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A B S T R A C T

In this paper, a thermodynamical study of the Kerr–anti-de Sitter (KAdS) black hole (BH) encircled by
quintessence matter and the cloud of strings is presented. We check the effects of the cloud parameter on the
thermodynamical variables including Hawking temperature, entropy, Helmholtz free energy (HFE), Gibbs free
energy (GFE), and specific heat capacity. These thermodynamic variables hold the Smarr–Gibbs–Dehum (SGD)
relation in the appearance of quintessence and the cloud of the string parameter. Then we calculate the critical
expressions of the developed variables in two different ways that are ‘‘Van-der-Waals (vdW)-type equation of
state" (EoS) and the ‘‘Maxwell equal-area law" (MEAL). The latter technique is found to be more reasonable to
examine the criticality of the complex BHs. Using MEAL, we plot the phase diagram in a temperature–entropy
plane and obtain an isobar, which represents the co-existence region of liquid–gas phases. It is concluded that
the uncharged BHs exhibit the same phase transition (PT) to vdW fluid as the temperature drops down its
critical value. Also, we discuss the influence of thermal fluctuations (TF) on the stability of KAdS BH.
e–
1. Introduction

A notion of the cloud of strings is presented as a configuration of
one-dimensional objects from the string theory, which can be effective
on gravitational fields such as BHs. The strings are believed to be
fundamental objects in the universe which motivates researchers to
study their impact on various gravitational fields. It is well-known that
strings cloud influences the structure of the event horizon. Letelier [1]
introduced a criterion to derive the exact solutions of the Einstein field
equations (EFEs) for a BH surrounded by the strings cloud. In his work,
various studies were listed in which formalism has been implemented
on the geometries with the plane, spherical and cylindrical symmetries.
Among them, the spherical symmetry is of main concern, as it is the
generalization of the Schwarzschild BH (SBH) solution. Alternatively,
it is a modified version of the SBH solution, where the cloud of strings
is an extra gravitational source. In this extended solution, if a mass
of the BH is considered zero, then only the strings cloud is left, for
which there will be no horizon, but a singularity (naked) exists at
𝑟 = 0. Going back to the combined origins, BH and strings cloud, it
has resulted that the existence of the strings cloud furnishes with an
effect of ‘‘global origin’’ is related to a solid deficit angle, depending
on the cloud parameter, similarly to what takes place in the geometry
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of a global monopole [2]. So, the presence of global origin can give
conceivable astrophysical outcomes that advocate the importance of
the strings cloud in this phenomenon.

Bernard [3] discussed the presence of stationary massive charged
scalar clouds around Kerr–Sen BHs. He also studied stationary scalar
clouds within the context of static electrically charged BHs in low-
energy limit of heterotic string theory, i.e., the Gibbons–Maeda–Garfinkl
Horowitz–Strominger BHs. Tokgöz and Sakalli [4] investigated the
dynamics of charged massive scalar field propagating in an extremal
linear dilaton BH. They found the existence of clouds enclosing the
BHs and computed effective heights of clouds above the center of BH.
Al-Badawi et al. [5] examined the effect of quintessence parameter on
regular Bardeen BH via physical behaviors of the effective potentials.
They also studied the greybody factors of bosons and fermions from
the Bardeen BH surrounded by quintessence. The same authors in [6]
solved the Dirac equation for 𝑧 = 0 (𝑧 is a dynamical exponent)
Lifshitz BH spacetime and employed Maggiore’s method to obtain the
entropy/area spectra of the considered spacetime, which are shown
to be equidistant. Sadeghi et al. [7] discussed the constant correc-
tions to general relativity and found a relationship between entropy
and extremal-bound for charged-rotating-AdS BH and extended these
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calculations for BH are surrounded by the quintessence and cloud of
strings. They also developed a relation between extremal mass of BH
and the parameter of the cloud string. They noted that the constant
correction is inversely related to the entropy of BH, which leads to a
decrease in the mass-to-charge ratio which fully confirms the BH’s weak
gravity conjecture. Al-Badawi [8] investigated the greybody factor
for the Schwarzschild BH immersed in quintessence and associated
with a cloud of strings. He found that the greybody factor is strongly
influenced by the shape of potential. Sakalli and Kanzi [9] discussed
a pedagogical introduction as well as some recent developments in
BHs, greybody factors, and quasinormal modes. They studied some
particular analytical/approximation techniques for the computations of
greybody factors and quasinormal modes.

According to recent astronomical observations, it has become an
ultimate fact that our universe is passing through an accelerating
expanding stage, which is one of the most astonishing discoveries in
the field of observational cosmology [10]. On a large scale structure,
this fact emphasizes the presence of an energy component that acts
opposite to gravitational force and must possess negative pressure.
This type of anti-gravitational force with constant energy density is
called quintessence or quintessence dark energy (QDE) [11], in which
pressure can be written in terms of energy density with an EoS 𝑃 = 𝑤𝜌.
Here, the EoS parameter 𝑤 must lies in the interval (−1,− 1

3 ) to achieve
the required cosmic acceleration. This permeates the cosmos and finally
covered a BH, and gives worthy results in astrophysics. Therefore, it
is crucial to find the analytic solution of the EFEs for BHs encircling
by QDE as worked out by Kiselev [11]. This idea is extensively being
studied in literature like Kiselev solution [11] was generalized by Chen
et al. [12] to 𝑑-dimensional space–time considering that QDE did not
lie just on the brane but also in the bulk.

Thermodynamical analysis of BH is one of the active and important
research topics in gravitational physics and general relativity. From
the 1970’s up to now, the studies of Bekenstein [13,14] and Hawking
[15–17] provide a deep understanding of quantum gravity. Lately, the
studies of BHs PT in asymptotically AdS spacetime have rising inter-
est, as these PTs are connected to the holographic superconductivity
of AdS/CFT correspondence scenario [18]. Recent publications have
manifested that the RN–AdS BH has equivalent critical thermodynamic
properties to a vdW system. The authors in [19] proposed a con-
nection between cosmological constant (𝛬) and pressure for charged
spherically symmetric AdS BH in higher-dimensional geometry. Their
results showed that BH and the vdW liquid–gas system are analogous,
keeping the foundations of BH thermodynamics in extended phase
space (EPS). Whereas, SBH has no similar PT to the vdW system, which
is done by Zhang et al. [20]. It is a proven result that the isothermal
trajectories in the vdW fluid exhibit the same trend as the experimental
outcomes when the temperature surpasses its critical value. However,
an oscillating region is obtained for the temperature below the critical
temperature, which violates the stable equilibrium condition. Later,
some characteristics of AdS BH with charge were analyzed includ-
ing pressure–volume or temperature–entropy criticality, critical values
ratio, PT of the first order, etc [21–23].

Gunasekaran and his collaborators [24] found the critical expres-
sions of thermodynamic variables for charged and rotating AdS BH
in EPS and represented its equivalence with vdW liquid–gas system.
Cheng et al. [25] examined the criticality of Kerr–Newman–AdS (KNAdS
BH in EPS and found the critical points numerically for the vdW-type
PT. Sadeghi with Kubeka [26] investigated the 𝑃 − 𝑉 criticality of
modified Ba𝑛̃ados–Teitelboim–Zanelli (BTZ) BH satisfying the liquid–
gas PT EoS. Graça et al. [27] studied the BH thermodynamics in the
presence of cloud of strings in the vicinity of general relativity as well
as 𝑓 (𝑅) theory of gravity. The authors in [28] examined thermal charac-
teristics and PT for rotating Hayward–dS BHs, and showed that regular
BHs have low temperature as compared to the singular BHs. Singh and
Siwach [29] analyzed the thermal and critical nature of Bardeen–AdS
BH, and resulted that the derived solutions belong to the class of vdW
2

fluid. Wei and Liu [30] studied the PT and micro-structures of charged
AdS BH in the Gauss–Bonnet gravity.

It has been proved that the charged AdS BH surrounded by QDE
represented a BH PT in a similar manner to liquid–gas PT of the vdW
system. Li [31] studied the impact of DE on the critical nature of
𝑃 −𝑉 diagram for RN–AdS BH and proved that QDE does not affect the
occurrence of small or large BH PT. The effects of DE on the criticality
of charged rotating BH for different values of 𝑤 has also been studied
by Jafarzade and Sadeghi [32]. Utilizing MEAL, Guo [33] determined
the PT of charged AdS BHs surrounded by QDE, and resulted that such
BHs showed the same PT as that of the vdW system. Sharif and Ama-
Tul-Mughani [34] discussed the effects of quintessence parameter as
well as EoS parameter on the thermodynamics of BH (having charge
as well as rotating attributes). They observed that the temperature
of BH decreases for the larger values of quintessence parameter. The
same authors [35] studied the PT of quintessential Kerr–Sen–AdS BHs
and found that below the critical pressure, BHs observe similar PT as
that of liquid–gas vdW fluid. Recently, the thermodynamics of RN–
AdS BH surrounded by a cloud of strings and QDE has been discussed
via different thermodynamic variables [36]. Chabab and Iraoui [37]
worked on an exact solution for charged AdS BHs surrounded by QDE
and strings cloud in higher dimensional geometry.

The effects of TF on BH geometry have extensively been studied
in literature [38]. Pourhassan with his collaborators [39] found loga-
rithmic entropy corrections about the equilibrium point and checked
the duality of vdW fluid. Haldar and Biswas [40] studied the thermo-
dynamic properties of regular BHs taking statistical fluctuations and
concluded that all thermodynamic variables exhibit decreasing trend
versus correction parameter. Upadhyay [41] analyzed the influence of
leading order corrections on the stability of charged rotating AdS BHs.
They also found that thermodynamic potentials satisfy the first law of
BH thermodynamics (FLBT). The influence of first order corrections on
the PT of KN–AdS BH have been analyzed in [42]. Similarly, Zhang [43]
examined the physical trend of thermodynamic potentials of RN–AdS
and KN BHs taking first-order corrections. Sharif and Akhtar [44]
discussed quasi-normal modes and TF of charged BH with Weyl correc-
tions. Ama-Tul-Mughani and her collaborators [45] studied the impact
of TF on the thermodynamics of various BH geometries.

We aim to analyze the combined effects of QDE and cloud of
strings on the criticality and PT of rotating KAdS BH. We develop ther-
modynamical variables including Hawking temperature, pressure, free
energy, angular velocity (AV), and SGD relation. Then we calculate the
exact critical expression of all these quantities through two techniques
and discuss the PT of the considered BH. The paper is assembled as
follows. The next section elaborates the spacetime geometry and ther-
modynamical quantities. Then, the critical behavior of 𝑃 − 𝑉 diagram
or uncharged KN–AdS BH with QDE and strings cloud is discussed.
n Section 3, MEAL is used in 𝑇 − 𝑆 conjugate quantities to examine
he constraints hold by PT. Section 4 furnishes the general equation of
odified entropy and deals with stability of the model. The results are

ompiled in Section 5.

. Kerr–AdS black hole with quintessence matter and cloud of
trings

In ‘‘Boyer-Lindquist coordinates’’, the space–time of KAdS BH with
DE and strings cloud is written as

𝑠2 = −
𝛥𝑟
𝛺

(

𝑑𝑡 − 𝑎 sin2 𝜃
𝛯

𝑑𝜙
)2

+ 𝛺
𝛥𝑟

𝑑𝑟2

+ 𝛺
𝑃
𝑑𝜃2 + 𝑃 sin2 𝜃

𝛺

(

𝑎𝑑𝑡 −
(𝑟2 + 𝑎2)

𝛯
𝑑𝜙

)2
, (1)

where the involved terms are defined as under

𝛥𝑟 = (1 − 𝑏)𝑟2 + 𝑎2 + (𝑟2 + 𝑎2)
(

𝑟2
)

− 2𝑚𝑟 − 𝛼𝑟1−3𝑤,

𝑙2
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Fig. 1. Hawking temperature against entropy for 𝛼 = 0.1 and 𝑤 = −0.5. Left plot by fixing 𝑏 = 0.5 and varying 𝑎 = 0.2 (magenta), 0.3 (orange), 0.4 (cyan). Right plot by fixing
𝑎 = 0.3 and varying 𝑏 = 0.1 (magenta), 0.5 (orange), 1 (cyan).
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𝛺 = 𝑟2 + 𝑎2 cos2 𝜃, 𝛯 = 1 − 𝑎2

𝑙2
, 𝑃 = 1 − 𝑎2

𝑙2
cos2 𝜃, (2)

ith rotation parameter 𝑎, mass of BH 𝑚, radius of AdS BH is deter-
ined by 𝑙2 = − 3

𝛥 , and quintessence parameter 𝛼 ≤ 2
1−3𝑤8𝑤, which

determines the quintessence field intensity around the BH [46]. This
inequality satisfies until the existence of horizon formed by QDE. The
line-element given in (1) can be re-written in the following form

𝑑𝑠2 = −(𝑟, 𝜃)𝑑𝑡2 + 𝑑𝑟2

(𝑟, 𝜃)
+𝛴(𝑟, 𝜃)𝑑𝜃2 +𝐷(𝑟, 𝜃)𝑑𝜙2 − 2𝐸(𝑟, 𝜃)𝑑𝑡𝑑𝜙, (3)

with

(𝑟, 𝜃) =
𝛥𝑟 − 𝑎2𝑃 sin2 𝜃

𝛺
, (𝑟, 𝜃) =

𝛥𝑟
𝛺

, 𝛴(𝑟, 𝜃) = 𝛺
𝑃
, (4)

𝐷(𝑟, 𝜃) =
𝑃 sin2 𝜃

(

𝑎2 + 𝑟2
)2 − 𝛥𝑟

(

𝑎 sin2 𝜃
)2

𝛯2𝛺
, (5)

𝐸(𝑟, 𝜃) =
𝑎𝑃 sin2 𝜃

(

𝑎2 + 𝑟2
)

− 𝛥𝑟𝑎 sin
2 𝜃

𝛯𝛺
. (6)

The above line-element reduces to KAdS BH surrounded by QDE only
for 𝑏 = 0 whereas the KAdS BH solution is recovered for vanishing both
𝛼, 𝑏.

2.1. Critical behavior and thermodynamical analysis in EPS

Here, we will analyze thermal characteristics and pressure–volume
criticality of the KAdS BH covered by QDE and cloud of strings in an
EPS. Under horizon constraint 𝛥(𝑟+) = 0, the BH mass and entropy as a
function of horizon radius 𝑟+, respectively turn out to be

𝑚 = 1
2𝑟+

(

(1 − 𝑏)𝑟2+ + 𝑎2 +
𝑟2+

(

𝑎2 + 𝑟2+
)

𝑙2
− 𝛼𝑟1−3𝑤+

)

, (7)

𝑆 = 𝐴
4

=
𝜋
(

𝑎2 + 𝑟2+
)

𝛯
, with 𝐴 = ∫

2𝜋

0 ∫

𝜋

0

√

𝑔𝜃𝜃𝑔𝜙𝜙|𝑟=𝑟+𝑑𝜃𝑑𝜙. (8)

ntropy has an important role in thermodynamic evolution of a BH. It
an be seen from its formula that the rotation parameter and horizon
adius can affect entropy whereas it is independent of the cosmological
onstant, quintessence and strings cloud parameters. For the under
onsideration model, the Hawking temperature is computed as

=
𝛥′
𝑟(𝑟)

4𝜋(𝑟2 + 𝑎2)
|𝑟=𝑟+ =

𝑟2
(

𝑎2+3𝑟2
)

𝑙2
− 𝑎2 + (1 − 𝑏)𝑟2 + 3𝛼𝑤𝑟1−3𝑤

4𝜋𝑟
(

𝑎2 + 𝑟2
) . (9)

Figs. 1 and 2 represent the trend of Hawking temperature with
respect to entropy. It can be seen from the graphs that temperature is
sensitive for all the involved model parameters, and exhibits the same
behavior. Fig. 1 shows that temperature decreases with the increase of
rotation and strings cloud parameters 𝑎, 𝑏, then becomes constant after
ritical radius. The EoS parameter slightly affects the temperature of BH
3

(left panel of Fig. 2), and the temperature drops down for increasing 𝛼
(right panel of Fig. 2).

The corresponding AV is found to be

𝜔𝑟 = −
𝑔𝑡𝜙
𝑔𝜙𝜙

=
𝑎𝑃 sin2 𝜃

(

𝑎2 + 𝑟2
)

− 𝛥𝑟𝑎 sin
2 𝜃

𝑃 sin2 𝜃
(

𝑎2 + 𝑟2
)2 − 𝛥𝑟𝑎2 sin

4 𝜃
. (10)

At the event horizon, the function of radius 𝜒 , becomes zero, which
leads to following form of AV of the BH horizon

𝜔𝐻 = 𝑎𝛯
(

𝑎2 + 𝑟2+
) . (11)

It is already known that the AV of rotating BHs in AdS space is non-
zero at infinity, i.e., 𝜔𝑟→∞ ≠ 0. This particular property distinguishes

dS space–time from the asymptotically flat space–time where 𝜔𝑟→∞
anishes. For rotating BHs, the AV is given as

= 𝜔𝐻 − 𝜔𝑟→∞ =
𝑎
(

𝑙2 + 𝑟2+
)

𝑙2
(

𝑎2 + 𝑟2+
) , (12)

at 𝑟 → ∞, it becomes

𝜔𝑟→∞ = 𝑎
𝑙2
. (13)

Pressure along with its conjugate thermodynamic variable to the BH
volume [24] are given by, respectively

𝑃 = 3
8𝜋𝑙2

, (14)

𝑉 = 2𝜋

3𝑙2𝑟+
(

1 − 𝑎2
𝑙2

)2

(

𝑎2𝑏𝑙2𝑟2+ −
2𝑎2𝑏𝑙2𝑟2+

(

𝑙2 + 𝑟2+
)

𝑎2 + 𝑟2+
− 𝑎2𝛼𝑙2𝑟1−3𝑤+

+
(

𝑎2 + 𝑟2+
) (

𝑎2𝑙2 − 𝑎2𝑟2+ + 2𝑙2𝑟2+
)

)

. (15)

The Mass (𝑀) and angular momentum (𝐽 ) (magnitude of rotational
motion) are expressed as

𝑀 = 𝑚
𝛯2

, 𝐽 = 𝑚𝑎
𝛯2

. (16)

Taking product of Eqs. (8) and (9), we obtain

𝑇𝑆 =
8
3𝑃𝜋𝑟

2
+𝑎

2 + 8𝜋𝑃 𝑟4+ − 𝑎2 + (1 − 𝑏)𝑟2+ + 3𝛼𝑤𝑟1−3𝑤

4𝑟+𝛯
.

Using Eqs. (12), (14)–(16) (the expressions of 𝑤, 𝑃 , 𝑉 and 𝐽 ) along-
ith the above equation, we rewrite 𝑀 = 𝑚

𝛯2 in terms of other
hermodynamical variables as

= 2(𝑇𝑆 − 𝑃𝑉 + 𝜔𝐽 ) + 𝛼𝛹

(

− 2𝑎2

𝑎2 + 𝑟2+
+ 3𝑤 + 1

)

, (17)

which is known as the SGD relation. The involved physical quantity 𝛹
(conjugate to 𝛼) is given by 𝛹 = − 𝑟−3𝑤+

2𝛯 . The above relation also holds in
the absence of quintessence [47] and a cloud of string parameter [34].
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Fig. 2. Hawking temperature against entropy for 𝛼 = 0.1 and 𝑎 = 0.3. Left plot by varying 𝑤 = −0.3 (magenta), −0.4 (orange), −0.5 (cyan). Right plot by varying 𝛼 = −0.1
(magenta), 0.1 (orange), 0.3 (cyan).
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It is checked that all the thermodynamic variables reduce to that of
rotating KAdS BH for 𝛼, 𝑏 = 0 [24].

Now, we analyze the impact of QDE on the critical behavior of 𝑃−𝑉
for KAdS BH. Using Eqs. (12) and (14), the Hawking temperature in
terms of pressure can be written as

𝑇 = −
𝑎2

(

3
𝑟+

− 8𝜋𝑃 𝑟+
)

+ 3
(

(𝑏 − 1)𝑟+ − 8𝜋𝑃 𝑟3+ − 3𝛼𝑤𝑟−3𝑤+
)

12𝜋
(

𝑎2 + 𝑟2+
) . (18)

sing Eqs. (2), (7) and (14), we rewrite the pressure in terms of
emperature and angular momentum as

= 𝑇
2𝑟+

− 1
8𝜋𝑟2+

+ 𝑏
8𝜋𝑟2+

−
3𝛼𝑤𝑟−3𝑤−3

+
8𝜋

+
3𝐽 2 (8𝜋𝑟5+𝑇 + 3𝛼𝑤𝑟3−3𝑤+ + 4𝑟4+ − 4𝑏𝑟4+

)

8𝜋𝑟6+
(

2𝜋𝑟3+𝑇 − 3
2𝛼(𝑤 + 1)𝑟1−3𝑤+ + 𝑟2+ − 𝑏𝑟2+

)

2
+ 𝑂(𝐽 4). (19)

Here the expansion of all quantities is restricted to 𝑂(𝐽 2) by neglecting
igher order terms in 𝐽 2, so that complex computation can be avoided.
e rewrite the rotation parameter as well as the cosmological constant

n terms of angular momentum/pressure and using Eq. (15), we intro-
uce a new variable 𝜈 related to the specific volume of the vdW fluid
s

= 2
(

3𝑉
4𝜋

)
1
3
= 2𝑟+ + 12𝐽 2

𝑟+

(−𝑏𝑟2+ − 3𝑏
4𝜋𝑃 + 8𝜋𝑃 𝑟4 − 𝛼𝑟1−3𝑤 + 3𝑟2+

(

8𝜋𝑃 𝑟4 − 3𝛼𝑟1−3𝑤 + 3𝑟2+ − 3𝑏𝑟2+
)2

)

,

(20)

hich converts Eq. (19) to the following form

= 𝑏
2𝜋𝜈2

+ 48𝐽 2

𝜋𝜈6
− 1

2𝜋𝜈2
+ 𝑇

𝜈

−3𝛼8𝑤𝑤𝜈−3(𝑤+1)

𝜋
+
(

48𝐽 2
(

−𝑏2𝜈4 + 𝑏𝜈4 (21)

− 3𝑏𝜈4
(

1 −
+𝜋𝜈3𝑇 + 3𝛼8𝑤𝑤(3𝑤 + 1)𝜈1−3𝑤

𝑏𝜈2 − 𝜈2 + 2𝜋𝜈3𝑇 − 3𝛼23𝑤+1𝑤𝜈1−3𝑤

)

+ 3𝜋𝑏𝜈5𝑇 − 7𝛼𝑏23𝑤

× 𝜈3−3𝑤 − 9𝛼𝑏23𝑤𝑤𝜈3−3𝑤 − 9𝜋𝛼𝑇 8𝑤𝑤2𝜈4−3𝑤 − 5𝜋𝛼𝑇 23𝑤𝜈4−3𝑤 − 3𝜋𝛼𝑇

× 23𝑤+1𝑤𝜈4−3𝑤 + 27𝛼226𝑤𝑤3𝜈2−6𝑤 + 27𝛼226𝑤𝑤2𝜈2−6𝑤 − 9𝛼8𝑤𝑤2𝜈3−3𝑤

− 9𝛼226𝑤𝜈2−6𝑤 − 9𝛼226𝑤𝑤𝜈2−6𝑤 + 7𝛼23𝑤𝜈3−3𝑤 + 3𝛼23𝑤𝑤𝜈3−3𝑤
))(

𝜋𝜈6

×
(

𝜈
(

−𝑏𝜈 + 𝜈 + 𝜋𝜈2𝑇 − 3𝛼8𝑤(𝑤 + 1)𝜈−3𝑤
))2 )

−1.

We use the following conditions are used to evaluate critical points

𝜕𝑃
| = 𝜕2𝑃

| = 0. (22)
4

𝜕𝜈 𝑇=𝑇 𝑐 𝜕𝜈2 𝑇=𝑇 𝑐
Taking
(

𝜈2𝑐 − 𝑏𝜈2𝑐 + 𝜋𝜈3𝑐 𝑇 − 3𝛼8𝑤(𝑤 + 1)𝜈1−3𝑤𝑐
)

equal to unity and utiliz-
ing Eqs. (21) and (22), we can find the expression of critical tempera-
ture (𝑇𝑐 ) given as under

𝑇𝑐 =
(

48𝐽 2
(

2𝑏2𝜈4𝑐

(

81𝛼8𝑤𝑤2𝜈3𝑤+3
𝑐 + 27𝛼8𝑤𝑤𝜈3𝑤+3

𝑐
((

3(𝑏 − 1)𝜈2𝑐 + 2
)

𝜈3𝑤𝑐 + 3𝛼𝜈𝑐23𝑤+1
)2

− 1

)

−
(

𝑏𝜈3−3𝑤𝑐 (−3𝛼8𝑤𝜈6𝑤𝑐 (−3
(

21𝑏2 − 26𝑏 + 5
)

𝜈4𝑐 − 9𝑤2(3
(

3𝑏2 − 8𝑏 + 7
)

𝜈4𝑐

+ 4(3𝑏 − 4)𝜈2𝑐 + 4) −𝑤
(

9
(

16𝑏2 − 33𝑏 + 19
)

𝜈4𝑐 + 6(32𝑏 − 33)𝜈2𝑐 + 64
)

+ (52 − 84𝑏)𝜈2𝑐 + 27𝜈2𝑐𝑤
3 (3(𝑏 − 1)𝜈2𝑐 + 2

)

− 28) + 9𝛼243𝑤+1𝜈3𝑤+1
𝑐

×
(

(21𝑏 − 17)𝜈2𝑐 + 9𝑤2 ((3𝑏 − 4)𝜈2𝑐 + 2
)

+𝑤
(

(48𝑏 − 51)𝜈2𝑐 + 32
)

+ 14
)

+ 4
(

3(𝑏 − 1)𝜈2𝑐 + 2
)2 𝜈9𝑤+1

𝑐 + 27𝛼3𝜈2𝑐 2
9𝑤+2 (9𝑤2 + 16𝑤 + 7

)

)
)

×
(

((

3(𝑏 − 1)𝜈2𝑐 + 2
)

𝜈3𝑤𝑐 + 3𝛼𝜈𝑐23𝑤+1)2
)−1

+ 3𝜈−6𝑤𝑐 (−𝛼8𝑤(9𝑤3 + 6𝑤2

− 10𝑤 − 7)𝜈3𝑤+3
𝑐 + 3𝛼2𝜈2𝑐 2

6𝑤+1 (9𝑤4 + 15𝑤3 + 3𝑤2 − 5𝑤 − 2
)

+ 2𝜈6𝑤𝑐 )
)

+ 𝜈3−3𝑤𝑐

(

(𝑏 − 1)𝜈3𝑤+1
𝑐 − 9𝛼8𝑤𝑤2 − 9𝛼8𝑤𝑤

)

)(

𝜋𝜈7𝑐

(

−144𝑏𝐽 2 + 1
𝜈2𝑐

+ 144𝑏𝐽 2

3(𝑏 − 1)𝜈2𝑐 + 3𝛼23𝑤+1𝜈1−3𝑤𝑐 + 2
+ 3𝛼𝐽 223𝑤+4 (27𝑤3 + 36𝑤2 + 27𝑤 + 10

)

× 𝜈−3(𝑤+1)
𝑐 +

27𝛼𝑏𝐽 223𝑤+5(3𝑤 − 1)𝜈3𝑤+1
𝑐 − 864(𝑏 − 1)𝑏𝐽 2𝜈6𝑤+2

𝑐
((

3(𝑏 − 1)𝜈2𝑐 + 2
)

𝜈3𝑤𝑐 + 3𝛼𝜈𝑐23𝑤+1
)2

))

, (23)

ere 𝜈𝑐 is the critical value of specific volume, which can easily be
btained via Eqs. (21), (22) and (23). Substituting the expression of 𝑇𝑐
n Eq. (21), we can find the critical pressure (𝑃𝑐 ) which corresponds to
he pressure at a critical point. For temperatures exceeding the critical
alue, matter cannot be liquified no matter the amount of pressure
pplied. So, the critical temperature is identified as the pressure applied
o a substance to liquefy it at its critical temperature. Taking 𝑤 = − 2

3
and 𝑏 = 0, the critical values of all the above mentioned quantities turn
out to be

𝜈𝑐 = 2
√

3 4
√

10
√

𝐽 , 𝑇𝑐 = − 𝛼
2𝜋

− 12𝛼𝐽 2

𝜋
+ 23∕4

5
√

3 4
√

5𝜋
√

𝐽
,

𝑃𝑐 =
4 23∕4

√

3𝛼𝐽 3∕2

4
√

5𝜋
− 720𝛼2𝐽 4

𝜋
− 27𝛼2𝐽 2

𝜋
+ 1

36
√

10𝜋𝐽
. (24)

It is noted that the regular critical nature of Kerr BH can be obtained
for 𝛼 = 0 [24]. For 𝑤 ≠ − 2

3 in rotating BHs, the exact critical points are
not calculated because of lengthy expressions of 𝜈𝑐 . However, for other
values of 𝑤, one can solve the expression of 𝜈𝑐 numerically. Then 𝑃𝑐
and 𝑇𝑐 are obtained via Eqs. (20) and (23), respectively.

3. Development of Maxwell equal-area law in 𝑻 − 𝑺 diagram

This section is devoted to examine the phase diagram of KAdS BH
with QDE and strings cloud via MEAL in 𝑇 − 𝑆 differential conjugate
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quantities. To this end, we have considered the parameters 𝐽 , 𝑙, 𝑤 and
as constants. 𝑇0 (𝑇0 ≤ 𝑇𝑐 ) lies on the vertical axis, depending upon

he radius of the horizon whereas the horizontal axis of the two-phase
o-existence space are 𝑆2 and 𝑆1, respectively. Thus, the MEAL has the
ollowing form

0(𝑆2 − 𝑆1) = ∫

𝑆2

𝑆1

𝑇𝑑𝑆,

or considered BH, it turn out to be

0(𝑆2 − 𝑆1) = ∫

𝑟2

𝑟1

(

4𝜋𝑃 𝑟2 + 3
2
𝛼𝑤𝑟−1−3𝑤

+1 − 𝑏
2

+ 𝑎2

𝑟4
(

−8
3
𝜋𝑃 𝑟4 − 3

2
𝛼𝑤

× 𝑟1−3𝑤 − (1 − 𝑏)𝑟2
))

𝑑𝑟+, (25)

here upper and lower limits 𝑟2 and 𝑟1 should satisfy the following
elations

0 = −
𝑎2

(

3(1−𝑏)
𝑟2

− 8𝜋𝑃 𝑟2
)

− 24𝜋𝑃 𝑟32 − 9𝛼𝑤𝑟−3𝑤2 − 3(1 − 𝑏)𝑟2

12𝜋
(

𝑎2 + 𝑟22
) , (26)

0 = −
𝑎2

(

3(1−𝑏)
𝑟1

− 8𝜋𝑃 𝑟1
)

− 24𝜋𝑃 𝑟31 − 9𝛼𝑤𝑟−3𝑤1 − 3(1 − 𝑏)𝑟1

12𝜋
(

𝑎2 + 𝑟21
) . (27)

hrough above equations, one can develop the following results

= 8𝜋𝑃 (𝑟2 − 𝑟1) + 3𝑤𝛼

(

1
𝑟2+3𝑤2

− 1
𝑟2+3𝑤1

)

+ (1 − 𝑏)
(

1
𝑟2

− 1
𝑟1

)

+ 𝑎2
(

−16
3
𝜋𝑃

(

1
𝑟2

− 1
𝑟1

)

− 3𝛼𝑤

(

1
𝑟4+3𝑤2

− 1
𝑟4+3𝑤1

)

−2(1 − 𝑏)

(

1
𝑟32

− 1
𝑟31

)

)

, (28)

and

8𝜋𝑇0 = +8𝜋𝑃 (𝑟2 + 𝑟1) + 3𝑤𝛼

(

1
𝑟2+3𝑤2

+ 1
𝑟2+3𝑤1

)

+ (1 − 𝑏)
(

1
𝑟2

+ 1
𝑟1

)

+ 𝑎2
(

−16
3
𝜋𝑃

(

1
𝑟2

+ 1
𝑟1

)

− 3𝛼𝑤

(

1
𝑟4+3𝑤2

+ 1
𝑟4+3𝑤1

)

−2(1 − 𝑏)

(

1
𝑟32

+ 1
𝑟31

)

)

. (29)

On integrating Eq. (25), we get

𝜋𝑇0(𝑟22 − 𝑟21) =
(𝑟2 − 𝑟1)(1 − 𝑏)

2
+ 4

3
𝜋𝑃

(

1
𝑟32

− 1
𝑟31

)

− 𝛼
2

(

1
𝑟3𝑤2

− 1
𝑟3𝑤1

)

+𝑎2
(

(𝑟1 − 𝑟2)(1 − 𝑏)
𝑟1𝑟2

− 8
3
𝜋𝑃 (𝑟2 − 𝑟1)

+ 3𝛼𝑤
2(3𝑤 + 2)

(

1
𝑟2+3𝑤2

− 1
𝑟2+3𝑤1

)

)

. (30)

Putting 𝑦 = 𝑟1
𝑟2

where 𝑦 lies in the interval [0, 1], Eqs. (28)–(30) can
be re-written as

8𝜋𝑇0 = 8𝜋𝑃 𝑟2(1 + 𝑦) + 3𝑤𝛼
(

1 + 𝑦2+3𝑤

𝑥2+3𝑤𝑟2+3𝑤2

)

+
(

(1 + 𝑦)(1 − 𝑏)
𝑦𝑟2

)

− 𝑎2
(

16𝜋𝑃 (1 + 𝑦)
3𝑦𝑟2

+ 3𝛼𝑤
(

1 + 𝑦4+3𝑤

𝑦4+3𝑤𝑟4+3𝑤2

)

+2
(

(1 + 𝑦3)(1 − 𝑏)
𝑦3𝑟32

))

, (31)

0 = 8𝜋𝑃 𝑟2(1 − 𝑦) − 3𝑤𝛼
(

1 − 𝑦2+3𝑤

𝑦2+3𝑤𝑟2+3𝑤2

)

−
(

(1 − 𝑏)(1 − 𝑦)
𝑦𝑟2

)

+ 𝑎2
(

16𝜋𝑃
(

1 − 𝑦
)

+ 3𝛼𝑤
(

1 − 𝑦4+3𝑤

4+3𝑤 4+3𝑤

)

5

3 𝑦𝑟2 𝑦 𝑟2
+2
(

(1 − 𝑏)(1 − 𝑦3)
𝑦3𝑟32

))

, (32)

and

𝜋𝑇0𝑟
2
2(1 − 𝑦2) = 4

3
𝜋𝑃 𝑟32(1 − 𝑦3) + 𝛼

(

1 − 𝑦3𝑤

2𝑦3𝑤𝑟3𝑤2

)

+
(

𝑟2(1 − 𝑏)(1 − 𝑦)
2

)

+𝑎2
(

(𝑦 − 1)(1 − 𝑏)
𝑟2𝑦

− 8𝜋
3
𝑃𝑟2(1 − 𝑦)

−3𝛼𝑤
(

1 − 𝑦2+3𝑤

2(2 + 3𝑤)𝑦2+3𝑤𝑟2+3𝑤2

)) )

. (33)

Using Eqs. (31) and (33), we get a relation independent of 𝑇0 as

8𝜋𝑃 𝑟2(1 − 𝑦)2

3(𝑦 + 1)
+ 𝛼𝑟−3𝑤−2

2 𝑦−3𝑤
(

3𝑤
(

𝑦3𝑤+2 + 1
)

𝑦2
−

4
(

1 − 𝑦3𝑤
)

1 − 𝑦2

)

( 𝑦+1𝑦 − 4
𝑦+1 )(1 − 𝑏)

𝑟2
+ 𝑎2

(

−
16𝜋𝑃 (1 − 𝑦)2

3𝑟2𝑦(𝑦 + 1)
+ 3𝛼𝑤𝑟−3𝑤−4

2 𝑥−3𝑤−2

×
(4

(

1 − 𝑦3𝑤+2)

1 − 𝑦2
−

𝑦3𝑤+4 + 1
𝑦2

)

+
2(1 − 𝑏)

(

4
𝑦+1 − 𝑦3+1

𝑥2

)

𝑟32𝑦

)

= 0. (34)

Eq. (32) generates the following explicit expression of pressure

8𝜋(1 − 𝑦)𝑃 = −1
3𝑟62𝑦

5

(

𝑎2
(

3𝛼𝑤𝑟1−3𝑤2 𝑦1−3𝑤
(

−(3𝑦 + 2)𝑦3𝑤+3 + 2𝑦 + 3
)

+ 2𝑟22𝑦
2(1 − 𝑏)

(

−3𝑦3 − 𝑦2 + 𝑦 + 3
))

)

−
(1 − 𝑦)(1 − 𝑏)

𝑟22𝑦

− 3𝛼𝑤𝑟−3𝑤−3
2 𝑦−3𝑤−2 (1 − 𝑦3𝑤+2) .

Putting the above equation in Eq. (34), we reach at

𝑏 + 1
3
𝑎2

(

2(1 − 𝑏)
(

3𝑦2 + 13𝑦 + 3
)

𝑟−22 𝑦−2 +
3𝛼𝑤𝑟−3𝑤−3

2 𝑥−3𝑤−3

(1 − 𝑦)3

× (−2𝑦3𝑤+3 + 28𝑦3𝑤+4 − 5𝑦3𝑤+5 − 3𝑦3𝑤+6 + 2𝑦3 − 28𝑦2 + 5𝑦 + 3)
)

3𝛼𝑟−3𝑤−1
2 𝑦−3𝑤−1

(1 − 𝑦)3
(

𝑤
(

(𝑦 + 1)
(

1 − 𝑦3𝑤+3) − 2𝑦2
(

1 − 𝑦3𝑤
))

− 2𝑦2
(

1 − 𝑦3𝑤
))

= 1, (35)

which can further be expressed as

(1 − 𝑏)𝑟22 = 𝜎(−𝑓1(𝑦,𝑤)𝑟2 + 𝑎2𝑓2(𝑦,𝑤)) + 𝑎2𝑓3(𝑦, 𝑏), (36)

where

𝑓1(𝑦,𝑤) =
𝑦−3𝑤−1 (𝑤

(

(𝑦 + 1)
(

1 − 𝑦3𝑤+3) − 2𝑦2
(

1 − 𝑦3𝑤
))

− 2𝑦2
(

1 − 𝑦3𝑤
))

(1 − 𝑦)3
,

𝑓2(𝑦,𝑤) =
𝑤𝑦−3𝑤−3

3(1 − 𝑦)3
(−2𝑦3𝑤+3 + 28𝑦3𝑤+4 − 5𝑦3𝑤+5 − 3𝑦3𝑤+6 − 2𝑦3

− 28𝑦2 + 5𝑦 + 3), 𝑓3(𝑦, 𝑏) =
2(1 − 𝑏)

(

3𝑦2 + 13𝑦 + 3
)

3𝑦2
,

𝜎 = −
𝐵𝑐𝑟−3𝑤−1

2 𝑟3𝑤+1
𝑐

2𝜋𝑤
, 𝐵𝑐 = −6𝑤𝜋𝛼

𝑟3𝑤+1
𝑐

,

here 𝐵𝑐 be the unit thickness of BH horizon. It is noticed that 𝑓5(𝑦,𝑤) =
for 𝑤 = − 2

3 , and for 𝑎 = 0, the expressions are the same as obtained
or charged AdS BH [33].

As 𝑦 → 1, 𝑟1 = 𝑟2 = 𝑟𝑐 (𝑟𝑐 denotes the critical radius of BH horizon),
his equality turns Eq. (36) to following form

1 − 𝑏
6

= −
𝐵𝑐
8𝜋

(𝑤 + 1)(3𝑤 + 2) + 4𝜋𝑎2
𝐴𝑐

(

19(1 − 𝑏)
9

+
𝐵𝑐
54𝜋

× (−50 +𝑤(1 + 6𝑤)(41 + 33𝑤))) , (37)

where 𝐴𝑐 = 4𝜋𝑟2𝑐 stands for the critical area of the horizon. For assigned
alues of 𝑎, the value of 𝑟𝑐 can be found. Thus from Eq. (37), it can be

seen that the position of PT point not only depends on the size of BH
but also depends on the parameters 𝑎, 𝑏, 𝐵 and 𝑤. Applying limit 𝑦 → 1
𝑐
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Fig. 3. Temperature versus entropy for 𝐽 = 0.1, 𝐵𝑐 = 0.05, 𝑤 = − 1
3

at constant pressure. The plots from left to right correspond to 𝑏 = 0.6, 0.5, 0.4 and trajectories from top to
ottom correspond to 𝑃 = 0.9𝑃𝑐 , 𝑃 = 0.8𝑃𝑐 and 𝑃 = 0.7𝑃𝑐 , respectively.
V
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Table 1
Numerical values of 𝑦, 𝑟2 and 𝑇0 at constant pressure with 𝐵𝑐 = 0.05, 𝐽 = 0.1 and
𝑤 = − 1

3
.

𝑏 𝜒 𝑦 𝑟2 𝑇0
0.7 1.0660 1.4023 0.0348

0.4 0.8 1.0667 1.4118 0.03582
0.9 1.0674 1.4219 0.03682

0.7 1.0708 1.3976 0.02868
0.5 0.8 1.0709 1.4066 0.02941

0.9 1.0710 1.41602 0.03026

0.7 1.0763 1.3912 0.0225
0.6 0.8 1.0764 1.3993 0.0231

0.9 1.07648 1.40778 0.02401

on Eq. (34), we can get 𝑃𝑐 as

𝑐 = 3
8𝜋

(

1 − 𝑏
𝑟2𝑐

−
𝐵𝑐 (3𝑤 + 2)(3𝑤 + 4)𝑟3𝑤+1𝑟−3𝑤−3

𝑐
6𝜋

+16𝐽 2
(

−
11(1 − 𝑏)

𝑟4𝑐

−
𝐵𝑐 (3𝑤 + 4)

(

18𝑤2 + 18𝑤 − 2
)

𝑟3𝑤+1𝑟−3𝑤−5
𝑐

6𝜋

))

, (38)

and 𝑇𝑐 takes the form as under

𝑇𝑐 =
27𝛼𝑤(𝑤 + 1)2𝑟−3𝑤−2

2
4𝜋

+ 1 − 𝑏
𝜋𝑟2

+ 16𝐽 2
(

−
37(1 − 𝑏)
4𝜋𝑟32

+
𝛼𝑤

(

81𝑤3

2 + 90𝑤2 + 81𝑤
2 − 43

3

)

𝑟−3𝑤−4
2

𝜋

)

. (39)

With the help of previous equations, we can discuss the criticality
of thermodynamic variables. It is noticed that this approach is more
appropriate as compared to the usual method to calculate the critical
values of the complicated BHs.

To get the explicit equation of 𝑟2, Eq. (36) takes the following form

𝑟22 =
𝐽2

0.252
(

1 + 𝑓2(𝑦,𝑤)𝜎
)

+ 𝑓3(𝑦, 𝑏)

1 − 𝑏 + 𝑓1(𝑦,𝑤)𝜎
. (40)

Inserting the expression of 𝑟22 in Eq. (35) and letting that 𝑃0 = 𝜒𝑃𝑐
here 𝜒 ∈ [0, 1], we get a relation independent of 𝑟2. For assigned
alues of 𝐽 , 𝑤, 𝐵𝑐 and 𝜒 , the values of 𝑦 can be solved numerically.
ubstituting the derived values of 𝑦 in Eq. (37), we can find 𝑟2, and 𝑟1
an be obtained from the relation 𝑟1 = 𝑦𝑟2. Ultimately, the expression
f 𝑇0 can also be obtained (from Eq. (31)). Table 1 illustrates the
umerical values of 𝑦, 𝑟2 and 𝑇0 for fixed 𝐵𝑐 = 0.05, 𝐽 = 0.1 and 𝑤 = − 1

3 .
rom the following expression

= 1
8𝜋

(16𝐽 2

(

𝐵𝑐𝑟−3𝑤−4
+ 𝑟3𝑤+1

𝑐
𝜋

−
32𝜋𝑃𝜒
3𝑟+

−
4(1 − 𝑏)

𝑟3+

)

−
𝐵𝑐𝑟−3𝑤−2

+ 𝑟3𝑤+1
𝑐

𝜋

+ 16𝜋𝑃 𝑟+𝜒 +
2(1 − 𝑏)

), (41)
6

𝑟+
The 𝑇 −𝑆 trajectories taking relation 𝑃 = 𝜒𝑃𝑐 are plotted. To study
the effect of 𝑏, EoS, and quintessence parameters on the PT point, we
draw the trajectories at the constant pressure as represented in Figs. 3–
5. The horizontal line of black color in Fig. 3 represents the co-existence
space of two phases and the point at which it intersects the curve tells
the position of the first-order PT. At a specific pressure 𝑃 (less than 𝑃𝑐),
where 𝑟+ < 𝑟1, BH relates to the liquid state, but for 𝑟+ > 𝑟2, it shows
the vapor phase of the vdW system. When the radius of the BH event
horizon belongs to the range 𝑟1 ≤ 𝑟+ ≤ 𝑟2, the BH associates with the
vapor–liquid co-existence phase of the vdW system.

It is noticed that the point of PT and the region of the co-existence
phase increase with an increment in 𝑏 at the same pressure (Fig. 3).
Thus, the PT in a rotating BH does not depend on its size only but
on 𝐽 and 𝑤 also, affect its position. It is noted that the temperature
of BH decreases for larger values of 𝑏. Additionally, the temperature
drops down for large values of 𝑤 and 𝐽 (Figs. 4, 5). It is observed
that isobar in the isobaric decreases with increasing pressure. In the
co-existing regions, the BH’s evolution is dissimilar from Hawking’s
phenomena. The BH temperature is higher because of the emission of
Hawking radiation but these radiation do not change the temperature
and pressure of BH in co-existing regions.

4. Thermal fluctuations

Now we discuss the influence of TF on the stability of KAdS BH
surrounded by quintessence and strings cloud. For a system in ther-
modynamic equilibrium, the statistical properties are described by the
partition function which is a function of temperature and some other
parameters such as volume. The partition function is the key quantity
of the canonical ensemble, from which we can find the Helmholtz free
energy, and hence all thermodynamic properties, such as total energy,
entropy, and pressure. To calculate the modified entropy against TF,
we use the canonical partition function which applies to a canonical en-
semble (the system is permitted to exchange heat with the surroundings
at fixed volume, temperature, and number of particles). The canonical
partition function becomes

(𝛿) = ∫

∞

0
exp(−𝛿𝐸)𝜎(𝐸)𝑑𝐸, (42)

with 𝑇 = 1
𝛿 , and 𝐸 be the average energy of the system and 𝜎(𝐸)

represents its quantum density. Implementing inverse Laplace transfor-
mation, the states density is computed as

𝜎(𝐸) = 1
2𝜋𝑖 ∫

𝑐+𝑖∞

𝑐−𝑖∞
exp(𝛿𝐸)(𝛿)𝑑𝛿 = 1

2𝜋𝑖 ∫

𝑐+𝑖∞

𝑐−𝑖∞
exp(𝑆0(𝛿))𝑑𝛿, (43)

here 𝑆0 = ln+𝛿𝐸 be the corrected entropy and 𝑐 is a positive constant.
ia steepest descent method about saddle point 𝛿, the above mentioned

ntegral turn out to be

(𝛿) = 𝑆 + 1 (𝛿 − 𝑐)2 𝑑
2𝑆

| + higher-order terms, (44)
0 2 𝑑𝛿2 𝛿=𝑐
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Fig. 4. Temperature versus entropy for 𝑏 = 0.5, 𝐵𝑐 = 0.05, 𝑤 = −1
3

at constant pressure. The plots from left to right correspond to 𝐽 = 0.1, 0.15, 0.2, respectively.
Fig. 5. Temperature versus entropy for 𝑏 = 0.5, 𝐵𝑐 = 0.05, 𝐽 = 0.1 at constant pressure. The plots from left to right correspond to 𝑤 = − 1
3
,− 1

2
,− 3

4
, respectively.
Fig. 6. 𝑆 versus 𝑟+ for 𝑎 = 1, 𝛼 = 1.5, 𝑏 = 0.5 with 𝑤 = − 1
2

(left panel) and 𝑤 = − 7
10

(right panel). Here 𝛿 = 0, 0.5 and 1 are elaborated by magenta, orange and cyan colors,
respectively.
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where 𝑆 = 𝑆0(𝛿) be the zeroth order entropy along with vanishing 𝜕𝑆
𝜕𝛿

nd 𝜕2𝑆
𝜕𝛿2

> 0 at the point 𝛿 = 𝑐. Using Eqs. (43) and (44), we obtain

(𝐸) = 𝑒𝑆

2𝜋𝑖 ∫

𝑐+𝑖∞

𝑐−𝑖∞
exp

(

1
2
(𝛿 − 𝑐)2

𝑑2𝑆0

𝑑𝛿2

)

𝑑𝛿. (45)

The density of states function describes the energy distribution of
allowed states in the quantum well. Whether or not particular states are
occupied by electrons is determined by the electron concentration and
the temperature through the thermodynamic properties of the system.
It plays an important role in determining the transition rates. After
subsequent simplifications, we get density of states as

𝜎(𝐸) = 𝑒𝑆
√

2𝜋 𝑑2𝑆0
𝑑𝛿2

, (46)

hich gives

0 = 𝑆 − 𝛿 ln(𝑆𝑇 2) +
𝛿1
𝑆
,

ith correction parameters 𝛿 and 𝛿1.

• For 𝛿, 𝛿1 → 0, the original entropy of BH can be restored.
• For 𝛿 → 1, 𝛿1 → 0, the usual logarithmic corrected entropy can be

recovered.
7

a

• For 𝛿 → 0, 𝛿1 → 1, the second order correction term can be
attained, which is varying inversely to original BH entropy.

• For 𝛿, 𝛿1 → 1, the effects of higher-order correction terms can be
observed.

In current paper, we worked out for the second case (𝛿 → 1, 𝛿1 → 0).
n the above equation, the second logarithmic term appears because of
mall fluctuations around the equilibrium position. Since BH is consid-
red a macroscopic stellar object, and TF are effective on microscopic
Planck) scale, therefore the correction terms in logarithmic form have

small contribution in the entropy. Putting Eqs. (8) and (9) in the
bove equation, the corrected entropy has the following form

0 =
𝜋
(

𝑎2 + 𝑟2
)

1 − 𝑎2
𝑙2

− 𝛿 ln

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

3𝑟2
(

𝑎2
3 +𝑟2

)

𝑙2
− 𝑎2 + (1 − 𝑏)𝑟2 + 3𝛼𝑤𝑟1−3𝑤

⎞

⎟

⎟

⎠

2

16𝜋𝑟2
(

1 − 𝑎2
𝑙2

)

(

𝑎2 + 𝑟2
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,(47)

e plot corrected and uncorrected entropy for various parametric
alues 𝑤, 𝑏 and 𝑎, so that the effect of correction terms can be observed.
igs. 6–8 show that uncorrected entropy for 𝛿 = 0 exhibiting positive

nd monotonically increasing behavior, hence fulfills the second law
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Fig. 7. 𝑆 versus 𝑟+ for 𝑎 = 1 = 𝛼, 𝑤 = − 1
4
. Left plot: 𝑏 = 1

2
; Right plot: 𝑏 = 9

10
.

Fig. 8. 𝑆 versus 𝑟+ taking 𝑏 = 0.5, 𝛼 = 2 and 𝑤 = − 2
3
. Left plot: 𝑎 = 3

10
; Right plot: 𝑎 = 8

10
.

t
p

u
e

of BH thermodynamics. Under TF, the entropy of small BHs attains
negative values for larger values of the correction parameter. It is
observed that BH achieves more entropy for smaller values of EoS
parameter and 𝑏, implying an increment in the BH area. Whereas, the
rotation parameter shows the inverse scenario, i.e., the larger values of
rotation parameter yield an increment in entropy. It is being observed
that for enlarged radius, the corrected and uncorrected entropies follow
the same trend, which is in agreement with the fact that TF have no
influence on the thermodynamics of large BH.

The first-order corrected HFE (𝐹 = 𝑀 − 𝑇𝑆0 − 𝑃𝑉 ) as the Legendre
transformation of the internal energy is given by

𝐹 = −

⎛

⎜

⎜

⎝

3𝑟2
(

𝑎2
3 +𝑟2

)

𝑙2
− 𝑎2 + (1 − 𝑏)𝑟2 + 3𝛼𝑤𝑟1−3𝑤

⎞

⎟

⎟

⎠

4𝜋𝑟
(

𝑎2 + 𝑟2
)

×

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜋
(

𝑎2+𝑟2
)

1− 𝑎2
𝑙2

− 𝛿 ln

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎝

3𝑟2
(

𝑎2
3 +𝑟2

)

𝑙2
−𝑎2+(1−𝑏)𝑟2+3𝛼𝑤𝑟1−3𝑤

⎞

⎟

⎟

⎠

2

16𝜋𝑟2
(

1− 𝑎2
𝑙2

)

(𝑎2+𝑟2)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎟

⎟

⎠

4𝜋𝑟
(

𝑎2 + 𝑟2
)

+
𝑟2
(

𝑎2+𝑟2
)

𝑙2
+ 𝑎2 + (1 − 𝑏)𝑟2 − 𝛼𝑟1−3𝑤

2𝑟
(

1 − 𝑎2
𝑙2

)2
+

(

𝑎2 + 𝑟2
) (

𝑎2𝑙2 − 𝑎2𝑟2 + 2𝑙2𝑟2
)

4𝑙4𝑟
(

1 − 𝑎2
𝑙2

)2

−
𝑎2𝑏𝑙2𝑟2 − 2𝑎2𝑏𝑙2𝑟2

(

𝑙2+𝑟2
)

𝑎2+𝑟2 − 𝑎2𝛼𝑙2𝑟1−3𝑤

4𝑙4𝑟
(

1 − 𝑎2
𝑙2

)2
.

Fig. 9 represents that for − 2
3 < 𝑤 ≤ − 1

3 , the free energy 𝐹 gains positive
values for the BH of small size, and shows opposite trend for large BH
8

v

(left plot). Whereas, for −1 < 𝑤 ≤ − 2
3 , it attains positive values all over

he domain (right panel of Fig. 9). It can be seen that the correction
arameter increases/decreases the HFE before/after 𝑟𝑐 , respectively.

The effect of string cloud parameter 𝑏, on the free energy 𝐹 is checked
in Fig. 10. It 10 shows that 𝐹 remains positive for the BH of small size,
and remains negative for large size BH. The value of 𝐹 increases with
the increase of parameter 𝑏.

The corresponding GFE (𝐺 = 𝑀−𝑇𝑆0) is calculated in the following
form

𝐺 = 1
4𝑟+

(

(

𝑟−3𝑤+
(

𝑟3𝑤+
(

𝑙2𝑎2 − 𝑟2+
(

𝑎2 + 𝑙2
)

− 3𝑟4+
)

− 3𝛼𝑙2𝑟+𝑤
)

× (ln

(

𝑟−6𝑤−2
+

(

𝑟3𝑤+
(

𝑙2𝑎2 − 𝑟2+
(

𝑎2 + 𝑙2
)

− 3𝑟4+
)

− 3𝛼𝑙2𝑟+𝑤
) 2

16𝜋𝑙2
(

𝑙2 − 𝑎2
) (

𝑎2 + 𝑟2+
)

)

× 𝛿(𝑎2 − 𝑙2) + 𝜋𝑙2
(

𝑎2 + 𝑟2+
)

)
) (

𝜋𝑙2
(

𝑙2 − 𝑎2
) (

𝑎2 + 𝑟2+
))−1

+

2

(

𝑟2+
(

𝑎2+𝑟2+
)

𝑙2
+ 𝑎2 − 𝛼𝑟1−3𝑤+ + 𝑟2+

)

(

𝑎2
𝑙2

− 1
)2

)

. (48)

Figs. 11 and 12 indicate that GFE exhibit the same trend as that of
HFE. It is known that 𝐺 > 0 related to unnatural reactions (which needs
an exterior energy source) whereas 𝐺 < 0 represents natural reactions
(which do not need any exterior source). Black holes with 𝐺 < 0 are
stable thermodynamically as they radiate their energy in the exterior
region to attain the low energy state. From Fig. 11 (left and right plots),
it is clear that large BHs are thermodynamically stable for − 2

3 < 𝑤 ≤ − 1
3

as compared to small BHs as 𝐺 > 0 initially. For −1 < 𝑤 ≤ − 2
3 , the

ncorrected system remains unstable while the BH under fluctuations
ffects gradually moves towards stability. This is resulted that larger
alues of EoS parameters produce more stable model. Fig. 12 depicts
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Fig. 9. HFE versus 𝑟+ for 𝑏 = 1 = 𝑎, 𝛼 = 2 and 𝑤 = − 1
3

(left panel); 𝑤 = − 2
3

(right panel).

Fig. 10. HFE versus 𝑟+ for 𝑤 = − 1
3
, 𝛼 = 1.5 and 𝑎 = 0.2. Left panel: 𝑏 = 1

10
. Right panel: 𝑏 = 4

5
.

Fig. 11. GFE versus 𝑟+ for 𝑏 = 1
2
, 𝑎 = 3

10
, 𝛼 = 2 and 𝑤 = − 1

3
(left panel); 𝑤 = − 2

3
(right panel).

Fig. 12. GFE versus 𝑟+ for 𝑎 = 1
2
= −𝑤, 𝛼 = 2 and 𝑏 = 0.2 (left panel); 𝑏 = 0.9 (right panel).
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Fig. 13. 𝐶 versus 𝑟+ for 𝑎 = 1, 𝛼 = 1 = 𝑏 with 𝑤 = − 2
3

(left panel) and 𝑤 = − 1
3

(right panel).
Fig. 14. 𝐶 versus 𝑟+ for 𝑤 = − 1
3
, 𝛼 = 0.1 and 𝑎 = 2 with 𝑏 = 0.3 (left panel) 𝑏 = 0.1 (right panel).
i
B

5

t
t
o
e
a
t
o
a
s
i
p
t
w
t
U
o
p
t

e
e

he effect of strings cloud parameter, 𝐺 > 0 initially then goes to
egative values for the BH of large size for increasing values of 𝑏. The
odel is thermodynamically stable for increasing values of string cloud
arameter.

For the considered model, the specific heat (𝐶) is calculated as

= 𝑇
𝜕𝑆0

𝜕𝑇
= 2

(

−𝑎6𝛿
(

𝑙2 + 𝑟2
)

𝑟3𝑤 + 𝑎4
(

−𝑙2
(

𝛿
(

−(𝑏 − 2)𝑟3𝑤+2 − 9𝛼𝑟𝑤2)

+𝜋𝑟3𝑤+4) + 𝑙4
(

𝛿 + 𝜋𝑟2
)

𝑟3𝑤 − 9𝛿𝑟3𝑤+4) + 𝑎2
(

𝑙4
(

𝛿
(

−(𝑏 − 3)𝑟3𝑤+2

−9𝛼𝑟𝑤2) + 𝜋𝑟2
(

𝑏𝑟3𝑤+2 − 3𝛼𝑟𝑤
))

− 𝑙2𝑟2
(

𝛿
(

−3𝑟
(

3𝑟3𝑤+1 + 𝛼𝑤(3𝑤 + 1)
))

+4𝜋𝑟3𝑤+4) − 6𝛿𝑟3𝑤+6) + 𝑙2𝑟2
(

𝑙2
(

𝜋𝑟2
(

(𝑏 − 1)𝑟3𝑤+2 − 3𝛼𝑟𝑤
)

+𝛿 (−3𝛼𝑟𝑤(3𝑤 + 1))) − 3
(

𝜋𝑟2 − 2𝛿
)

𝑟3𝑤+4)) ×

{
(

𝑎2 − 𝑙2
) (

𝑎4
(

𝑙2 + 𝑟2
)

𝑟3𝑤 + 𝑎2
(

𝑙2
(

−(𝑏 − 4)𝑟3𝑤+2 − 9𝛼𝑟𝑤2)

+8𝑟3𝑤+4) + 𝑟2
(

𝑙2
(

𝑟
(

(𝑏 − 1)𝑟3𝑤+1 − 3𝛼𝑤(3𝑤 + 2)
))

+3𝑟3𝑤+4))}−1.

The divergence points of 𝐶 are called the PT points, and its signature
tells us about thermal stability of a BH. The region 𝐶 > 0 ensures
thermal stable phase while 𝐶 < 0 represents the instable region. The
specific heat is being plotted in Figs. 13 and 14 for our considered
model. The left plot of Fig. 13 indicates that the specific heat remains
negative throughout 𝑟+ for 𝑤 = − 2

3 , so model is unstable at this value.
Also, we observe that the TF do not affect the position of PT. In right
plot, one can see that large BHs are stable thermally as value of 𝐶 lies
s positive whereas BHs with small radius get negative heat capacity,
ue to which the system becomes unstable. Generally, we found that
he model remained unstable (𝐶 < 0) for −1 < 𝑤 < − 5

3 and stable
(𝐶 > 0) for − 5

3 < 𝑤 < − 1
3 . Fig. 14 (left and right plot) shows that

the model is shifting instability to stability for increasing values of the
cloud of strings parameter. It is clear from Fig. 14 that larger values of 𝑏
roduce more negative range of 𝐶 for small BH without disturbing the
10

o

large BH geometries. It is interesting to note that for the larger values
of 𝑏, the system becomes stable at small horizon radius as compared
to its smaller values. In general, the model remains stable when string
cloud parameter lies in the range 0 < 𝑏 ≤ 0.85. This illustrates that TF
nfluence the stability of BHs with small radius while the large radius
Hs mostly remain unaffected.

. Conclusions

In theoretical physics, the discussion about the 𝑃 −𝑉 criticality and
hermal properties of BHs has always been a captivating scenario. In
his paper, we have analyzed the combined effects of QDE and cloud
f strings on rotating KAdS BH. To this end, we have computed the
xpression of thermodynamical variables including Hawking temper-
ture, entropy, angular momentum, and volume of the BH. In EPS,
hese thermodynamic variables hold the SGD relation in the appearance
f both quintessence and cloud of the string parameter. The graphical
nalysis of temperature versus entropy shows that temperature is sen-
itive for all the involved model parameters and decreases with the
ncrease of rotation and strings cloud parameters. Whereas the EoS
arameter affects the BH’s temperature slightly. We have calculated
he critical expressions of temperature and pressure in two different
ays that are vdW-type EoS and MEAL. The latter technique is found

o be more reasonable to examine the criticality of the complex BHs.
sing MEAL, we plot a PS diagram in 𝑇 − 𝑆 conjugate variables and
btain an isobar, which represents the co-existence region of liquid–gas
hases. Moreover, we have computed the corrected entropy to inspect
he influence of TF on the stability of KAdS BH.

It is well-known that BH associates with the vapor–liquid co-
xistence phase if isobaric contains an area where the state of stable
quilibrium is not fulfilled. Like the vdW framework, the non-physical
scillating area is replaced with an isobar represented by the solid
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horizontal line of black color which depicts the co-existence space of
two phases. Using MEAL, we have drawn the trajectories in 𝑇 −𝑆 plane
o find the location of isobar at different pressures. It is noticed that the
oint of PT and the region of the co-existence phase increases with an
ncrement in 𝑏 at the same pressure (Fig. 3). Thus, the PT in a rotating
H did not depend on its size only but 𝐽 and 𝑤 affect its position also.

It is noted that the temperature of BH decreases for larger values of
𝑏. Additionally, the temperature drops down for large values of 𝑤 and

(Figs. 4, 5). It is observed that isobar in the isobaric decreases with
ncreasing pressure.

Finally, we have discussed the influence of TF on the stability of
AdS BH through trajectories of corrected and uncorrected entropy for
ifferent values of 𝑏 and 𝑤 and 𝑎. It is observed that BH achieves more
ntropy for smaller values of the EoS parameter and 𝑏, implying an
ncrement in the BH area. Whereas, the rotation parameter shows the
nverse scenario, i.e., the larger values of the rotation parameter yield
n increment in entropy. It is being observed that for enlarged radius,
he corrected and uncorrected entropies follow the same trend, which
grees with the fact that TF has no influence on the thermodynamics
f BHs with larger radii [45]. It is resulted that model is thermody-
amically stable for increasing values of string cloud parameter as
FE becomes negative for small critical radius. Moreover, larger values
f EoS parameters produce a more stable model as large BHs are
hermodynamically stable for − 5

3 < 𝑤 ≤ − 1
3 as compared to small BHs

which is consistent with literature [34]. It is also found that 𝑏 should
ie in the interval [0, 0.85] to attain a stable model.

We have also analyzed the local stability of considered gravitational
eometry through specific heat and found similar results as obtained in
ibbs energy. It is concluded that BH experiences first-order phase tran-

ition and its position remain unchanged under logarithmic corrections.
hus, TF have much influence on BHs with a small horizon radius while

arge BHs mostly remain unaffected. It is worthy to mention here that
or 𝑏 = 0, all derived results reduced to quintessential rotating AdS BH
34].

For future directions, we can discuss the phase transition and ther-
odynamical behavior of Bardeen–Kiselev AdS BH.
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