w=132((4q − w) + 10)y6w + Σq

w=133((4q − w) + 6)y6w+1

+ Σq
w=134((4q − w) + 2)y6w+2 + Σq

w=133((4q − w) − 2)y6w+3

+ Σq
i=132((4q − w) − 6)y6w+4 + Σq

w=132((4q − w) − 14)y6w+5].

Twice differentiation with respect to y implies the following:

d2(yH(V C5C7, y))
dy2

= [2(72q + 2) + 6(120q− 2)y + 12(152q− 6)y2

+ 20(148q− 14)y3 + Σq
w=1(6w)(6w − 1)32

× ((4q − w) + 10)y6w−2

+ Σq
w=1(6w + 1)(6w)33((4q − w) + 6)y6w−1
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January 23, 2023 14:15 WSPC/S0219-8878 IJGMMP-J043 2350035

U. Sheikh et al.

+ Σq
w=1(6w + 2)(6w + 1)34((4q − w) + 2)y6w

+ Σq
w=1(6w + 3)(6w + 2)33((4q − w) − 2)y6w+1

+ Σq
w=1(6w + 4)(6w + 3)32((4q − w) − 6)y6w+2

+ Σq
w=1(6w + 5)(6w + 4)32((4q − w) − 14)y6w+3].

Taking limit at y = 1 gives

HW(V C5C7) =
d2(yH(G, y))

dy2
|y=1 = [2(72q + 2) + 6(120q− 2) + 12(152q− 6)

+ 20(148q− 14) + Σq
w=1(6w)(6w − 1)32((4q − w) + 10)

+ Σq
w=1(6w + 1)(6w)33((4q − w) + 6)

+ Σq
w=1(6w + 2)(6w + 1)34((4q − w) + 2)

+ Σq
w=1(6w + 3)(6w + 2)33((4q − w) − 2)

+ Σq
w=1(6w + 4)(6w + 3)32((4q − w) − 6)

+ Σq
w=1(6w + 5)(6w + 4)32((4q − w) − 14)],

=
1
2
[−208 + 1471q + 8327q2 + 14416q3 + 7644q4].

The TSZ index of CNS HC5C7 is calculated by multiplying Hosoya polynomial
by y2 and then taking the third derivative at y = 1. Multiply Eq. (9) with y2 gives

y2H(V C5C7, y) = (72q + 2)y3 + (120q − 2)y4 + (152q − 6)y5 + (148q − 14)y6

+ Σq
w=132((4q − w) + 10)y6w+1 + Σq

w=133((4q − w) + 6)y6w+2

+ Σq
w=134((4q − w) + 2)y6w+3 + Σq

w=133((4q − w) − 2)y6w+4

+ Σq
w=132((4q − w) − 6)y6w+5 + Σq

w=132((4q − w) − 14)y6w+6.

Taking third derivative with respect to y gives

d3(y2H(G, y))
dy3

= 6(72nq + 2)+24(120q− 2)y +60(152q− 6)y2 + 120(148q− 14)y3

+ Σq
w=1(6w + 1)(6w)(6w − 1)32((4q − w) + 10)y6w−2

+ Σq
w=1(6w + 2)(6w + 1)(6w)33((4q − w) + 6)y6w−1

+ Σq
w=1(6w + 3)(6w + 2)(6w + 1)34((4q − w) + 2)y6w

+ Σq
w=1(6w + 4)(6w + 3)(6w + 2)33((4q − w) − 2)y6w+1

+ Σq
w=1(6w + 5)(6w + 4)(6w + 3)32((4q − w) − 6)y6w+2

+ Σq
w=1(6w + 6)(6w + 5)(6w + 4)32((4q − w) − 14)y6w+3.
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Taking limit y = 1 implies

TSZ(V C5C7) =
d3(y2H(G, y))

dy3
|y=1 = 6(72q + 2) + 24(120q− 2) + 60(152q− 6)

+ 120(148q− 14) + Σq
w=1(6w + 1)(6w)(6w − 1)32((4q − w) + 10)

+ Σq
w=1(6w + 2)(6w + 1)(6w)33((4q − w) + 6)

+ Σq
w=1(6w + 3)(6w + 2)(6w + 1)34((4q − w) + 2)

+ Σq
w=1(6w + 4)(6w + 3)(6w + 2)33((4q − w) − 2)

+ Σq
w=1(6w + 5)(6w + 4)(6w + 3)32((4q − w) − 6)

+ Σq
w=1(6w + 6)(6w + 5)(6w + 4)32((4q − w) − 14)

=
1
6

[
−372 +

5036
5

q + 16128q2 + 56732q3 + 74520q4 +
169344

5
q5

]
.

3.2. Pent–heptagonal CNS HC5C7

A HC5C7 is the horizontal arrangement of CNS C5C7. Thus, a two-dimensional
lattice is developed which entertain C5 as pentagon and C7 as heptagon in HC5C7

is shown in Fig. 2. It is noteworthy that in the arrangement HC5C7[n], n > 1 is
the length of the sheet.

Fig. 2. The molecular graph of CNS HC5C7.
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Theorem 2. For the topology of pent–heptagonal CNS HC4C8, the Hosoya poly-
nomial is calculated as

H(HC5C7, y) = (20q + 2)y + (32q − 2)y2 + (28q − 6)y3

+ Σq
w=1(13(2q − w) − 8)y5w−1

+ Σq
w=1(14(2q − w) + 4)y5w + Σq

w=1(13(2q − w))y5w+1

+ Σq
w=1(12(2q − w) − 4)y5w+2 + Σq

w=1(12(2q − w) − 4)y5w+3.

(13)

Proof. The distance matrix D corresponding to the molecular graph of CNS
HC5C7 is

D =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0 A1 A2 A3 A4 A5 . . . A2q C2q+1

AT
1 A0 A1 A2 A3 A4 . . . A2q−1 C2q

AT
2 AT

1 A0 A1 A2 A3 . . . A2q−2 C2q−1

AT
3 AT

2 AT
1 A0 A1 A2 . . . A2q−3 C2q−2

AT
4 AT

3 AT
2 AT

1 A0 A1 . . . A2q−4 C2q−3

AT
5 AT

4 AT
3 AT

2 AT
1 Ao . . . A2q−5 C2q−4

· · · · · · · ·
· · · · · · · ·
· · · · · · · ·

AT
2q AT

2q−1 AT
2q−2 AT

2q−3 AT
2q−4 AT

2q−5 . . . A0 C1

CT
2q+1 CT

2q CT
2q−1 CT

2q−2 CT
2q−3 CT

2q−4 . . . CT
1 C0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where A0, A1, A2, A3, A4, A5, . . . , A2q and C0, C1, C2, C3, C4, C5, . . . , C2q+1 are the
submatrices. These matrices can be computed as follows (♠ = 5q):

A0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 2 2 3 4 4

1 0 2 1 2 3 4 4

1 2 0 2 1 2 3 3

2 1 2 0 1 2 3 3

2 2 1 1 0 1 2 2

3 3 2 2 1 0 1 1

4 4 3 3 2 1 0 2

4 4 3 3 2 1 2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, A1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5 5 6 6 7 8 9 9

5 5 6 6 7 8 9 9

4 4 5 5 6 7 8 8

4 4 5 5 6 7 8 8

3 3 4 4 5 6 7 7

2 2 3 3 4 5 6 6

1 2 2 2 3 4 5 5

2 1 3 3 3 4 5 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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Ak =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♠ + 5 ♠ + 5 ♠ + 6 ♠ + 6 ♠ + 7 ♠ + 8 ♠ + 9 ♠ + 9

♠ + 5 ♠ + 5 ♠ + 6 ♠ + 6 ♠ + 7 ♠ + 8 ♠ + 9 ♠ + 9

♠ + 4 ♠ + 4 ♠ + 5 ♠ + 5 ♠ + 6 ♠ + 7 ♠ + 8 ♠ + 8

♠ + 4 ♠ + 4 ♠ + 5 ♠ + 5 ♠ + 6 ♠ + 7 ♠ + 8 ♠ + 8

♠ + 3 ♠ + 3 ♠ + 4 ♠ + 4 ♠ + 5 ♠ + 6 ♠ + 7 ♠ + 7

♠ + 2 ♠ + 2 ♠ + 3 ♠ + 3 ♠ + 4 ♠ + 5 ♠ + 6 ♠ + 6

♠ + 1 ♠ + 1 ♠ + 2 ♠ + 2 ♠ + 3 ♠ + 4 ♠ + 5 ♠ + 5

♠ + 1 ♠ + 1 ♠ + 2 ♠ + 2 ♠ + 3 ♠ + 4 ♠ + 5 ♠ + 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1≤k≤2q

,

C0 =

⎡
⎣0 1

1 0

⎤
⎦, C1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5 5

5 5

4 4

4 4

3 3

2 2

1 2

2 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Ck =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♠ + 5 ♠ + 5

♠ + 5 ♠ + 5

♠ + 4 ♠ + 4

♠ + 4 ♠ + 4

♠ + 3 ♠ + 3

♠ + 2 ♠ + 2

♠ + 1 ♠ + 1

♠ + 1 ♠ + 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1≤k≤2q+1

.

For the sake of computing |lk(q)| (k is the distance between the pairs), we can
calculate as follows:

l1(n) = [#1 ∈ A0] × [#A0] + [#1 ∈ A1] × [#A1] + [#1 ∈ C0] × [#C0]

+[#1 ∈ C1] × [#C1]

= 8(2q) + 2(2q − 1) + 2(1) + 2(1)

= 16q + 4q − 2 + 2 + 2

= 20q + 2.

Similarly,

|l2(q)| = 32n− 2, |l3(q)| = 28q − 6,

|l5w−1(q)| = Σq
w=113(2q− w) − 8, |l5w(q)| = Σq

w=114(2q − w) + 4,

|l5w+1(q)| = Σq
w=113(2q− w), |l5w+2(q)| = Σq

w=112(2q − w) − 4,

|l5w+3(q)| = Σq
w=112(2q− w) − 4.
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Substituting these values into Eq. (5) lead to the following form of Hosoya
polynomial for pent–heptagonal CNS HC5C7 as

H(HC5C7, y) = (20q + 2)y + (32q − 2)y2 + (28q − 6)y3

+ Σq
w=1(13(2q − w) − 8)y5w−1

+ Σq
w=1(14(2q − w) + 4)y5w + Σq

w=1(13(2q − w))y5w+1

+ Σq
w=1(12(2q − w) − 4)y5w+2 + Σq

w=1(12(2q − w) − 4)y5w+3.

Corollary 2. The Wiener, hyper-Wiener and TSZ indices for the topology of pent–
heptagonal CNS HC5C7 can be calculated as

W (HC5C7) = −20 +
158
3

q + 202q2 +
640
3

q3, (14)

HW(HC5C7) =
1
2

[
−40 +

229
3

q +
493
3

q2 +
2420

3
q3 +

2000
3

q4

]
, (15)

TSZ(HC5C7) =
1
6
[−36 + 160q− 167q2 + 770q3 + 3125q4 + 2400q5]. (16)

Proof. The Wiener index of CNS HC5C7 is calculated by taking the first derivative
of Hosoya polynomial at y = 1.

Differentiating Eq. (13) with respect to y we have

dH(HC5C7, y)
dy

= (20q + 2) + 2(32q − 2)y + 3(28q − 6)y2

+ Σq
w=1(5w − 1)(13(2q − w) − 8)y5w−2

+ Σq
w=1(5w)(14(2q − w) + 4)y5w−1

+ Σq
w=1(5w + 1)(13(2q − w))y5w

+ Σq
w=1(5w + 2)(12(2q − w) − 4)y5w+1

+ Σq
w=1(5w + 3)(12(2q − w) − 4)y5w+2.

Taking limit y = 1 gives

W (HC5C7) =
dH(HC5C7, y)

dy
|y=1 = (20q + 2) + 2(32q − 2) + 3(28q− 6)

+ Σq
w=1(5w − 1)(13(2q − w) − 8) + Σq

w=1(5w)(14(2q − w) + 4)

+ Σq
w=1(5w + 1)(13(2q − w)) + Σq

w=1(5w + 2)(12(2q − w) − 4)

+ Σq
w=1(5w + 3)(12(2q − w) − 4)

= −20 +
158
3

q + 202q2 +
640
3

q3.
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The hyper-Wiener index of CNS HC5C7 is calculated by multiplying Hosoya
polynomial with y and then taking its second derivative at y = 1.

Multiplying Eq. (13) with y leads to

yH(HC5C7, y) = (20q + 2)y2 + (32q − 2)y3 + (28q − 6)y4

+ Σq
w=1(13(2q − w) − 8)y5w + Σq

w=1(14(2q − w) + 4)y5w+1

+ Σq
w=1(13(2q − w))y5w+2 + Σq

w=1(12(2q − w) − 4)y5w+3

+ Σq
w=1(12(2q − w) − 4)y5w+4.

Twice differentiation with respect to y implies

d2yH(G, y)
dy2

= 2(20q + 2) + 6(32q − 2)y + 12(28q− 6)y2

+ Σq
w=1(5w)(5w − 1)(13(2q − w) − 8)y5w−2

+ Σq
w=1(5w + 1)(5w)(14(2q − w) + 4)y5w−1

+ Σq
w=1(5w + 2)(5w + 1)(13(2q − w))y5w

+ Σq
w=1(5w + 3)(5w + 2)(12(2q − w) − 4)y5w+1

+ Σq
w=1(5w + 4)(5w + 3)(12(2q − w) − 4)y5w+2.

Taking limit at y = 1 gives

HW(HC5C7) =
d2yH(HC5C7, y)

dy2
= 2(20q + 2) + 6(32q − 2) + 12(28q− 6)

+ Σq
w=1(5w)(5w − 1)(13(2q − w) − 8)

+ Σq
w=1(5w + 1)(5w)(14(2q − w) + 4)

+ Σq
w=1(5w + 2)(5w + 1)(13(2q − w))

+ Σq
w=1(5w + 3)(5w + 2)(12(2q − w) − 4)

+ Σq
w=1(5w + 4)(5w + 3)(12(2q − w) − 4)

=
1
2

[
−40 +

229
3

q +
493
3

q2 +
2420

3
q3 +

2000
3

q4

]
.

The TSZ index of CNS HC5C7 is calculated by multiplying Hosoya polynomial
by y2 and then taking the third derivative at y = 1.

Multiply Eq. (13) with y2 gives

y2H(HC5C7, y) = (20q + 2)y3 + (32q − 2)y4 + (28q − 6)y5

+ Σq
w=1(13(2q − w) − 8)y5w+1
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+ Σq
w=1(14(2q − w) + 4)y5w+2

+ Σq
w=1(13(2q − w))y5w+3

+ Σq
w=1(12(2q − w) − 4)y5w+4

+ Σq
w=1(12(2q − w) − 4)y5w+5.

Taking third derivative with respect to y gives

d3y2H(G, y)
dy3

= 6(20q + 2) + 24(32q − 2)y + 60(28q− 6)y2

+ Σq
w=1(5w + 1)(5w)(5w − 1)(13(2q − w) − 8)y5w−2

+ Σq
w=1(5w + 2)(5w + 1)(5w)(14(2q − w) + 4)y5w−1

+ Σq
w=1(5w + 3)(5w + 2)(5w + 1)(13(2q − w))y5w

+ Σq
w=1(5w + 4)(5w + 3)(5w + 2)(12(2q − w) − 4)y5w+1

+ Σq
w=1(5w + 5)(5w + 4)(5w + 3)(12(2q − w) − 4)y5w+2.

Taking limit y = 1 implies

TSZ(HC5C7) =
d3y2H(G, y)

dy3
|y=1 = 6(20q + 2) + 24(32q− 2) + 60(28q − 6)

+ Σq
w=1(5w + 1)(5w)(5w − 1)(13(2q − w) − 8)

+ Σq
w=1(5w + 2)(5w + 1)(5w)(14(2q − w) + 4)

+ Σq
w=1(5w + 3)(5w + 2)(5w + 1)(13(2q − w))

+ Σq
w=1(5w + 4)(5w + 3)(5w + 2)(12(2q − w) − 4)

+ Σq
w=1(5w + 5)(5w + 4)(5w + 3)(12(2q − w) − 4),

=
1
6
[−36 + 160q− 167q2 + 770q3 + 3125q4 + 2400q5].

4. Discussion

We have calculated Hosoya polynomial and its subsequent topological indices
including Wiener, hyper-Wiener and TSZ indices for V C5C7 and HC5C7 CNS.
It is found that both the sheets have same chemical formula but different molecular
configuration leads to different Hosoya polynomial. Moreover, these Hosoya polyno-
mials lead to distance base polynomials including Wiener, hyper-Wiener and TSZ
indices. We have obtained these indices which are found to be different for the two
CNS. The graphs of these indices are given as follows:

Figures 3 and 4 depict the Wiener, hyper-Wiener and TSZ indices for V C5C7

and HC5C7 CNS, respectively. These indices are exhibit for qε[1, 5]. Both the figures
indicate that all the three indices possess different values for the two CNS. Moreover,
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Fig. 3. Wiener, hyper-Wiener and TSZ indices of V C5C7.

Fig. 4. Wiener, hyper-Wiener and TSZ indices of HC5C7.
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the values of all the indices are increasing with the increase in q. It is interesting
to note that these indices posses physical and reliable values at only discrete q, i.e.
q = 1, 2, 3, 4, 5. The Wiener index possesses the lesser value as compared to the
other two indices. The hyper-Wiener index admits greater values as compared to
those of Weiner index. The TSZ index carries the greatest values as compared to
Wiener and hyper-Wiener indices.

5. Conclusion

This paper is devoted to the calculation of the Hosoya polynomial and its sub-
sequent topological indices for the topology of pent–heptagonal CNS V C5C7 and
HC5C7. The Hosoya polynomial is the closed form of the Wiener, hyper-Wiener
and TSZ indices. There are several physical applications for these indices. These
Hosoya polynomial derivatives, for instance, address a molecule’s surface area and
branching. Additionally, they are connected to formation heat, melting points, den-
sity, boiling temperatures, critical points, vaporization, cyclicity, aromatic hydro-
carbon saturation, alkane and alcohol ultrasonic velocities, electroreduction and
carbonization. These characteristics make these indices effective for developing new
medications [29, 38]. The sub-atomic stretching in electronic structures is also pre-
sented using these indices. These indices are used to increase the hardware security
of the computer network lattice. They also offer the physio-chemical characteristics
of organic compounds in pharmacology [39].

It is noteworthy that both the pent–heptagonal CNS structures, V C5C7 and
HC5C7 of the same atomic structure C5C7 nanosheet reached at two different
Hosoya polynomials. As a consequence, the related distance-based topological
indices including Wiener, hyper-Wiener and TSZ indices of both the pent–
heptagonal CNS structures (V C5C7 and HC5C7) are different. The graphical anal-
ysis of these indices for the two CNS depicts that the Wiener index possesses lesser
values, the hyper-Wiener admits relatively greater values whereas the TSZ index
takes the greatest values for all n. This leads to different QSPR and QSAR for both
the CNS.
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