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Abstract

One of the global problems and a number of societal challenges in the areas of social
life, the economy, and international communications is COVID-19. In order to coun-
teract the impact of sickness on society, we created a deterministic COVID-19 model
in this study that uses real data to assess the impact of disease, dynamical transmission,
quarantine impact, and hospitalized treatment. The model includes a generalized form
of the fractal and fractional operator. This study aims to develop a fractal-fractional
mathematical model suitable for the lifestyle of the Thai population facing the COVID-
19 situation. The model divides the incubation period into the quarantine class and the
exposed class, which later moved to the hospitalized infected class and the infected
class. The fractal-fractional derivative is used to analyze the dynamics of the pop-
ulation in these classes, providing a more detailed understanding of the epidemic’s
progression and the effectiveness of control measures. The existence and uniqueness
of the solution were also determined with the Lipschitz condition and fixed point the-
ory. With the use of simulations and functional analysis tools like Ulam-Hyers, we
examine the sensitivity analysis of the fractal-fractional model with respect to each
parameter effect. We develop a numerical scheme for the fractal-fractional model
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based on Newton polynomial for computational analysis and convergence solution to
steady-state points of real data COVID-19 in Thailand. The verification of the exam-
ined fractional-order model with actual COVID-19 data for Thailand demonstrates the
potential of the suggested paradigm in forecasting and comprehending the dynamics
of the pandemic. Furthermore, the fractal fractional-order derivative gives rise to a
range of chaotic behaviors that show how the species has changed over place and
time. Fractional-order epidemiological models may help predict and understand the
course of the COVID-19 pandemic and provide relevant management approaches.

Keywords COVID-19 Model - Mittage-Leffler Kernel - Fractal-fractional derivative -
Existence and uniqueness - Ulam-Hyers Stability - Newton polynomial interpolation

1 Introduction

Coronavirus is one of the major health issues that started in 2019 in China and affects
the globe all over the world [1]. After this virus quickly spread from person to person
and to many different nations, the World Health Organisation (WHO) declared a
global health emergency in late January 2020 [2, 3] as a result of the sharp rise
in the number of afflicted persons. Medical requirements, as well as the number of
medical workers, were therefore insufficient to deal with the rising number of infected
individuals [4]. Many nations are concerned about the spread of this virus and are
scrambling to develop solutions to help the rising patient population reduce death.
The WHO reported on 8 December 2022 that there had been over 6,625,029 fatalities
and 642,924,560 cases overall. There were 33,285 fatalities and 4,711,528 total cases
in Thailand [5]. If we are unable to control this virus, it is projected that the number of
infections and fatalities will surely rise in the future. A mathematical model is one of
the intriguing methods for analyzing the epidemic scenario. The use of mathematical
models to represent natural problems is important to understanding real-life issues in
different fields. Mathematical models can be used to predict future outbreaks in this
situation. The outcome will serve as a guide for creating epidemic prevention and
eradication strategies [6, 7]. For instance, how many people are becoming infected
on the rise, and how can this tendency be stopped so that fewer people die and each
nation finds an appropriate solution? The model helps establish the best approaches to
control the pandemic since it provides direction for doing so. Mathematical models,
which are amorphous structures, are used to describe and construct behavioral systems
[6, 7]. Real-world situations are converted into problems that closely resemble them
using mathematical tools, which are then mathematically solved and evaluated to
predict outcomes in those scenarios [8—13]. The source [14] delves into the numerical
treatment of delay differential equations and their applications in bioscience.
Numerous fractional and fractal mathematical models of COVID-19 have also been
developed by scholars in recent years. We will now briefly review a few studies on
the COVID-19. In reference [15], optimal control problems are addressed utilizing
the Atangana-Baleanu fractional derivative. The authors Kolabje et al. [16] exam-
ined the development of the time series for the overall number of confirmed cases of
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COVID-19, a novel coronavirus illness, for several African countries and the applica-
tion of fractional-order derivative for the COVID-19 model also studied in [17-21].
For the investigation and dynamical transmission of the virus, writers in [22] presented
the COVID-19 omicron variant model using the Caputo-Fabrizio operator. Fractional
modeling, optimal control strategies for mutated COVID-19 pandemic [23]. Study
[24] explores theoretical and numerical aspects of solutions via simulations for a
fractal-fractional waterborne disease model. In [25] investigates the Ulam stability
of fractional differential equations with a fractional Caputo-type derivative using the
fractional Fourier transform. In [26] study presents an HIV/AIDS epidemic model
incorporating fractional-order dynamics with a Mittag-Leffler kernel. The fractional-
order model was generalized using the Laplace transform to ensure stability and
a unique solution for the iterative strategy. In the context of the Caputo operator.
The study of the second wave of the coronavirus in India was the primary focus of
the paper [27]. Multi-model selection and analysis for COVID-19 include two-sided
fractional modeling qualitatively and quantitatively [28, 29]. The COVID-19 model,
which is a set of fractional differential equations with illness effects, was developed
by researchers. The article [30] provides a detailed analysis of COVID-19 stochas-
tic modeling incorporating different transmission rates and simulations based on real
statistical data from multiple countries. Some other applications of the fractional oper-
ator in BAM neural network, delay in a chemical reaction and predator pray system
studied in [31]. Memory effects, hereditary characteristics, and non-local behaviors
can all be included with fractional calculus, which is essential for faithfully simulating
real-world events such as the dynamics of disease transmission. Furthermore, tempo-
ral delays play a critical role in capturing the delayed responses found in biological
systems, which leads to a more accurate depiction of the related dynamics. The study
[32], explores the dynamics of a fractional-order asymptomatic COVID-19 model with
multiple time-delays, focusing on stability and bifurcation analysis to understand the
behavior of the model under various conditions. The research [33], investigates the
dynamics and sensitivity of a fractional-order delay differential model for COVID-19
infection. The impact on mucus fluid due to the surge of the pandemic COVID-19 was
scrutinized by Padmavathi et al. [34]. Additionally, innovative mathematical models
were introduced to characterize the novel coronavirus [35, 36].

The paper’s innovation lies in employing a non-singular kernel derived from the
Mittag-Leffler law within the framework of fractal fractional derivatives. This method
enhances the accuracy of modeling COVID-19 spread by capturing the system’s
memory and hereditary properties. While previous research has explored the use of
non-singular kernels from the Mittag-Leffler law in fractional derivatives, the applica-
tion of fractal fractional operators, especially in understanding COVID-19 dynamics,
remains limited. Thus, this paper offers a significant contribution to COVID-19 model-
ing by introducing a fresh approach to model disease spread and conducting a stability
analysis of the proposed model. Inspired by the previously mentioned research and
the pressing need to determine the best course of action for handling the COVID-
19 pandemic, this study aims to investigate a fractal fractional-order model to better
understand the complexities of COVID-19 infections and evaluate the effectiveness of
different control strategies, particularly quarantine, that are put into place inside the
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borders of Thailand. This research aims to close this gap, in contrast to current COVID-
19 models that frequently ignore the influence of control measures like quarantine and
their effects on different demographic groups. The model improves the prediction of
COVID-19 dissemination and offers a tactical framework for taking proactive steps to
lessen its effects by factoring in the efficacy of quarantine measures. This model stands
out due to its distinctive approach, which provides insights into customized interven-
tions and tactics to effectively combat the epidemic in Thailand. This study is divided
into the following sections: the proposed model is introduced in detail in Sect. 1, and
Sect.2 addresses numerous fundamental fractional-order derivatives that help solve
the epidemiological model. In Sect. 3, the model is generalized, and the description of
the suggested model is analyzed. Section4 examines the suggested model’s sensitiv-
ity analysis. Existence and uniqueness are verified in Sect. 5. Ulam-Hyers Stability is
analyzed in Sect. 6. Section 7 examines the numerical technique of the Mittag-Leffler
kernel. Sections 8 and 9, respectively, discuss numerical simulations and the outcome
of the study as concluding remarks.

2 Preliminaries

Here, we give a few key definitions that might be useful to analyze the model.

Definition 2.1 [7] Assume that ®(¢) represent a function that is not necessarily
differentiable. Let the fractal dimension (1) and the fractional-order (v;) be the corre-
sponding variables. Then for 0 < vy, n < 1, the fractal-fractional derivative of order
v in the Riemann-Liouville terms:

e That has a power law kernel is provided as:

FFP nyv1,n _ 1 d_nft _ ~\yn—vi—1
o D q)(t)_l“(n—ul)dt" 0(t ¢) ®(¢)de, M

wheren — 1 < vy, n <n € N. And

D) _ . 20— 2(©)

Den T imr m—gn @

e With an exponential decay kernel is expressed as:

FFE UL _ M@ a /t __u _
SFE D, CD(t)_l"(n—vl)dt" 0exp[ 1_Ul(t {)]cb(c)d(. 3)

e As follows when using the Mittag-Leffler kernel:

o AB(vy) d" (! )
SM p; ”’cb(t):ﬂ_f cI)(g)EUl[— il (t—;)l]d;. 4)

1 —wvp dt" Jy 1—u;

Definition 2.2 [7] Let ®(¢) be continuous on (a,b) and 0 < wv;,n < 1, then the
fractal-fractional integral of ®(¢) with fractional-order v; and fractal-order 7:

@ Springer



Stability and complex dynamical analysis... 3445

e With a power law kernel is defined as:

1 t
Frrren = s - or e ewde, )
(v Jo
e With an exponential decay kernel is defined as:

n(l — vnz"*‘dm) vin
M (vy) M(v )

FFE[ving (1) = /c“‘ 'o@)ds. (6)

e With the Mittag-Leffler kernel is defined as:

n(1l—v)" @)
AB(v1)

v N e legd 7
+AB(U1)F(U1)/00 Ul le@)de. ()

(I):FM]UI’r]qD([) —

3 COVID-19 Fractional-Order Model

The integration of the fractal-fractional operator has been applied to enhance the
modeling of the COVID-19 pandemic, as it enables the representation of intricate
dynamics, memory effects, and non-local behaviors inherent in epidemic processes.
By incorporating this operator, the model can better capture the complex interactions
and temporal dependencies seen in the transmission of diseases like COVID-19. This
approach offers a more thorough framework for studying epidemic dynamics, enhanc-
ing predictive precision, and offering valuable insights for devising effective control
measures and preventive strategies. We consider COVID-19 in Thailand classical
model which is given in [8], having seven compartments such as susceptible popula-
tion (), quarantine population (Q), exposed class E, hospitalized infected population
Iy, infected population (7), recovered population (R), and pathogens population (P).
We now use a generalized form of fractal-fractional with mittag-leffler kernels to
reform this model into a fractional-order to track the impact of this virus on society
and the spread of dynamic forces. Initially, the susceptible class should be considered
a disease-free, healthy population. The susceptible class enters the incubation phase
when they are exposed to an infected population or to pathogens that are dispersed
throughout an infected population and into the environment. The fact that the natural
birth and death rates of the population affect the population dynamics in the sensitive
class is another unavoidable element. Second, take into account the population during
the incubation period, which is separated into two classes: exposed classes and quar-
antine classes. The exposed classes and quarantine classes represent the populations
that were, respectively, not and were in quarantine during the incubation period. Fol-
lowing this, the exposed classes and quarantine classes become hospitalized infected
and infected classes, though some exposure classes may need to be hospitalized if their
symptoms are severe. Additionally, take into account that the population of exposed
classes and quarantined classes has decreased as a result of natural mortality. Third,
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take into account the dynamics of the afflicted population, which includes both the
afflicted classes and the hospitalized sick. After the incubation time, the rise in both
classes becomes the infected class, which is then transformed into the recovered class.
Both natural mortality and COVID-19-related mortality correspond with population
dynamics in the hospitalized infected and infected classes. Furthermore, the contam-
inated group can disperse the viruses throughout the surroundings. The population’s
ability to recover in the affected class then determines how much of the recovered
class is recovered. This group enters the susceptible class if there is a lack of immu-
nity. Permanent immunity cannot be achieved following COVID-19 recovery. Lastly,
the pathogens class part determines the rise in pathogens in the environment due to
the infected class’s coughing or sneezing. There is a natural mortality rate for the
pathogens. We have the following system of fractal fractional-order equations

FFM pUsS iy _ AV 1 up _ @’SP_ BYSU+L) v
Dy @) = A” + m”R HoVP — 1+old+l) ¥ S,

DRSO = E + i e -k,
PV DS E() = S8R + Sl — 6 E — (1 - 0")8 Yy E — kVE,
FEM DRS 45y = y7 Q + (1 — 090 E — n} Iy — (¥ + 8°)1, ®)
FFM nyv:n _ U,V v v v
o DU RG) < 4 rb R OB,
FFMD?)’f; P(1) : nlulh_ UEP 7

0, =M kpt,

with initial conditions lying in a positive region,

$0)=0, 0(0)=0, E0)=0, [,(0)=0, 1(0) =0, R©O) =0, P(@O)=0.

In this model, various parameters are defined to characterize different aspects of a
population’s dynamics within the context of infectious disease transmission. A" rep-
resents the birth rate of the human population, while «V signifies the natural human
death rate. oV denotes the probability of the susceptible population being quarantined,
and 0V indicates the probability of transitioning from being exposed to being infected.
The parameters oV and BV govern the rates of pathogen-induced transfer from sus-
ceptible to exposed classes and the spread of infection from susceptible to exposed
classes due to infected individuals, respectively. ] and o} represent the percentages
of contact with an infectious environment and with infected individuals, respectively.
vy’ and y,’ characterize the rates of transition from quarantine to the hospitalized class
and from the exposed class to the infected class, respectively. n{ and nj signify the
recovery rates of hospitalized infected populations and the overall diseased popula-
tion, respectively. §V denotes the coronavirus mortality rate, while " represents the
rate of virus transmission to the environment by class of infection. «, signifies the
pathogen mortality rate due to natural causes. Finally, mV describes the rate at which
an individual who has recovered transitions back into the susceptible class.
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4 Analysis of Model
4.1 Equilibrium Points Analysis
The two distinct kinds of equilibrium points are endemic equilibrium points and

disease-free equilibrium points. To discover them, the right-hand sides of the system
(8) equations are set to zero. The disease-free equilibrium points E° are:

AU
K% =(s% Q% E°, I}, R°, P*) = (=,0,0,0,0,0,0). ©)
K

The endemic equilibrium points are E° = (S°, Q°, E°, I, R°, P°),

AU v v +K.U
So — — m_U o __ yl — Qo’
K K K
v vy ogv 1—pv
Q°:"1+K + I;;—( = )E°,
Y1 "1
v v 8U
o=t FO po
oOvyy
. AV — kUN©° 5
p=""""_p,
811
—B; + /B3 — 4B B
I° = ,
2B
go— M+l
mv + kv
'IJIO
pe=t_ (10)
Kp
where
By =((1-o")a"u+xi0]u?)(x3 — x2) — xawy 1",
AU —KUNO
By =((1—-0oYa’pn+xi07n?) (A“ + X7 (T))
— X1k, (X3 = X2) — X4k,
AV — kVN°
Bg = X]Kll; <AU =+ x2 <8—U)> s
with
_ (1 =0")BY(AY —k"N°®) = mny B ) + D) + k¥ +8Y)
Y+ V(A —kVN°) 2T v ey 28 ’
B m¥n3 ny +«¥+8Y (1 =0y, (v +«Y) v v
3= v Qv Y ) _(V2+K) ,
mv + «k 12) 12
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Table 1 Sensitivity indices of

Re parameters Parameter Index Parameter Index
o? +0.0072 kv —1.0003
BY +1.0000 ny 0.1788
AY +1.0000 nsy —0.7269
ov —0.1752 sv —0.00093886
128 +0.0000050941 uv +0.0052
vy +0.00010409 /c;,j —0.0052

kY (yy + k)5 4+ k¥ +8Y)
= Tyy .

The basic reproductive number “% given in [8] is:

(=04 = 6"y | (= 0")" A%y

R =
KkVy2y3 KV Y2Y4
+ (1 _ GU)aUAUGUV2UMU + GUﬁUAUyl (11)
K y2y4K ) KYy1y3

where y) =y + k", y2 =y, + kY, y3 =n] + k¥ 4+ 8V and y4 = nj + k¥ + Y.
4.2 Sensitivity Analysis

Sensitivity analysis is a method used to determine how changes or uncertainties in
model input affect the uncertainties in model output, thus gauging the extent to which
different sources of uncertainty impact the final results. By considering the importance
of each parameter in the disease dynamics, it is possible to reduce or handle the occur-
rence and prevalence of COVID-19. Investigated in this case is how each parameter
affects the fundamental reproduction number % . The infection rate’s sensitivity index
BV is calculated using the normalized forward sensitivity index technique (NFSIM).

ZO:_ 3Ro BY
oBY ?1’0

Z = 0.9948 ~ 1.0000. (12)

Consequently, the infection rate’s sensitivity index is 8Y = 1.0000. Similar
calculations and tabulations are made for the remaining sensitivity indices in Table 1.

The metrics exhibiting a positive sensitivity index demonstrate the beneficial
relevance of the increase in the fundamental reproductive numbers. Consequently,
adjustments to the parameter’s value while maintaining the same values for the other
parameters will have an impact on modifications to the basic reproductive statistics. A
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parameter with a negative sensitivity index signifies that there is a negative importance
to the increase in fundamental reproductive numbers. On the one hand, the factor that

most inhibits the spread of the illness is the percentage of the natural human death rate.
Ko
Because > = 0.9948, a 10% increase (or decrease) in the parameter 8V will cause a
ﬁv
Ko
9.948% increase (or reduction) in the value %j. The finding of ) = —1.0003 means

K
that a 10% increase (or decrease) in the parameter ¥ will cause a 10.003% decrease
(or increase) in the value of %.

5 Proposed Model’s Existence and Uniqueness

In this section, we will demonstrate the theorem that establishes the existence and
uniqueness of solutions for the proposed model (8). We verify the existence of the
fractal-fractional model (8) using the fixed point method.

S(t) — S(0) = %Hm, )+ ngu) /0 =0Vt Hi (g, S)de,
Q@) — Q(0) = %Hz(r, 0) + m /0 t—0"'¢5 7 Ha(s, Q)dg,
E(t) - E(0) = %Hw E)+ m/o (t =)V "'es  Hs (s, E)de,
(1) — 1(0) = %Hw, In) + ﬁ / (t = )V ¢ Ha(s, In)de,
1(t>71(0>=%m(r, I”W[ (=)' '¢5 7 Hs (s, e,
R(1) = R(0) = %Hm R”W/ (t —)"~'¢5 He (s, R)dg,
P(t)— P(0) = %Hw, P”m/ (t —0)""'¢5 'Hy (s, P)d¢.

(13)

where

_ aVSP BYSU+1)
Hi(1,8) = AV +mVR — 535 — Lo — xS,

Ha(1, Q) = {fp + Lrosariy — 7' Q — k"0,

Hi(t, E) = 4 11(3:,3‘},5‘” +4 1125(”55;’“ OVYYE — (1 — 6V)0Vy E — kVE,
Hay(t, In) = v/ Q + (1 =0y E —n{ I — (k¥ + 8Y) I,

Hs(t, 1) = 0VyYE — n¥1 — (k¥ + 8V)1,

He(t, R) = n{I +n51 —m"R — k"R,

Hy(t, P) = u¥I — K};P.

We make the following presumptions to prove our findings:
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A:  The continuous functions S(), (1), Q), 0@), E@), E@t), In(), In(1),
1(1), I(1), R(1), R(1),
P(1), P(t) € L[O, 1], such that || S| < ¢, [[1]| < ¢2 for g1, ¢2 > 0.

Theorem 5.1 If the presumption A holds true and is satisfied p; < 1for j € N17, then
the kernels Hy, Hy, H3, Hy, Hs, Hg, H7,are satisfying the Lipschitz condition and are
contractions provided that ¢; < 1 for every j € NI.

Proof We start by demonstrating that the Lipschitz condition is fulfilled by H; (z, S).
When S(¢) and S(¢) are used, we have

v vp _ a'SP _ BYSU+L) v
(A TR = 5V T ey a iy S)

a’SP ﬂ”S(1+IIz) <
— (A“ +mYR — VP~ T+oy(U+1y) KUS)

HHl(t, ) — H, (¢, S)H

i VP V(I +1 ~

[~ IL . A (U+ n) +KUHS_SH
|1+ o] IP 1 +wy( + 1)

VA V(A A ~

- a¥Aq BY (A2 + A3z) e HS_SH
| I+ ofA; 1405 (A2 + A3z)

S@l‘

where
VYA V(A A
o = oA BY (A2 + A3z) <1,

I+ o]A; 14+ w5 (A +A3)

Hence, it is true that H; meets the Lipschitz condition and ¢; < 1. Ni:xt, we
demonstrate that Lipschitz condition is satisfied by Ha (¢, Q) for this Q(t), Q(¢) we
have

a’SP BYSU+1I)
1+a) P ety ~ V1 QK Q)

aVSP BUSU+1)
1+va T TG —1Wo—« Q)

[H2, 0) — 20, 0]

I A

)/1 +K %)

where ¢ = y” + k¥ < L.
Hence, it is true that Hy satisfy the Lipschitz condition and ¢ < 1. Next, we show
that Lipschitz condition is fulfilled by H3 (¢, E) for this E(¢), E(t) we have

”H3(l, E) - Hy(1, E)H

((l—aU)aUSP + (A=ao)BYSU+Iy) QUVZUE _ (1 _ O,U)GUVZUE _ KUE)

1+w] P 1+wy (I+11,)
(1—oV)a’SP (1—o)BVSU+1y) - 7~ o
—( A 3P 4 Qoo g St _ gy b — (1 —GU)HUyZE—K“E)

<[0%yy + (1 ="y + k"

e -£] =
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where 3 =0Vyy + (1 —0oV)0%y) + k¥ < 1.

Hence, it is true that H3 fulfills the Lipschitz condition, and ¢3 < 1. Next, we
demonstrate that Lipschitz condition is satisfied by Ha(¢, I;,) for this Ij,(¢), I (t) we
have

(W O+ =0V E— il — (k¥ +8V)11)
;$Q+a—9%ﬁE—mbf4x+w%n)

[Hae, 1) = Hate, B | =

< [KU +5U] ‘Ih _ihH

< @4 th — I

where o4 = 1] +«¥ + 8V < L.

Hence, it is true that Hs fulfills the Lipschitz condition, and ¢4 < 1. N(;xt, we
demonstrate that Lipschitz condition is satisfied by Hs(¢, I) for this 1(¢), 1(t) we
have

(6Vv E —nzl—(/c +8)1)

HH5(t I) — Hs(z, I)H = (QU —7721—(’( +6U)1)

= [n3 +#" +6"]

-]

Sfﬂs‘

where p5 = 03 + k¥ +8Y < 1.

Hence, it is true that Hs fulfills the Lipschitz condition, and ¢s < 1. Next, we
demonstrate that Lipschitz condition is satisfied by Hg (¢, R) for this R(¢), R(t) we
have

771]h +ny1 —mR —K”R)

T L

<[m"+«"]

- 4]

< o]

where g = m¥ + k¥ < 1.

Hence, it is true that He fulfills the Lipschitz condition, and ¢s < 1. Next, we
demonstrate that Lipschitz condition is satisfied by H;(¢, P) for this P(¢), P(t) we
have

s8] = o1 e5#) (1 -03)]
<kp

P- pH

§<ﬂ7‘
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where g7 =k, < L.

Hence, it is true that H7 fulfills the Lipschitz condition, and ¢7 < 1.

Finally, all of the functions satisfy the Lipschitz criteria, and the proof is completed.
O

We reformat the system as follows by using the kernels H;, j € NZ, we have

S(t) = %Hm S) + MW(U) Jo @t =)V Hy (s, $)d,

() = %Hza 0) + M(U)F(U) Jo @ =Vt Hy (s, Q)dg,
E(r) = %Hz(t E)+ M(U)r(u) Jo ¢ =)V Ha (s, E)de,
Iy(t) = %m(z In) + m Jo ¢ =0V ¢S Ha(s, In)de,
I(t) = %Hm N+ w(v)r(v) Jo ¢ — )V ¢S Hs (s, D,

R(t) = %Hﬁ(r R) + M(U)F(U) Jo @ =Vt He (s, RYE,
P() = UV (1, P) + sy Jo (6 — £V 5 Ha (s, Py

We have,

Sa(1) = %Hl(r Su-1) + m Jo @ =)V s (s, Su-nde,

On(t) = %Hm On-1)+ m Jo (¢ =9V H (s, Q1)
Eno1(t) = %Hg(n En-1) + sty Jo (0 = 9V 657 Ha (s, Eqm)d,

Inn(1) = %Hﬂt Iin-1) + 770w Jo @ =)V ¢S Ha(s, Inn—1)dC,

L(t) = %Hs(r i)+ mfo (t = )V ¢S Hs (s, 1),

Ry (1) = %Hﬁ(r Ry-1) + W)W Jo ¢ =)V 57 He (s, Ry-1)dg,

Pu(t) = SO (1, Pact) + s Jo (6= OV e Hi (s, Pasp)de.

Next, we consider the differences as follows:

ASyi1 (1) = Spit — Sy = SA— W ) — Hitt, o))
o B(v) e » O
T I t(t — Ve M= (¢, ) — Hi(1, Spm1)) dE
A BT (V) Jy » On » On ,
AQut1(t) = Qnt1 — On
_ s—1
= % (Ha(z, On) —Ha(2, Qy—1))
—Ug ' v—1,5—1
T BT ), (T ¢ Mt Q) —Ha(t, Qu-0) ¢,
AEn+l(l‘) = En+l —E,
_ -1
= e (a1 Ey) — Ha(r, Ey-1)
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P — v—1,.5—1 _
%%(U)F( )/ (t=20) ¢ (Hz(t, E;) — Ha(t, E—1)) dg,

Al () = Inpr1 — Inn
sl —uvyrsT!

mﬁ%’( ) (Ha (2, Inn) — Ha(2, Inp—1))

[ v—1.5—-1 _
d@(u)r( )/( ¢)" ¢ (Ha(e, Inn) — Ha(t, Inn-1)) dg,

A1 (1) = Lyy1 — I
s —uys!

%%( ) (HS(t»In)_HS(t’In—l))

- > v—1 1 _
+d%’(u)r( )/( §YT ¢ T (Hs(t, In) — Hs (1, In-1)) d¢,

ARn+l(l‘): n+1 — R,
sl —vys!

B (He(z, Ry) — He(2, Ry—1))

- > v—1 1 _
+.£Zf§5’(u)l"()/( §)" 8 (He(t, Ry) — He(t, Ry—1)) dg,

APn+l(l‘)— n+1 — Py,
s —vys!

d%( ) (Hy(z, Py) —H7 (2, Py—1))

v—1,.5—1 _
&Zﬁ@(u)l—‘( )/( )¢ (He(t, Py) —Hy (2, Pp—1))dg.

Taking the aforementioned system’s norms for both sides,

1AS 1 ()] < % 1L (1, S0 — it S
m[ =)V eI @, S0) — Hi(, Se-1) | de,
1AQu1 ()] < % I(Ha(t, Q) — Hatt, Qa1
+m/ =)V eI o, @) — Ha(t, Quo1)) 1 de,
IAEw1 ()] < (QQT())“ |(H3(t, Ex) — Hs(t, B )]
+m/ (t — 125 (s (t, En) — Hat, En 1) d2,
AT 1 (O] < % | (Ha(z, Tnn) — Hat, Inp—1) |l
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- > @ v—1,.¢—-1 _
M%(u)r( )/ (t —=8)"7 ¢ II(Ha(#, Inn) — Ha(z, Inn—1))11 d¢,

c(1—v)rs—!

AL 1 (O] < T dBw) I(Hs(z, In) — Hs(t, L)

+”—§f (t — o)V e IHs(t, L) — Hs(t, L)l d¢
BT W) Jo o o ’

(1 =v)s—!

AR 1 (D] = W I(He (2, Ry) — He (2, Ru—1) |l

- > v—1 1 _
+%¢@(U)F( )/ (t=1¢) g.g I(He(t, R,) — He(2, R,—1))|l d¢,
s(1 —v)

AP, 1(DI < W() [(H7 (2, Py) — H7 (2, Pp1))||

_ v=les=11H t, P,) —H7(¢, P d
T )f< 6" e57 I (Ha (1 P) — Hy (e, Pl de.
Theorem 5.2 If the following is true, then there is a solution to the fractal fractional-
order COVID-19 model (8).

Q = max (@1, ©2, ¢3, 04, 95, 6, ©7] < 1.

Proof We define the function

Z1,(t) = Sp1(t) — S(1),

Z22,(1) = Qn41() — Q(1),
Z3,(t) = Ep1(t) — E(2),
24, (1) = Inp1 (1) — Ip(2),
25,(t) = Inp1 (1) — 1(1),

26, (t) = Ryy1(t) — R(1),
ZTn(t) = Poy1(t) — P(1).

Taking the aforementioned system’s norms we have,

1Z1, ) = [ISp+1 @) — SOl
sl —uvys!

%%( ) [(H1 (2, Su) — Hi(z, )|

S v—1.6—1 _
d%(u)r( )/( O T IHNE, ) — Hi @, ) dg

_vs e
B %«%’(U)F(u)/( £) o118, — Sl d¢
s(l —v)s—
W‘Pl IS, — Sl
vsT(s) c(1—v)
= [Wﬂ(v)l’(vq-g) + %,@(u)} 1118 — Sl
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vl (5) c(l—v)]".,
= [«Q/%(U)F(v+g) Q{@(U)} A NSn — S

where A < 1 and n — o0, §;, — S similarly we have

[ vl ci-vn 1"
“Zznll =< =e£7f33(u)r(v+g) + tdgg(v)= A" ”Qn - Q” i

1Z3, < | osf@ 4 s % g py
= A BT (v+9) o B) | n ’

1Z4,]| < | ish@ s Wy g gy
nll = | BT (vre) T FABO) | hn nlls

1Z500 < | osl@ 4 s [Ty oy
il — =@7-@(U)T(v+§) JZ7Lg5’(1))= n ?

126, < vsl'(5) + s(1-v) n)Ln IR, — R
nll = | Z@orvTe) T AW | n ;

12701 = | ity + S58 | A 1p, - Pl
nll = | ZBOT(wvre) T B | n .

As a result, we observe that Z j,(t) — Oasn — oo for j € N17 and A < 1 which
complete the proof. O

Theorem 5.3 [fthe following is true, then the fractal-fractional model (8) has a unique
solution:

[ vsI'(g) s(1—-v)

ABNT(+¢) | o Bw) ] Jj=Ljen.

Proof Let’s take into account the contradigtion th~at the {node~1’s fragtal—fractignal solu-
tion can have more than one solution. S(¢), Q(t), E(t),I5(t),I(t),R(¢),P(t) such
that

St = %Hl(r, $)+ s Jo ¢ — OV e STIHIE, SHdg,
o = %Hz(t 0) + Wg)m Jo 6 =0V s (¢, Q)
E(t) = %Hm E) + w@)r(u) Jo =9 g5 Hs (¢, E)dg,
Iy = %Hm In) + W Jo =V TeS T A, Dde,
HOE %Hso h+ W)m Jo @ =)V s Hs (g, D,
R(t) = %Hw R)+ M(wr(v) Jo 0 = V1S He (2, R)de,
Pty = SUDETH (1, P) + sy Jo (6 — 0V e Ha (L Pde.

Now taking differences of S(¢), S (¢) and then take norm, we have

[sw 30| = 25— -0 e e s - e $) ae

c(l —v)s™!

o B(0) a9 —Hi0.9)|
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o lgsten s 5 ac + SO s 5]

- d%(u)l"(u)/ Che
vsl'(g) s(1—v)
= [%%(U)F(v—i—g) .szf%(v):|®l |53

HS—%—[%$$EEL§Y+§EJH®1S—%so

- (zmerers * S @ ls-8] <o

The inequality mentioned above is accurate if

A

—[ﬂﬁl(f)rr((i)Jr §)+S;a(7193(v):| e~

- (Tmarers * S @ le- 4l <

The inequality mentioned above is accurate if

-8 [ msre v Sy ) o |5~

' (ﬂﬂl()vg)rF((i)Jr o ix(f{%_(:))) ®3} |e-E] <0

The inequality mentioned above is accurate if

E—EH:Q
= E=E.
] r - .
| I H = [M@Zf)r((i)Jr ) gng(Ul)))i| ©4 Hl” — I H
- (ﬂ,@l(f)?((i)Jr o iﬁ@}ﬁ) ®4] =] <o

The inequality mentioned above is accurate if

i =o.

:>Ih=ih.
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l-11< | Zsrora + ag o5l

[1 - (d@f)rr((& o i;g(;))) 65} -] <o

The inequality mentioned above is accurate if

|r-1] =0

= [mng)rr(& ) i;%:(;)))] & |k - &

[1 B (ﬂ,@?ug)?((i)Jr o iﬁ@}ﬂ) 66] |x-&| <o

The inequality mentioned above is accurate if

et o
= R =R.
Similarly
Hp_ﬁ” = [d%z(f)l;((ir o 21{%;(5))}@7 HP _PH

[1 - (ﬂ%?irr((i)+ o s;lg;(;))) 87} |7 7] <o

The inequality mentioned above is accurate if

HP—ﬁH —0,

= P=P.

Therefore, (8) has a unique solution. O

@ Springer



3458 S.Jamiln et al.

6 Hyers-Ulams stability

Definition 6.1 Proposed system (8) is regarded be Hyers-Ulam stable if a constant
t;i>0,j¢€ N17 satisfying for every p; > 0, j € N17.

ﬂn—%ﬁ%émas Eﬁﬁﬁﬂuzcw‘élm@smmd<m,
0 — SLBE (1, 0) — s Jy (1 — Ve, 0@t | = o,
E@) — S99 by By - Ve s T, E@)de| < o3,
10 = SLDEH (1) — iy Jo (= OV 165 A @) de | < g,
1) = SUUEH (1, ) — s fo (0 — 0V 6T Hs (0, 1©))de | < s,
R() — SO Hg (1, R) Wfo (t = ©)* ¢S H (¢, R(O)E | < po.
P@) = SUEHE R, P) = ot fi (= OV 5 R 6L PG| < o

There is an approximation to the model (1), S®(¢), Q°(¢), E®(¢), I?,R*(t), P*(t) that
fulfills the provided model, such that

Is@®) — s )| = W/ t— OV e HI(C, $) — Hi(g, %) | d¢

g(l—U)t .
o HHl(t, ) —Hi(t, 5|

vsl'(¢) s(l—-v .
= Lf@(u)r(wa My J s =5

Let

_ vsT'(g) s1— .
o= I:,d%(v)r'(v Yo @B } |s—s

we get
IS@) —$*®] < xio1.

Similarly, we have

o) — 0* )| < x2m2,
|E@t) — E*(1)| < x3w3,
|1 () = I} )| < xawa,
[1(t) = 1°()| < x50,

IR(t) = R*(1)| < xews.
|P@) = P*t)| < x7o97.
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Theorem 6.1 Proposed system (8) is HU stable assuming the aforementioned premises
are true.

Proof We comprehend that the Proposed system (8) has a unique solution if S®(z),
Q°), E*(@), I; (1), I1°(1), R*(z), P*(¢) be the approximate solution of model (8) that
satisfies the model’s requirements, then we get

_q® _ vs ! _ yu—lsec—1 _ .
NOEROIE —d%(v)r(u)fo =0V e | Hig, $) — Hi(g, 89| d¢
c(1—v)rs~! .
7O [Hi @, ) —Hi, %) |
U§F(§) g(l - U) .
= [%%’(U)F(v+g) o B(v) }el Is—sl.
0 _[ vsl'(¢) §(1_U)j|||S_So|
b= BV (Vv+¢) FABW) ’

©1 = {1, the aforementioned inequalities become

IS@) =S| < o101

Similarly

o) — 0* )| < 0262,
|E@®) — E*@)| < o33,
l1n (@) = 13| < 0as,
[1() = 1°()| < o505,
|R(t) — R*(t)| < o066,
[Pty — P*(t)| < o707

this completes the proof that the COVID-19 model (8) is, by definition, hyers-ulams
stable. O

7 Numerical scheme

To numerically solve the model (8), we describe a numerical technique [7] based on a
Newton polynomial in this section. We write the equation (8) as follows for simplicity:

FEMpDYrescy = $1(t, S, Q, E, In, I, R, P),
FEMDYe Q) = 011, S, Q. E, I, I, R, P),
FFMDYSE(t) = Ei@, S, Q, E, I, I, R, P)
FEMDPS Iy (t) = Ini (¢, S, Q, E, I, I, R, P),
FEMpYery = L, S, Q, E, Iy, I, R, P),
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§TM D R(t) = Ri(1.S. Q. E. I, I. R, P),
FPMpYSP@t) = Pi(t, S, Q. E. In. I, R, P). (14)

The following results are obtained by using a fractal-fractional integral with the
Mittag-Leffler kernel at the point f,1 = (k + 1) At.

S(tk+1) = #ﬁ,)tﬁ_lsl (te, S(t), Q). E(t), In(te), 1(te), R(tk), P (1))
k
tTHTw X, Jo 814, S, Q B, In I, R, Y™ (i — V7L,

(15)
Qtky1) = #f{v)tkgq Q1 (1, S(t), Q1) E(1), In (1), (1), R(t), P (1))

k
taEOTw 2 JU 01, S, Q E, I, 1, R, PYeS ™ (ieyy — )V,

(16)
E(ty1) = d}g}%tkg_lEl(t/m S(tx), Qtr), E(ti), In(n), 1(t), R(tr), P(1x))

k
+ 7 FZOTD 22 S EN@, S, QB Iy, 1L R, PYCS T (kg1 — 0)V e,
V=

(17
In(tit1) = ﬁf(’v)tf_llh. (tks S(t), O(tk), E(t), In(t), I (1), R(tx), P (t))
k

+mv¥2f£’“ Iny(t,S, Q. E, Iy, I, R, P);5 (11 — 0)Vd,

(18)
[(t+1) = F 7050 " S Q). E). L (1), 1(t). R(t). P (1))

k
+ e L o 0@, S, QB I, 1, R, PYCS T (i — )V dE,
v=2

(19)
R(te41) = d{@%tlligRl(tkv S(t), Q). E), In(), 1 (), R(1), P (i)

k
taFrw 2 RS 0 E T 1R P ey — )V

(20)
P(tiy1) = 7}%@;_15 (1, S(1), Q) E(t), In (1), 1 (1), R(ti), P (k)

k
+ T FOTw) szf;“ Pi(t,8,Q, E, In, I, R, P)¢ (kg1 — 0)V ™ dg.
v=

2D
With the help of Newton’s polynomial, we get

G, S,0,E, In,I,R, P)
~ G(tv72’ SU—Z, Qv—2’ Ev—2’ 1}1;72’ IU—Z’ Rv—Z’ PU—2)
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1
+ E(G(tv—ls Sl)*l’ Ql)*l’ El)*l’ I;l)—l’ IU*I’ 1{\)717 Pl)*l)
~ G2, 8", Q"2 EV 2 T T R P (6 — 1h2)
+ W[G(I\h SV, QV’ Euv I]z‘l)a IV’ RV’ PV)
—2G(ty_1, Sv—l’ Qv—l’ Ev—l’ I}\[)—l’ IU_I, Rv—l7 Pv—l)
- G(IU727 SV_2’ QU_29 Ev_27 I[/l;_zv IV_2’ RV_Z’ PV_Z)]
x (¢ —ty—2)(s — ty—1). (22)

Replace the Newton polynomial above, we have

wtn _SA—v)

S T A BW)

(7181 (0, SK, OF, BRI 1K, RE, PR

k

) _1 [EN] _1
+ — Si(ty—z, P15, x / el — )V NdT
TEOTD ; 2 PO X | e = D)

k

v 1 o1
v b S
WEZOD VX:; At [%_1 1(tv—1, 21)

tut1
— 1175 Sitv—2, «@2)] X / (t — =) (ter1 — D)V dT +
f

ko

(%
o BT (V) 2 2A12

(16718100, 2) = 2657 S1 00t 21)

ty+1
IS S10, P2 ¢ / (T = 1y2)(T =ty (tis1 — 1) \d,
ty

c(l—v) _
Qk+h :W(U)tkg "1, S5, OF, B IF, 1%, R¥, PY)

k

v
+ o B()T (V) Z

ty+1
—1 -
Q1 (ty—2, P15, X / (tkr1 — D)V dt
v=2 tv

v 1 1
+ ) 2 a1

Tyl
- _
—1,55 Qity—2, P) X/ (T — vtk — DVt +
ty

k
1 —
Z IAL2 I:tvg_lQl(tv, P) — 2[5_11 01(ty—1, 21

v=2

U1

o BT (v)

_ ty41
HEL 02 2| x [ - ) - e - 0
Iy
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I-v
E*+D —i({%( ))r,f 'Ey(n, S5, Q% B IF 1F RF, PY)

v

k fy+1
—— Y Ei(ta, P15, / iy
* A BT (v) Z 1(tv—2, D)1, 5 X . (1 — T) T

v

Lot
+m _I:tv 1 E\(ty_1, 21)

At

<
“M» I
(3]

— tyt1
—1,75 Eiltva, '@2)] f (T =ty ) (kg1 — 1)V dT +

(]
A BT (V)

k
ZZAZ[zg VEi(ty, P) — 25 Ei (61, 20)

Tyl
-1 —
+1; 5 E1(tv—2, 9’2)] X f (t — =) (T — ty_)(txs1 — )V d1,
t

(1) _ U V) oo k Ak k jk k pk pk
i W()’f In, (1, S*, QF, EX If, 1¥, R, PY)
k -1 Ty41 |
tl) 79 ti t _ U—d
d%(v)r‘( Zzhl( 2, Pt , X/,:V (ti1 — T) .
k
5 Iy (tey, P
JZ/%(UQI‘(U UZ:: [v—l ny (Fu—1 1)

tyt1
1_ —
e ) B B
ty

U]

A BT (v)

<
HM»
[38)

—1 1
[ 0 2) = 25 0 01 2)

fyt1
—1 -
2 Iz, 92)] x / (t =ty 2)(T =t D)ty — )V 7,
ty
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1
Jk+D 227());]( I (1, S*, O, EX, 1}1:7 ¥, R, Py

k 2
v _ v+l
t BT 3 Lt o), x / (o — )"z

by

v

1 s—1
+ ﬂ%(vl)r(v) ; At I:tv_l Il(tl)—l, (@1)

1—
- tl)—zg 11 (tv—2» 92)

| S

ty41
x / (t — tv—2) (th41 — ‘L’)U_ldf +
Iy

!

k
1
s — 257
"Z{%(Ul)r(v)‘;ZAtz[t" 1y, @) =21, Li(tv—1, P1)

fut1
-1 —
+ 1 D12, P | f (T = ty-2)(T = tr-) (11 = 1)V d,
Iy

c(1—v) 4
RETD = W()t"g Ri(r, 8%, %, EX, If ¥, R¥, P¥)

k ty41
Ri(ty_2, s—1 / vl
&/%(U)F(U)Z W2 20 X | (gt = D"

Vv

=2
ko
P
,c%%’(ul)r(v); t[’v L Ritv-1, 21)

A
fut1
- —
—1,75 Rilti2. 22| x / (r = tr-2)(tps =) dr +

U1

k
1
%%(vl)r(mzzmz[fg 'Ri(ty, 2) — 2157 Rity—1. 21)
v=2

— tyt1
- tf_; Ritv—2, 92)] x / (t — tv2)(T =ty (txp1 — T)V " d1,
t
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1
plk+D —5;93(“))45 'y, S, QF, B If, IF RF, PR

k

v -1 hyt+1 1
T s 1+~ P _ ”@ S _ v d
T IBOTW) ; Hh—2, P2,y X [ (tr1 — )Vt

k

- 1 s—1
mz [tv 1 Piltvr, 2)

ty+1
t: 5 Pi(ty— 2,92)] / (t — o2 (trs1 — TV dT +
ty

(%]

o B(v)T (V)

k
Z 2At2[ 15 Pty P) — 2ff__11 Pi(ty—1, Z1)

Ty+1
1 _
+ 15, Pi(ty—2, @2)] X / (T — ty—2) (T — ty—) (i1 — 7)Y dT,
ty

where

(@ — SV, Qv,Ev,I;l},IU,Rv, Pv’
L@l — SV7] QV*] El)*] I}llJ—l 11)71 RU71 ij]
(@2 _ Sv—2 Qv—2 Ev—2 IV—2 Iu—2 Rv—2 Pv—2
- ’ ’ s th ’ ’ ’ .

For integral in above equation, we can have the following values

/t (151 — 10 tdr =8 [E]

vy
4 v+l
v+1 v—1 ( )
/tv (=21 = 0" e = e 23)

(Ar)+2 [sz]

fyt1
B _ _\U— 1 R —
/tu (t —tv-2)(* —th—1) (541 — T) o+ D +2)

where

E=k—-—v+1D"—(k—-v)",
El=Gk—v+ DUk —v+3+20)— (k—v)V(k —v+3+30v),
&=k —v+ D2k —v)?+ Bu+ 10)(k — v) + 20> +9v + 12}
—(k —V)'{2(k —v)? + (5v + 10)(k — v) + 6V + 18v + 12}.
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Therefore, the numerical scheme for model (8) is as follows:

*+1) _ c—1 k Hk 7k 7k pk pk
s TG S SE 0N T T RE P
v(ANY

B+ 1)

> S, 20) x [¢]

v=2

v(AD)Y o
+WZ[V 1 Sittv—1, 21

=
[3S]

-1 v(At)Y s—1
t, o S1(ty—2, JZ)] X |:§]:| +2M@(U)F(U+3)]§I}U S1(tv, @)

-1 -1
— 251001 ) + 155 S1 (2, 20| x 2],

ok+D = %é( )tk Y01, S5, 05, IF, 1%, RK, PR

v(ADY o1
TBOT W+ 1) vzzfv_z Q1 (ty—2. ) x [g]
__v@an?
o BT (v +2)

k
V=

[t5:11 01(ty—1, 21)
2

v k
—fg _y Q01— 2792)] [51] +%Z[Z§AQI(W,<@)
v=2

—1 —1
=257 Q11 P + 155, 012, 70| x 8],
k+1 l-—v o k Ak 7k 7k pk pk
E*TD = =gk B st ot g IE R PY

k
- A B+ 1) ;tu—z E\(ty—p, P) x [g]

% ¢—1
%%(vl)r(wz)g[’v—l Ey(ty—1. 21)

k
_ -1 v(AnY o1
t,_, E1(ty—2, 92)] X [51] + 42@7’%,(1)”,(1) 13 vgz [fv Ey(tv, &)

-1 -1
=25 Ev-1, 20) + 155 Ern-a, 20| x &),
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(k+1) l-v k Ak 7k 7k pk pk

1 =t Iy, (t, S°, I, 1%, R, P

h ’%(g)k hl(k 0 h )
v(A)Y

k
- N 5‘71
* A BT (v+1) ;tv—z Iy, (ty—2, P2) % [g]

k
v(Ar)Y el
A B(v)T (v +2) g I:tv—l In, (tv—1, Z1)

V(ALY k

—155 S 2] x 6] + 27 BT (U +3) 2 [ 1y 1. )

=25 Dy (v, P0) + 155 Dy (2 20| x [ 2],

1—v -1
1%+ ZW(;)Z}E L, S5, OF, If, I*, R*, P*)

k
A BWIT(L+1) U2:;%—2 I (ty—2, P) X I:g]

k
v(AnY el
g B(v)T(v+2) ; I:tv—l Li(ty—1, P)

v(A)Y

k
_’ug__zl I (ty—2, 72)] X [El] + 3 BT 13) ;[fug]h(fu, P)

- 2tf:1111(tu—1, 21) + tf:zlll(tu—z, «@2)] X [Ez],

1—v -1
R(k+l) — ST Rt , Sk, k’ Ik, Ik, Rk, Pk
Bk 11, $7, 0%, 0 )

v(A)Y
A BT (v+1)

M~

tf:lel(tvfb P) x [5]
v(AHY
A BT (v + 2)

M-k

[tf:ll Ri(ty—1, Py)

<
||
S}

v(ADY

k
—1 _
— 1 Riltva, 2] x [81] +M@(U)F(U+3)g[z§ "Rt 2)

- 2tf__11R1(tu—1, P1) +157,) Rity—a, 92)] X [52],
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%107 Proposed Method «107 Proposed Method
7 T T T T T T T T T 7 T T T T T T T
[ v=1.0 s N v=1.0
- < v=095 I © =095
61 « =090 1 6 © v=0.90|
X ©v=0.85 N v=0.85
5 5

S(t)

6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time Time
(a) (b)
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8 Numerical Simulations and Discussion

This section presents the graphical result of the model (8). Using a fractal-
fractional differential operator of the Mittage-Leffler kernel with fractional-order
v(1, 0.95,0.90, 0.85) and fractal dimensions ¢ (1, 0.8), the results are analyzed.
MATLAB a computational software is used to perform simulations and compute
the results using a numerical scheme. The parameter values obtained from article
[8]are AV = 0.000028, «V = 0.000021, c¥ = 0.0397, 8V = 0.8, ¥ = 0.00414,
B = 0333333, wf = 0.1, 0§ = 0.1, y/ = 1/52, vy = 1/52, n{ = 1/10,
ny =1/10,8" = 0.00011, u” = 0.1,k = 0.1724, m" = 1/90 and the initial values
are S(0) = 66170000, Q(0) = 12, E(0) = 6331, 1, = 0, 1(0) = 0, R(0) = 0,
P(0) = 500. The susceptible population’s dynamics rapidly decline over 0 — 1 days,
as shown in Figure (1). After exposure to the virus, this population decline shifts to
populations in the incubation period, where population dynamics are divided into two
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When the fractal dimension is ¢ = 0.8 for different fractional orders of v
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Fig.3 Simulation of E:(a) When the fractal dimension is ¢ = 1 for various fractional orders of v. (b) When
the fractal dimension is ¢ = 0.8 for different fractional orders of v

classes: the quarantine class and the exposed class, as shown in Figures (2) and (3),
respectively. The dynamics of the exposed class and the quarantine class increase
rapidly over 0 — 2 per day. After day 2, the dynamics of both classes decline rapidly.
The dynamics of the exposed population and the hospitalized infected population are
connected, respectively, to each other. Hospitalized infected population and infected
population dynamics increase fast over 0 — 7 days as a result of population changes
during the incubation phase leading to the infected population, then rapidly drops after
that. Figures (4) and (5) depict the dynamics of the hospitalized infected population
and the infected population, respectively. In the recovered population dynamics, the
last component of the human population dynamics is expressed. It increases gradually
over 0 —20 days before starting to stabilize as shown in Figure (6). The infectious pop-
ulation contributes to a portion of the environmental pathogen population. Pathogen
counts peak between 0 and 12 days, after which they start to decline. Figure (7) depicts
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Fig. 8 Chaotic attractor of system (8) in different 2D-projections for v = 0.9. (a) S Q-Plan. (b) SE-Plan.
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the dynamics of the pathogen population. We have seen from the numerical findings
that are shown in the graphs that the number of exposed and vulnerable individu-
als immediately decreases and moves into the infected class. The infection is under
control while they remain under quarantine. After some duration, the recovery rate is
increased by using control and treatment factors. This demonstrates the significance
of quarantine in the management of infection.

Figures (1)-(11) illustrate the graphical representation of the impact of arbitrary
fractional-order v and the fractal dimension ¢ (memory index) on various population
dynamics. In Figure (1)(a, b), it is evident that the susceptible population decreases
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to a specific positive density for all values of v and ¢. The decrease in the number
of susceptible individuals is evident as the fractional order decreases. This reduction
occurs because the fractional order enables a more precise depiction of the system’s
memory and hereditary characteristics, resulting in a closer alignment of the model
with real-world data. Specifically, Figure (1)(a) depicting susceptible individuals with
a fractal dimension of 1 (¢ = 1.0) exhibits behavior consistent with the standard
epidemic model. In contrast, Figure (1)(b) representing a fractal dimension of 0.8 (¢ =
0.8) illustrates the influence of fractional-order effects on the dynamics of susceptible
individuals. Figure (2)(a, b) illustrates the dynamics of quarantine individuals for
varying v and ¢. Itis observed that the quarantine population initially increases around
t = 2 days and then slightly decreases to a specific positive density for all values of v
and ¢. Examining how curves for different fractal orders react to quarantine provides
insight into the effectiveness of these measures in containing the spread of COVID-
19. A substantial decrease in the number of infected individuals following quarantine
implementation suggests its beneficial impact on epidemic mitigation. Figure (3)(a,
b) showcases the dynamics of exposed individuals across different values of v and
¢. It is noted that the peaks of the exposed curves decrease slightly and occur over a
longer period for smaller values of v and ¢. Similarly, Figures (4)(a,b) and (5)(a,b)
depict the dynamics of the hospitalized infected and infected classes, respectively. The
peaks of these curves also decrease slightly and occur over extended periods for smaller
values of v and ¢. A decrease in the fractal dimension affects the dynamics of infected
individuals. The graphs might display a decline in the number of infected individuals as
the fractional order decreases, indicating the model’s enhanced accuracy in depicting
disease spread with lower fractal dimensions. Figure (6) (a, b)analyzes the dynamics of
the recovered or removed population across various v and ¢ values. Initially, the curve
depicting recovered individuals experiences a rise before reaching a stable level. The
impact of the fractal dimension on recovered individuals is also noticeable. Lower
fractal dimensions could result in alterations in the recovery dynamics, potentially
influencing the speed at which individuals move from being infected to recovering.
Figure (7)(a, b) analyzes the dynamics of the pathogen population across various v and
¢ values. We observe that, for different values of v, the model’s solution continuously
depends on the time-fractional derivative yet eventually reaches the equilibrium points.

We illustrated the chaotic attractors of the model (8) in Figures (8) - (11), which
were produced using the FFM operator’s numerical method for specific parameter
values. The dynamics of the propagation of infectious diseases, such as COVID-
19, are by nature nonlinear. This implies that even minor adjustments to the starting
circumstances or parameters might greatly impact the final results. Scholars can bet-
ter comprehend and visualize these intricate, nonlinear interactions with the aid of
chaotic figures. COVID-19 models need to take into consideration a lot of variables
that affect how diseases spread, such as the biology of the virus, human behavior,
government actions, and the availability of healthcare. The Figures (8)(a-f) display
the comparative chaotic behaviors between different groups: Figure (8)(a) shows the
comparison between susceptible and quarantined individuals, Figure (8)(b) illustrates
the comparison between susceptible and exposed individuals, Figure (8)(c) depicts
the comparison between susceptible and hospitalized infected individuals, Figure
(8)(d) shows the comparison between susceptible and infected individuals, Fig. 8(e)
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illustrates the comparison between susceptible and recovered individuals, and Figure
(8)(f) displays the comparison between susceptible and pathogen individuals when
v = 0.9. Figures (9)(a-d) display the comparative chaotic behaviors between differ-
ent groups: Figure (9)(a) shows the comparison between quarantined and hospitalized
infected individuals, Figure (9)(b) illustrates the comparison between quarantined and
infected individuals, Figure (9)(c) depicts the comparison between quarantined and
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Fig. 11 Chaotic behavior of the different compartment in the feasible region for stable solution in domain

recovered individuals, and Figure (9)(d) displays the comparison between suscepti-
ble and pathogen individuals when v = 0.9. Figure (10)(a) shows the comparative
chaotic behaviors between hospitalized infected and recovered individuals, while Fig-
ure (10)(b) illustrates the comparative chaotic behaviors between hospitalized infected
and pathogen individuals when v = 0.9. The graph illustrates the chaotic and dynamic
nature of an epidemic, highlighting the swift increase and decrease of hospitalized
infected individuals followed by a subsequent rise in recoveries over time. This pat-
tern emphasizes the intricate challenge of managing and controlling infectious diseases
within a population. Figure (10)(c) depicts the comparative chaotic behaviors between
infected and recovered individuals, while Figure (10)(d) illustrates the comparative
chaotic behaviors between infected and pathogen individuals when v = 0.9. The
graph illustrates the chaotic and dynamic nature of an epidemic, showcasing the rapid
increase and decrease of infected individuals followed by a subsequent rise in recov-
eries over time. This pattern underscores the complex challenge of managing and
controlling infectious diseases within a population. Figure (10)(e) shows the compar-
ative chaotic behaviors between recovered and pathogen individuals. In the context of
COVID-19 in Thailand, the chaotic behavior of recovered and pathogen individuals
is marked by a swift rise in the number of recoveries and infections, followed by a
gradual decline. This pattern mirrors the dynamic nature of disease transmission and
the influence of public health interventions in managing the epidemic. The chaotic
behavior of the different compartments in the feasible region for a stable solution
in the domain is shown in Figure (11) which represents the complete relation of the
compartment and the memory effect of the fractional operator to stabilize the solu-
tion in the bounded region. The fractal-fractional operators are thus superior tools for
investigating the more complicated behavior of the proposed system. These variables
interact in intricate ways that can be challenging to represent using conventional mod-
eling techniques. The intricate relationships between these variables and how they
affect the spread of disease are better understood by using chaos figures. It is evident
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that the dynamics of the model’s several compartments have changed in response to
shifting fractional or fractal orders. The figures (8)-(11) show the orbit trajectories.
Limit cycle behaviors of the model. It’s interesting to note that while the equilibrium
points are consistent, in both the order and integer order models the solution of the
fractional order model gradually converges to the fixed point over a period. We have
also explored attractors, which pose challenges to both fractional order operators in
reproducing complex behaviors and stable solutions within a feasible domain.

This method offers an understanding of how population dynamics evolve over
time enabling accurate predictions and analysis. Additionally, it offers an insight
into how fractal geometry and fractional calculus interact in modeling. By illus-
trating the dynamics of disease transmission this approach can aid in developing
treatment and prevention strategies. Furthermore, combining fractal geometry with
calculus enhances our comprehension of the underlying mechanisms governing pop-
ulation dynamics. It also creates opportunities to explore the relationships between
systems and mathematical modeling. The incorporation of fractal derivatives empow-
ers researchers to forecast and study disease transmission within populations, with
accuracy.

9 Conclusion

The SQEIRP model’s results, which predict a high number of hospitalized and infected
cases within a short period following infection commencement, demonstrate the out-
break’s potential severity. Using the numerical technique, we were able to analyze
data from the literature and come up with some really interesting results for different
fractional orders that help counteract the negative effects of COVID-19 on society
and support theoretical observations. The development of the SQEIRP model with
the integration of the non-singular kernel of the Mittag-Leffler Law represents a sig-
nificant stride towards tailoring mathematical frameworks to suit the unique lifestyle
and epidemiological characteristics of the Thai population during the COVID-19 epi-
demic. The proposed model satisfied the biological feasibility criteria such as unique
solution, uniqueness, existence and uniqueness, and Ulam-Hyers stability. Sensitiv-
ity analysis reveals that the parameters ¥ and «V significantly influence the basic
reproduction number Z. The outcome attained from the SQEIRP model emphasizes
the seriousness of the outbreak, forecasting a considerable number of infected and
hospitalized cases shortly after infection onset. This highlights the crucial need for
proactive measures to reduce the rise of COVID-19 cases beyond controllable levels.
By integrating the non-singular kernel of the Mittag-Leffler Law, the model is capable
of making more accurate predictions by accounting for sequential dependencies and
memory effects inherent in epidemic developments. This improvement not only makes
the model better at predicting the spread of COVID-19, but it also offers the public
and policymakers insightful information that they can use to put effective preventive
measures in place. Subsequent investigations may concentrate on using sophisticated
analytical methods to augment the prognostic potential and pragmatic uses of epidemic
models. Optimal control theory can also be used to investigate optimal solutions for
our scenario.
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