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Keywords: In this study, we investigate a generalized holographic dark energy model within the framework of dynamical
Generalized HDE model Chern-Simons modified gravity theory. By incorporating the Hubble parameter H and its higher order

EOS derivatives, we explore the equation of state and its implications for the expansion of the known universe using
Deceleration parameter

_ the Friedmann-Robertson-Walker metric. Our analysis reveals three distinct cases arising from the solutions
Chern-Simons modified gravity

to the Chern-Simons field equations, which depend on the chosen parameters. In the first two cases, we
observe confirmation of the accelerated expansion of the universe, consistent with the predicted range of
—1 < @ < 0. However, in the third case, the depicted behavior exhibits a phantom-like nature. It is important
to note that irrespective of the case, the generalized holographic dark energy model supports the transition
from deceleration to acceleration, aligning well with observational data. Furthermore, our findings establish
that the generalized holographic dark energy model endorses the universe's accelerated expansion within the
framework of dynamical Chern-Simons modified gravity theory.

1. Introduction

Recent observations indicate that our universe is flat (Spergel et al.,
2003; Komatsu et al., 2011), and it is undergoing significant accelerated
expansion (Riess et al., 1998; Perlmutter et al., 1999; Knop et al.,
2003a). While the presence of a cosmological constant in general
relativity (GR) can account for this phase, the magnitude of the cos-
mological constant remains unexplained by any fundamental theory,
despite its agreement with observational data. Consequently, cosmolo-
gists have proposed modifications to the gravitational sector or matter
distribution in the Einstein-Hilbert action to describe the observed
acceleration of the universe.

In light of recent cosmological observations, numerous gravity the-
ories have garnered attention, aiming to elucidate the concepts of
late-time accelerated expansion and the gravitational effects on as-
tronomical bodies. It is important to address the unidentified matter
and energy sources that fill our universe and are believed to influence
gravitational dynamics at cosmological scales, namely dark energy
(DE) and dark matter (DM). The challenge in identifying these dark
components and distinguishing their effects from modifications of GR
on large scales motivates the exploration of innovative gravity theories.

The holographic principle, rooted in the physics of black holes
and perturbation theory, incorporates an infrared cutoff of a quantum
theory associated with vacuum energy (Susskind, 1995; Witten, 1998).
This holographic approach has found wide application in cosmology,
particularly in characterizing the era of dark energy, commonly known
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as the holographic dark energy (HDE) model (Bousso, 2002; Li, 2004;
Kumar et al.,, 2022; Li et al., 2011; Wang et al., 2017; Khurshudyan,
2016; Landim, 2016). It is worth noting that the HDE model differs
from other DE models as it is derived from the holographic principle
and dimensional analysis rather than introducing an additional term
in the Lagrangian. Beyond the era of dark energy, the holographic
principle has also been successfully applied to the early inflationary
universe. Overall, the combination of observations, theoretical chal-
lenges posed by dark energy and dark matter, and the potential offered
by the holographic principle has motivated the exploration of modified
gravity theories.

By incorporating these concepts into gravitational theories, we aim
to gain a deeper understanding of the accelerated expansion of the
universe and the dynamics of gravity at both early and late cos-
mological times. Chakraborty et al. (2021b) and fellows studied the
cosmological consequences of Barrow HDE and its thermodynamics
under the preview of viscous cosmology. The cosmology of f(Q) gravity
and the reconstruction of various associated parameters with different
versions of HDE models with generalized cut-offs, where Q0 = 6H?,
is studied in the context of a universe filled with a viscous fluid
characterized by a viscous pressure Il = -—-3H¢, where & = & +
& H + &(H + H?) (Chakraborty et al., 2021a). Brevik and Timoshkin
(2021) investigated the cosmological models of the late-time universe
by incorporating the holographic principle and considering the viscos-
ity properties of the dark fluid utilizing the mathematical formalism
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of generalized infrared cutoff holographic dark energy. Karmakar et al.
(2020) investigated the reconstruction of f(R) gravity from holographic
Ricci dark energy and found a transition from quintessence to phantom
era in the absence of bulk viscosity.

The four-dimensional Chern-Simons (C5) modified gravity theory
proposed by Jackiw and Pi (2003) is among the most fascinating
modeling techniques in reconfigured theories of gravity during the last
decades. This theory, which recommends an infringement of parity in
Einstein-Hilbert actions, is based on the Pontryagin density. Except
if the scalar field is not taken into account as a coupling constant,
the density of the Pontryagin term acts as a topological quantity in
four-dimensional spacetimes.

In CS theory, Alexander and Yunes (2009) investigated vacuum ap-
proximation and exact solutions, as well as Cosmic Baryons asymmetry
and inflation. Jawad and Sohail (2015) used modified QCD ghost DE
models to investigate the aspects of scalar fields and the possible out-
comes of various scalar field models in the framework of dynamical CS
(dCS) modified gravity. Sarfraz and fellows (Ali and Amir, 2016; Ali and
Saddique, 2021) explored the HDE model and noticed the accelerated
expansion of the universe under stringent conditions. Different faces of
generalized Holographic dark energy (GHDE) model has been studied
in Nojiri et al. (2021, 2019a,b) and Pasqua et al. (2015).

Porfirio and fellows (Porfirio et al.,, 2016) constituted a relation-
ship for Godel-type spacetime employing four dimensional CS theory
for various forms of matter and attributed correlation aspects. Konno
et al. (2008) explained rotating black holes in the perspective of the
CS theory by admitting a classification of Schwarzschild solutions.
Guarrera and Hariton (2007) have discussed a preserved, symmetric
energy—-momentum pseudo tensor that appears Lorentz invariant in
CS theory. The impact of CS theory on the feasible phase shift of de
Broglie waves in neutron interferometry was evaluated by Nandi and
colleagues (Nandi et al., 2009).

The most common dynamical DE candidates are quintessence (Cald-
well et al., 2003) (-1 < w; < —_%}, phantom (w; < -1) (Guo
et al.,, 2005; Malik et al.,, 2021), and quintom (Zobnin et al., 2000)
etc. The observations lead one to believe an emergent EOS for DE as
well (Martin, 2008; Zhuravlev, 2001). As a result, understanding the
EOS of DE is one of the most difficult problems in astrophysics (Huterer
and Turner, 2001; Huterer and Cooray, 2005; Linder, 2003; Melchiorri
et al., 2003) and also in observational cosmology (Knop et al., 2003b;
Tegmark et al., 2004).

This article is structured as follows: Section 2 provides the back-
ground and functionalism of CS theory, as well as its mathematical
model for the FRW metric. In Section 3, the generalized HDE model
A~ ppp = S{pg + vH + yH?) is investigated. At the end, there is a
discussion and analysis of the findings.

2. Formulism of CS theory

This theory is based on the concept of leading-order gravitational
parity violation and is one of the possible modifications of GR. This
modification was influenced by the cancellation of anomalies in string
theory and particle physics. The Einstein—Hilbert action is amended as
follows:

Lo b o
S = /: dx\/—g er+aEE RR—ﬂi(g bV 0)V,0)+2V(O)) | +£,,, (1)

where £, . denotes the matter Lagrangian density, x = ﬁ (where
G is the gravitational constant), and the integrals represent volume
integration over the manifold v. The term *RR is technically defined
as *RR = RR= *R¢““R’ , where *RI = ée'—‘“"’f o and e“9¢f is the
4-dimensional Levi-Civita tensor. This term is known as the Pontryagin
density.

The parameters « and f are dimensional coupling constants. A
natural and commonly used choice for these parameters is @ = 1, which

makes © dimensionless, and f = L?, suggesting that § « x°. The choice
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of coupling constant can have implications for the dimensions of @ and
its physical interpretation.

By perturbing Eq. (1) with respect to g, and the scalar field © (a
function of spacetime), a set of CS equations can be derived in the
following form:

G, +aC,y = —;—k[T;; +T%)
ko

4

The parameters C_;,, G, and a represent Cotton tensor, Einstein tensor

and coupling constant respectively.

1

N=

g?PV_V,0 = *RR, (2)

. ] ,
C® = - [0,€°*"V R} + Euﬂeﬂf’wﬂgg] +(a < b), (3)
The matter part of the field equation Eq. (2) is composed of T and
external scalar field be defined as:

T = (p+ P)U,U, - Pg,

I = £(0,0)0,6) ~ 5 £,4(0"0)(3,0). (4)
In this expression, U, p, and p stand for the 4-vector velocity, energy
density, and pressure, respectively.

The CS theory is studied in two different domains: the dynamical
and non-dynamical formalism. In the non-dynamical case, the CS scalar
is a prescribed function, and its conventional evolution corresponds to
a differential constraint on the permissible solutions. In the dynamical
formulation, the CS term is treated as a dynamical field with an effec-
tive stress—energy tensor and an evolution equation. Mathematically,
the dynamical framework allows for arbitrary, non-zero constants a and
f in Eq. (1) at the level of action. In the non-dynamical framework,
however, § = 0 and o can be arbitrary at the level of action, which
means the scalar field does not evolve dynamically but is externally
prescribed.

A significant amount of research on CS gravitational modification
has been conducted in the non-dynamical framework. In this context,
the term “scalar field” @ is assumed to be a pre-prescribed function
of spacetime coordinates. These investigations include the evaluation
of both approximate and exact solutions, cosmological and galactic
studies, and matter dynamics. However, the non-dynamical theory
presents several challenges, including:

(i) Singularities of curvature that appear on the rotational axis of a
black hole during rotation;
(ii) The ambiguity regarding the large ensemble of black hole oscil-
lation modes;
(iii) The presence of ghosts, which are typically problematic.

As a result, multiple authors suggest the use of the dynamical CS
(dCS) theory with a kinetic term for the scalar field to overcome the
aforementioned issues and maintain the self-stability of the theory.
The first two issues mentioned above are not present in the dynamical
theory, while the third issue does not persist under specific circum-
stances. Therefore, dynamical CS modified gravity has gained immense

popularity.
3. Generalized holographic dark energy model

Einstein’s field equations (EFEs) of GR are commonly solved using
the FRW metric, which describes an expanding universe that is homo-
geneous and isotropic. The EFEs are expected to determine the scale
factor of the universe as a function of time, while the specific form
of the metric arises from the assumption of homogeneity. This model
is widely regarded as the standard model of modern cosmology and
is also connected to the more advanced Lambda-CDM model. The line
element is given by:

1

— dr’ + r’(d6” + sin*0d¢”)]. (5)
— KF

ds® = dt* — R2(1)[

2
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where R(r) denotes the scale factor that describes the expansion of the
Universe, (r.#,¢) represent the spatial coordinates. The curvature of
space is indicated by the non-zero components of the Einstein tensor,
which can be listed as follows:

3 ;
Gy = E[mg-l-ﬁf].,

3 (mﬁ + R+ x)
G” — ,] -
1 — kr-
GEE = —rz{x + ml -+ Efﬂfh} .
Gs; = —r’sin” 8(x + R? 4 2RR) . (6)

A flat universe is described by the conventional Friedmann equation,
which is obtained by setting 8xG (appearing in the Einstein equations)
to unity for simplicity.

H? =2y, (7)
According to the holographic principle, the degrees of freedom of a
system are related to its surface area rather than its volume. This
principle has been extensively studied as an effective approach to
address the mystery of dark energy (DE) and has garnered significant
interest in recent years. In particular, the holographic dark energy
(HDE) model connects the infrared and ultraviolet cutoffs to the energy
density of quantum fields in vacuum, serving as a candidate for DE.
Within this framework, a generalized holographic dark energy (GHDE)
model can be expressed as follows:

ppE =3 +vH +yH?). (8)

In the given equation, H represents the Hubble parameter and H
denotes its derivative. The dimensionless constants u, v, and y are intro-
duced in the expression. The motivation behind choosing this particular
form of the density of dark energy (DE) in Eq. (8] is to rewrite the
Friedmann equation (Eq. (5)) as a second-order differential equation
(see Eq. (9) below), which enables us to analyze the general solutions.
This simplifies the investigation of the model’s properties in subsequent
calculations. To ensure the dimensions of the terms in Eq. (2) are
consistent, we include the inverse of the Hubble parameter, H~!, in
the first term of the DE density. Additionally, when u = 0, this model
reduces to the modified Ricci DE model (Granda and Oliveros, 2009,
2008; Ali and Amir, 2019), which has been studied in the context of
general relativity and other modified theories (Wang et al., 2017; Amir
and Ali, 2015; Jahromi et al., 2018; Younas et al., 2019; Moradpour
et al., 2018; Ali et al., 2021). In summary, the motivations behind the
development of generalized HDE models include addressing the cosmic
coincidence problem, accommodating time variation of dark energy,
incorporating interactions with matter, and improving consistency with
observational data from various cosmological probes. These models aim
to provide a more comprehensive and accurate understanding of the
nature of dark energy in the universe.

Let us change the variable x = In R, which can be further evaluated

as H = ;H and H = £ . g Thus, H = 2L Using these

3 o dx dt 2 dx
substitutions in Eq. (8):

pd*H* vdH? '

=3 = = H- . 9
PDE (2 22 + g T ) (9)
The energy conservation equation is given by:
Pm+ 3H (P + p) = 0. (10)

In the absence of pressure, substituting p,, = 0 in Eq. (10), it becomes:

Py = ane_h‘ {11]

Using Eq. (4), one can explore the density parameter for the scalar field
e:

o. (12)

1
PH—E
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Since O is taken as a function of spacetime coordinates, we consider it
only depends on the time coordinate.

N
G+ —6 =10, 13
- R (13)

Solving the differential Eq. (13) we get © = ¢, 'R~ and suppose % = pe,
and x = In R, one concluded that

Po = Po,e " (14)

Making use of Egs. (9), (11) and Eq. (14) in Eq. (7), authors explored
that

Hd°H* vdH? . g
Y= 5203 + 5 + yH2+pmue Ix + pg, € 6x (15)
Normalizing Eq. (15) using i = Hi, where H; indicates the Hubble
]

parame};er at the initial Ealue of x = 0, and further making substitutions
Qg = —2 and Q, = —L we arrive at

0 3IH, "™ 3H

d*h® dh* &
S 5o H = DI 4 Qe 4 g, =0, (16)

For the analytic solution of the differential equation Eq. (16) using the
substitution #* = y, the solution is given by

2y  d
dxf + V=2 427 = 1)y = ~ 22y e + Qgge™™). (17)

Now, let us explore the complementary part of Eq. (17) by considering
the solution for (C.F) (complementary function) using the substitution
y = e~". Differentiating with respect to x, we have E = ze™, and
.0
differentiating again gives :I—§ = 22 e,
Substituting these expressions into Eq. (17), we have:

I

[uz? +vz+2(y — 1)]e* =0 (18)
Since ¢~ # 0, we can conclude that:
uzt +vz4+2(y-1)=0 (19)

To obtain real roots, we can use basic algebraic formulations. The
complementary solution is then given by:

_pqh-l-am-,r-nx —'|.-+‘||.-"'|.-2—E,u1[_?-l]x
¥, = ae T + e 2p 5 {2{])

Here, a, and a, are constants of integration, which can be determined
based on the initial conditions. The particular solution of Eq. (17) is
given by:
-3
_ 22 e :
R-9u+3v—-2y) 1-18u+3v—-7’

The net solution is then given by y = y. + y,. By using backward
substitution, we arrive at

ﬂﬂu E—ﬁx

Yp (21)

— —3x —bx
y = !Emue +ﬂ5ue
=v=1 vj-Ep[r-III —1-+‘I..l'1-1—E,u{;-r—1"lx
+ ae 2p + me 2u
Ou—3v+2 o
4 { I ?'] ﬂm " Ix
(2—9u+3v—2y) ™0

Again using backward substitution y = #? in Eq. (22)

Q . 22
1-18y+3v—7p &€ (22)

h* =0, e+ Qg ™™

-v—\.’uza-ﬂp{_jr-l]_x -'|.-+1|,|.I'L-1-Eji[_rulilx
+ ae p + @€ 2p
Qu—3v+2 18 — 3v

(2—-9u+3v-2y) ™ 1 —18u+3v—y

By using the initial conditions x = 0 and #*> = 1, we can evaluate the
expression in terms of ; and o, from Eq. (23):

! 2
fos Q Q0 , 24
et Rutdv—y ™ 3944 3u,y O (24)

From Eq. (24), we deduce that it is impossible to precisely determine
the integration constants a; and «,. In other words, there is a free
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Fig. 1.

integration constant between «, and a«,. For simplicity, we can consider
scenarios where ¢y = 0, @, = 0, or @y = a,. After that, we can
examine the characteristics of the dark energy model given by Eq. (8)
and address the age problem.

4. Case 1

Let us repeat the procedure of normalizing Eq. (7) by considering

2
the equation: g-f =’ = Q;, + Q, e* + Qg ™. Now, we equate

this with Eq. {E%] by substituting a, = 0. This allows us to obtain the
expressions for the density and pressure of dark energy, which can be
shown as

-p-mx Ou —3v+ 2y —3x
ﬂdﬂ' = HIE 2'“ + ﬂ : -
2-9u+3v=2y) ™

18u—3v+y . &

25
YT isurav—_2y O° (25)
or
—v=1/Bp(y=1) 9y —3v 42y
= H?[a,e 2 * Zoda
PDE n[ 1 G — 90 1 3v —2y) "m0
18u — 3
1 —18u+3v—2y 0
and the pressure in terms of density parameter is Ppp = —ppp — %dF;DTE
2 6p—v+ V‘FE—EH{?— 1) ‘""-mx
Ppep = —Hgl 6 @y e 2u
(18u = 3v+7y) -
N Qg e . 27
1 —-18u+3v—y 8y ¢ ] (27)

To obtain the value of «,, suppose that a, = 0 in Eq. (24). Then, we
have:

(2= 9 +3v—2y) - 20, o
ﬂ'] =

- . i (28)
ﬁH_"""VJVI_EH(T_” 1-18u+3v—y

The equation of state (EOS) is commonly used to understand the
dynamics and structure of astronomical systems. It represents the rela-
tionship between the total energy density of cosmic matter and the total
pressure in the cosmos. Another important parameter used in cosmol-
ogy is the deceleration parameter, which is a dimensionless quantity
that characterizes the cosmological acceleration of the universe. The
EOS is defined as w = PL’{. By substituting the respective values from

Egs. (26) and (27), the ;;'Lt}aﬂsu]t can be expressed as

0¥y Sl Fy —Eulx

v (-, -20, )e =

ml=_

{F) —Euila ¥ —fula
b [“ _41”3]':2 —'PIH*F! _Eﬂm,a}ﬂnﬂf Zu —"f-"]ﬂﬂn[g n _IF3,|._,.—31]]

:=Ill.|llIllltllil.lllllil-l

k|

where

¥, = 6u—v+ VvZ —8u(y = 1),
Yo =(2-=9u+4 3v-—2y),
¥, =1-18u+3v—y. (30)

The deceleration parameter g in terms of the equation of state parame-

ter @ is given mathematically as: g = %[1+ 3w). This relationship allows
us to determine the deceleration or acceleration of the universe based

on the value of the equation of state parameter.
q:%[l-l—'jm) (31)

Using Eq. (29) in Eq. (31), we can derive the expression for the
deceleration parameter g as follows:

(F) —Eula (¥} —Gula
P, [—e = (—14+W)(F, -2, )-0g [e™F +64P;e]

|
4?|=§

oF) —Euia o) —Eula

(32)

To comprehend the cosmic evolution of the equation of state parameter
@ and the deceleration parameter g, graphs can be plotted based on
the equations provided in Egs. (29) and (32). These equations indicate
that @ and g are functions of x and depend on various cosmological
variables.

By plotting these graphs, one can visualize the behavior of @ and ¢
as the universe evolves. This can provide insights into the acceleration
or deceleration of the universe, as well as the nature of the dark energy
component.

The given limitations on the parameters y, v, y, and £2,, , along with
the specific values of £, shown in Fig. 1, have implications for the
behavior of the equation of state (EOS). In cosmology, the EOS is used
to describe different eras in which specific components dominate the
universe.

For example, EOS values of @ = 0, %, and 1 correspond to eras
dominated by dust, radiation, and stiff fluids, respectively. On the other
hand, values of —%, —1, and w < —1 correspond to the quintessence
dark energy, ACDM (cosmological constant), and phantom ages, re-
spectively. Based on the graph in Fig. 1, it is evident that the uni-
verse is currently undergoing accelerated expansion, indicating the
influence of dark energy. The current GHDE model predicts a range
of EOS values w; € (—1.22,-1) for the specified parameter values.
It is noteworthy that this range is consistent with recent observa-
tional constraints obtained from data such as Planck+WP+Union 2.1
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(-1.26 < @ < -0.92), Planck+WP+BAO (-138 < w < -0.89),
and WMAP+eCMB+BAO+HO (-1.162 < @ < —0.983) measurements
(Refs. Aghanim et al. (2020), Hossienkhani et al. (2021), Shekh (2021),
Telali and Saridakis (2022), Shaikh (2022) and Nojiri and Odintsov
(2017)). These observations support the compatibility of the GHDE
model with the current observational constraints and suggest that the
model provides a reasonable description of the accelerated expansion
phase of the universe.

Fig. 2 depicts the cosmic evolution of the deceleration parameter
g. It shows an accelerated phase for ¢ > 0 at high redshift and a
decelerated phase for ¢ < 0 at x = (. This graphical representation
supports the transition from deceleration to acceleration, which is also
anticipated in Refs. Ma (2008), Daly et al. (2008), Perlmutter et al.
(1999), Amir and Ali (2016) and Wang et al. (2017).

The behavior of the deceleration parameter is observed to be similar
in all three cases. Notably, the GHDE model supports the transition
from deceleration to acceleration, which is consistent with observa-
tional data. This is a significant result, as it aligns with the observed ac-

celeration of the universe and provides further support for the validity
of the GHDE model.

5. Case-II

Let us suppose a; = 0 while @, is nonzero and working on the
same lines as followed in Case-l, the energy density p,, is evaluated
on equating Egs. (23) and (24),

- SV sh, 9 =3vtYy iy
= o - e
Hpp= Sy 2—u+3v—2y) ™
18y — 3v +
£ ! (33)

1-18u+3v—y

The expression for pressure of DE model is obtained as

o x/vz —8u(y —1) =+ V2-8u-1
Ppep = Hyl 6 @ e 2u
H
18u -3
_ M v+y ﬂaug_h]* (34)

Using Eq. (22) one can evaluate

2—9u+3v—2y)-2Q, 02,
fy =
2 (2—9u + 3v—2y)

Making use of Egs. (33), (34) and (35), we evaluated @, such that

i
— ; 35
1-18u+3v—y (29)

W]—'E.-ll
PP (P, -20 e -2, [P le ™ +(1=-¥))e =
Wy = — 1-3v+12 g 2 I:]]I | 3 ] : [36]
P —Bula

ool S il
b [*F}[E ¥R, —(F(1-2¥)e 5 + (¥, -20,)-¥,0, )™

Further, the expression for deceleration parameter g, in this case is
represented as

W —fimlx
1 eI (2950, +P (V- 0g ) +e * P(—1+¥)0 )
1+ = . : (37)

B= 5

¥ ]

'E'l —Bu|x :|
Iy({—l YO, +Wheite B (1-29)(¥, - 20, ) - 2y })

To study the effect of EOS and g given in Eqgs. (36) and (37), the graphs
are plotted here.

Let us impose certain limitations on the parameters u, v, 7, 2,
and 2, mentioned in Figs. 3 and 4. Since the equation of state (EOS)
predicts an accelerated expansion phase, it is graphically evident that
the universe is being influenced by dark energy (DE). In the second
case, the GHDE model also explicitly predicts the value of EoS @
to be within the range of (-1.22, —1) for the specified parameter
values. This range is consistent with recent observational constraints
obtained from Planck+Union 2.1+BAO and WMAP+eCMB+BAO+HO
measurements (Aghanim et al., 2020; Hossienkhani et al., 2021; Shekh,
2021; Telali and Saridakis, 2022; Shaikh, 2022; Nojiri and Odintsov,
2017). The behavior of the deceleration parameter has been found to
be consistent across all three scenarios. It is worth noting that the GHDE
model supports the transition from deceleration to acceleration, which
is in accordance with experimental observations (Riess et al., 1998;
Perlmutter et al., 1999; Ma, 2008; Daly et al., 2008; Perlmutter et al.,
1999; Amir and Ali, 2016).

6. Case III

Now, we consider a; = a, in Eq. (22) turned out to be
2-9p+3v-2y)-20Q, Qg, (38)
202-9u+3Iv-2y)

Xy = ¥~ = —_ .
L= 2 201 = 18u+ 3v—17)

Working on same lines the ppr and Ppg are calculated as

-_| s vy l-z-ﬂp{]r-l] = 2 v=1 1.-2-3;1{?-[! .
ppeg = Hj|a\(e 29 +e Zu 7)
O —3v+2y A2 18u—-3v+y &
£2 . 39
R T T T T 1 —18u+3v—y  O&F (39)
and
(18 — 3v+7y) . @
Poy = H |~ Q - g 3
DE ﬂ! A—18nsdv—9 " T &

X [(v+ V2 —8u(y — 1) — 6p)

X e 2 +(v—=Vv2—8uy—1)—6p)

_w=Yy vl—ﬂp{;ﬁ- Hx
11-

X e In (40)
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and EOS is evaluated as
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(41)
where
P, = 6p—v+yv2—8uy—1),
Y, = (2-9u+3v-2y),
¥, =1-18u+3v-y,
JF_M - [JPFI!PE = 2?3!1"“] = J.'Fgﬂm] [42]
! \1 P W e T — 1205 — 1)Qgpe~6F
1= 35 - ¥, —6p
. 2u (!FME B X 4 20, — 1)Qgge—tx +2(2 - ?z]?jﬂme-h)
(43)

For graphical study of EOS and deceleration parameter given in Eq. (41)
and (43), we plotted graphs in Figs. 5 and 6 .

Fig. 5 indicates a decreasing trend for the chosen parameters u,
Vs Vs Ly and g, which leads to phantom-like eras. The current

=
L
s
Lh
—
L

values of the equation of state (EoS) parameter for the present model
predict w; € (—%,—D.E} for the considered parameter values. How-
ever, it is important to note that this range is not consistent with
the recent observational constraints obtained from Planck+WP+Union
21 (-1.26 < @ < —0.92), Planck+WP+BAO (-1.38 < w < -0.89),
and WMAP+eCMB+BAO+HO (-1.162 < @ < —-0.983) measurements
(Aghanim et al., 2020; Hossienkhani et al., 2021; Nojiri et al., 2021;
Bhatti et al., 2023; Shekh, 2021; Telali and Saridakis, 2022; Shaikh,
2022; Nojiri and Odintsov, 2017).

In terms of the evolution of the deceleration parameter as a function
of x, for the same values of the free parameters as shown in Fig. 6, it is
noteworthy that the transition from acceleration (g < 0) to deceleration

(g > 0) occurs at x = —0.5, which is similar to what was found in Ma
(2008) and Mamon (2020).

7. Summary and discussion

Multiple studies, such as Type Ia supernovae (SN) (Spergel et al.,
2003), the cosmic microwave background (CMB) (Komatsu et al.,
2011), and large-scale structures (Riess et al.,, 1998), have conclu-
sively demonstrated that the universe is undergoing an accelerating
expansion. The late-time cosmic acceleration poses challenges to our
understanding of fundamental theories of gravity. According to Ein-
stein’s general relativity predictions, the universe is filled with a
mysterious substance called “dark energy”, which is believed to be


https://v3.camscanner.com/user/download

S. Ali and Z. Mukhtar

New Astronomy 104 (2023) 102084

o
=]
l—

a

|
=
O
L] L l' L] L L] 'I L L] L | L L1 L] T L] L] LI 'I L LI L

A

v=0
vy =140
_rlm - E'.:".._

Ng = {0.23. 250, 2T

. s 0 3 9 2 0 5 9 9 1 5 v 3 b 3 2 31 35 3 3

|

[ ——

=
|

=

Ly

=
=
e
Ly
o
L

responsible for this expansion. In the context of dCS modified gravity
theory, this paper investigates a GHDE model that incorporates the
Hubble parameter H and its higher-order derivatives. We analyze the
expansion of the universe by examining the energy density, pressure,
deceleration parameter, and equation of state (EOS), considering the
Friedmann—-Robertson-Walker (FRW) metric. Our findings indicate that
in the first two cases, —1 < @ < 0 predicts the accelerated expansion
of the universe under the influence of dark energy, while in the third
case, a phantom-like behavior is observed.

Fig. 2 illustrates an accelerated phase with ¢ > 0 at high redshift
and a decelerated phase with ¢ < 0 at x = 0. Our graphical rep-
resentation supports the transition from deceleration to acceleration,
which is also anticipated in Amir and Ali (2015), Ma (2008), Daly
et al. (2008), Perlmutter et al. (1999), Amir and Ali (2016), and Wang
et al. (2017). It is noteworthy that the behavior of the deceleration
parameter is similar in all three cases. Importantly, the GHDE model
supports the transition from deceleration to acceleration, which aligns
with experimental observations (Riess et al.,, 1998; Perlmutter et al.,
1999; Ma, 2008; Daly et al., 2008; Perlmutter et al., 1999; Amir and
Ali, 2016).

Additionally, it is worth noting that in case III, the acceleration g < 0
transitions to deceleration g > 0 at x = —0.5, which is consistent with
the findings in Ma (2008) and Mamon (2020). It is also emphasized that
the parameter values of u, v, and y, along with the density parameters
2, and Q2g, have a significant impact on the behavior of dark energy

and the expansion history of the universe. In conclusion, the GHDE
model in the framework of dynamical CS modified gravity theory
supports the universe's accelerated expansion.
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