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Abstract

This analysis is devoted to exploring the interesting aspects of wormhole geometry. The energy
conditions are checked for two different new generic shape functions, which satisfy the required
wormbhole properties. The presence of exotic matter is confirmed due to the violation of the energy
conditions in the background of f(R, T) gravity as well as in the general relativity case. The traversable
wormholes respecting the null energy conditions can be realized in both considered frameworks. A
thin-shell around a wormhole geometry with two different generic shape functions is obtained by
using the cut and paste approach taking Schwarzschild spacetime as an exterior manifold. The stability
of thin-shell is explored with linearized perturbation along the equilibrium shell radius. Stable regions
and the position of the expected event horizon depend on the choice of physical parameters. Itis
concluded that the number of expected event horizons increases for the second shape function.

1. Introduction

A wormbhole (WH) is a speculative region of spacetime that behaves like a shortcut connection between distinct
regions of spacetime through a tunnel. A traversable WH provides a shortcut path having a minimal surface area
between two points dubbed as WH throat through which a moving observer attempting to cross the WH tunnel
falls into the singularity. Wormholes were described by Misner and Wheeler [1] as solutions of the Einstein field
equations. To avoid the WH throat shrinking, the first traversable WH is introduced by Morris and Thorne [2].
To preserve their geometry, these WH solutions must meet the flare-out condition in which a thin layer of an
exotic matter (violating the averaged null energy constraints) causes repulsion against the WH throat collapsing.
The elimination of an event horizon allows observers to journey across both universes through the flat faces of a
traversable WH, which is one of its most distinguishing features.

An essential characteristic of traversable WHs that suggests the presence of exotic matter necessary for their
stability and existence is the violation of the weak and null energy constraints. Visser [3] presented a suitable
approach to building a thin-shell WH structure by reducing the amount of exotic matter which allows free
movement across the cosmos. The stable characteristics of traversable WHs while minimizing the violation of
the null energy condition (EC) are investigated by Shinkai [4]. By choosing a suitable configuration for the WH,
Visser et al [5] found that the violation of the null energy requirement can be minimized. Later, the stability
regions of WH solutions are studied by Hayward and Bouhmadi-Lépez et al [6]. In the study of WH solutions
supported by generic equations of state, Parsaei and Rastgoo [7] showed that different types of equations of state
have a great impact to reduce the null EC violation. Additionally, they discovered that the solutions fulfill the
asymptotical flatness criterion and are also consistent with large-scale observational data.

According to some cosmic data, a period of accelerated expansion of the Universe is currently occurring, which is
thought to be caused by an unusual energy source known as dark energy [8]. The phantom energy, Chaplygin gas,
quintessence, and tachyon matter have all been investigated as potential sources of exotic matter at the WH throat.
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Shushkov [9] formed static spherically symmetric WH solutions in the background of the phantom type of matter
distribution which is considered a source of exotic matter. Lobo [10] explored the physical configuration of phantom
WH geometry and traversable WHs are developed with the van der Waals quintessence in [11].

The most spectacular and effective approaches to revealing the hidden characteristics of the cosmos and
supporting the cosmic expansion are said to be alternative gravity theories. The function of curvature invariant is
added to or substituted for in the geometric component of the Einstein-Hilbert action to create these theories.
Modified theories of gravity have drawn a lot of interest in the analysis of the current behavior of the Universe.
The most straightforward strategy in this context is the f(R) theory (R is the Ricci scalar), which has been
extensively employed to investigate dark energy and the Universe’s continuing expansion [12]. Without
violating the required energy constraints, Lobo and Oliveira [13] developed the WH solutions in the f(R) theory.
Eiroa and Aguirre [14] investigated the stability of thin-shell spherical Lorentzian WHs in f(R) theory in the
background of electromagnetic field by using symmetry preserving perturbation. In the framework of Einstein-
Maxwell-dilaton theory, Ovgiin and Jusufi [15] formed a charged spherically symmetric dyonic thin-shell WH
and demonstrated that the stable domain of the dyonic thin-shell WH can be increased in terms of electric
charge, dilaton charge as well as magnetic charge. Mazharimousavi [16] demonstrated that thin-shell WH
cannot be formed in the black hole spacetime solution of charged f (R) theory.

The geometrical configuration and stability of traversable WHs were investigated by Lobo et al [17] in the
context of Palatini f (R) gravity. It is found that thin-shell WHs constructed from RN BH are more stable than
Schwarzschild BH. Using the Rastall gravity and anisotropic fluid distribution, Lobo et al [18] developed thin-
shell WHs for static black holes. They determined the stability of WHs filled with various bulk sources and
analyzed that stable regions of developed structures through effective potential are modified due to the Rastall
parameter. Hassan et al [ 19] investigated the stability of WH solutions with two particular shape functions in
f(Q) gravity where Q denotes the non-metricity tensor. For the power-law f(R) model, Capozziello et al [20]
found traversable WHs with two specific shape functions. Recently, the phantom traversable WH geometries in
Rastall gravity are developed by Javed et al [21]. They also determined the stable configuration of the thin shell
with a speed of sound parameter and the physical features of the shell.

This modified f(R) theory was further generalized by incorporating the idea of curvature-matter coupling.
These theories are non-conserved with an additional force that alters the path of the particle. These modified
approaches play a key role to study cosmic mysteries. The minimal coupling is introduced as f (R, T') theory
[22]. WH solutions in the region of this theory can be found from the associated field equations with different
f(R, T)models. Houndjo et al [23] used f (R, T) = f1(R) + f>»(T) and reconstructed various cosmological models.
Shamir [24] formulated exact solutions of Bianchi type V spacetime in f (R, T) gravity via constant deceleration
parameter (yielding non-singular model) and variation law of Hubble parameter (yielding singular model). They
calculated the physical quantities for evaluated models. Yousaf et al [25] investigated the compact object’s
evolution using structure scalars in the framework of f(R, T) gravity and showed that evolutionary stages can be
examined by modified scalar functions. Yousaf et al [26] discussed the stability as well as the physical existence of
anisotropic WH solutions even when the exotic matter is not present. The f(R, T) = f(R) + AT model is used to
develop WH structure in [27]. Moraes and Sahoo [28] discovered WH solutions that fulfill the energy
constraints in the vicinity of the exponential f (R, T) theory. The charged WH solutions in f(R, T)-extended
theory is developed by Moraes et al [29] and Mandal et al [30] examined the energy conditions for f(R,

T) = R+ f(T) gravity with a hybrid type of shape function. Sharif et al [31-35] explored the stability of various
thin-shell WHs in GR and developed WH geometries in different modified theories of gravity. Traversable WH
structures are developed in traceless f(R, T) gravity by Sahoo et al [36]. By taking the model f(R,

T) = AT + R + aR? Mishra and Sharma [37] obtained WHs using a hybrid form of shape function. Yousaf et al
[38] observed a vacuumcavity around the center of symmetry for static fluid configuration admitting
hyperbolically symmetric structure and imposed the condition of the stiff equation of state as well as conformal
flatness to formulate several models.

The most intriguing cosmic entity that can be created in general relativity is the time-like thin-shell in
spherically symmetric static spacetimes. In 1966, Israel [39] published a fundamental study that established a
concrete framework for creating time-like shells in general by gluing two distinct manifolds at the position of the
thin shell. Self-gravitating thin-shells are the solutions of a given gravitational theory describing two regions
separated by an infinitesimally thin region where the matter is confined. The Randall-Sundrum brane world
scenario to the gravitational collapse [40], shells around black hole solutions [41], matchings of cosmological
solutions [42], and the evolution of bubbles and domain walls in cosmological settings [43] are all examples of
how the Darmois-Israel thin shell formalism, a fundamental tool in Classical General Relativity, has found
extensive applications in the literature. Many researchers have developed thin-shell by using cut and paste
approach in the background of different interior and exterior manifolds, i.e., thin-shell (taking inner flat exterior
BH geometry) [44, 45], thin-shell WHs (through the matching of two equivalent copies of BH geometries)
[46,47], gravastars (through joining of inner de Sitter and outer BH spacetime) [48, 49]. An interesting
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application to WH physics was done in [50], where Frolovand Novikov demonstrated that if one of the WH
mouths is inserted in an external gravitational field, for instance, a thin shell is placed around one of the
traversable WH mouths, the Killing vector field is well-defined locally but does not exist globally, enabling the
transformation of the WH into a time machine. A similar concept for gravastar is used by Mazur and Mottola
[48], where an interior region is replaced with de Sitter core and a phase transition is considered at event horizon
2M. Lobo [51] determined surface stresses on the thin shell from the interior solution of a spherically symmetric
traversable WH to a particular outer vacuum solution at a junction interface. Additionally, he investigated the
constructed geometry’s stability and dynamical behavior using surface stresses. Using a cut-and-paste method,
Garcia et al [52] studied the stability of thin-shell structures derived from WH geometries and discovered that
exotic matter significantly affects stable configuration. By assuming barotropic EoS, Forghani et al [53]
developed an asymmetric thin-shell from two traversable WHs with various redshift functions. By merging a
traversable WH with standard BHs (Bardeen and Hayward BHs), Sharif and Ashraf [54] created athin-shell
structure and studied its stability as well as dynamics. These research articles motivate us to develop a thin-shell
around traversable WH in the background of the modified theory of gravity. Then, we explored the stability of
the developed thin-shell by using linearized radial perturbation at the equilibrium shell radius.

This paper is devoted to studying. In section 2, the f(R, T) gravity is explored and a modified version of field
equations are calculated. In the same section 2, new generic WH solutions are presented. All the energy
conditions are provided in the next section 3. In section 4, thin-shells around calculated WHs configurations are
discussed. The stability analysis through radial linear perturbation is made for both generic WH models in
section 5. Finally, we conclude our results in the last section.

2.f(R, T) gravity and wormhole geometry

The action of modified f (R, T) gravity theory is provided as:
1
= ,T)J—gd*x + [ Ln,J—gd, 1
S 1671_ff(R ) J/—gd*x f [—gd*x 1)

where L,, is the Lagrangian density. One can get the following equation by taking the variation of the above
action:

Sﬂ—‘j}“’ - fT(R’ T) Tul/ - fT(R7 T)G)uy = fR(R, T)R#V — %f(R, T)gm/
+ (gm/ - VHVV)fR(R’ T) (2)

Now, by contracting the above equation, we have the following expression:
81T — fr (R, )T — f;(R, T)O = f(R, )R+ 30 fr(R, T) — 2f (R, T). 3)

These two above equations involve the operator V, which is known as covariant derivative and [, which is
known as d’Alembert operator. Further, fr(R, T) and f{R, T) correspond to the function derivative with respect
to R and T respectively, while the tensor © ,,is given as:

e

af
@;w = = _ZTMV + g,uVLW’ - 2g ‘ 8g/”/8gm3 > (4)

where T, is a usual energy momentum tensor. By taking the help from [55], we suppose that L,,, depends only
on the metric components ¢ o , 50 we obtain energy momentum tensor as:

qon_ 2 0G=gLw) _  20Ly
124 \/_—g 6g/u/ gl“/ m 6g,uu'

Itis interesting to mention that an extra force depends on the form of the matter lagrangian [56]. It was discussed
in [57] that by taking L,,, = p, with p being the amount of the total pressure, the extra force vanishes. On the other
hand, more natural forms for L,,, such as L,,, = — p, with p being the energy density, are more generic, in the
sense that they do not imply the vanishing of the extra force. In current study, we are working with the matter
Lagrangianis L,, = — p. Hence, equation (4) can be revised as

Ouw = —2Tw — P8, (6)

)

Now, by using the equation (3) in equation (2), we have the following final relation for field equations:

fR(R’ T)Gul/ = (87 +fT(R’ T))T;w + [VuvufR(R) T)
- igw,{(877 +fr (R, ITHNT + U fp(R, T) + fr(R, T)R)}]. ()
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A static and spherically symmetric spacetime metric representing WH geometry is given as:
-1
ds? = —e?®gr? + (1 _ o ) dr? + r2df? + r?sin 0dg?, 8
r

where ®(r) is the red-shift function and b(r) is the shape function. The WH throat joins two asymptotic regions,
i. e., b(rg) = ro. The flaring-out requirement, b’(r) < 1, which should valid at or near the throat, must be satisfied
by the shape function b(r). The metric functions must obey the requirements ®(r) and b(r)/rtend to zero as r
approaches to 0o to have asymptotically flat geometries. For the current analysis, we are fixing ®(r) = Constant,
i.e., ' = 0. Theanisotropic source of matter is defined via energy-momentum tensor as:

Toy = pocvy + P XXy + WUy = o) = XcXo)Pro ©9)
where v denotes the 4-velocity vector of v¢ = e~*®§§and x¢ = /1 — @ 65, which must satisfy the
conditions v ‘v, = — x “x¢ = 1. Now by using equation (8) and equation (9) in equation (7), we have following
expressions for energy density and pressure components:

v’ X @m + (R, T))
L R 1) (10)
R T) fr@®, T)
b X 87 + fr (R, T))
r? R, T) fr®R, T) '
1 b b'r—b
+ —1- — "R, T) — fp'(R, T) ———— | |, 11
il r)[(fR( )~ g >2r2(_b/r+1))] an
b+ br 87+ (R T)p 1 (_2 1)fR’(R, n X (12)
2r’ KRRTD) R DA 7 r R, T)
where
1
X=X(r) = Z(T(87T + fr(R, T)) + fr(R, T)R + O fr (R, T)). (13)
Ricci scalar for spacetime, which is given in equation (8) is
/
R=22, (14)
.
and
b b'r—b
OfrR, T) = (1 - 7) —frR, T) . + R, T) | (15)

21,2 (1 _ E) + M
The above mentioned system of equations is not easy to solve for p, p,and p, as it has higher order derivatives
with a number of unknowns. To make these calculations easy, we choose the split-up scenario which is f (R,

T) = fo(T) + fi(R). By considering f,(T) = AT with coupling constant A. Then, by incorporating f (R, T) with split
form in equations (10)—(12), we have the following final version of the field equations

b'fy
SR S 16
p r2(8m + ) (16)
by Jx ( b) X
b B@T+ N 2r28m + /\)( ") r)8m+ A an
Jx ( b) fa
= 1——|+ —b+b'r). 18
P r(8m + \) r 2r3(8m + /\)( g (1o
Now, we are going to consider a nonlinear function for f;(R), which is defined as:
L(R) =R+ R, (19)

where yis the model parameter. By taking v = A = 0, we get the GR case. In the current study, we try to check
the difference in the behavior of ECs between f(R, T) and GR cases. The adopted model like f(R, T) = £,(T) +
fi(R) = R + yR* + ATinvolves a particular case of well-known Starobinsky model [58] with matter coupling, It
is an interesting to mention that, in the Starobinsky model R + yR?, a maximum value of configuration mass or
beyond is reached when the value of the parameter ~yis chosen to be negative. But, this leads to an issue;
specifically, the Ricci scalar performs a damped oscillation. On the other hand, the Ricci scalar smoothly
decreases to zero as we approach towards infinity for positive values of parameter . The other involve matter
coupling parameter like A can be chosen freely. In the current study, we shall fix its positive values.
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Figure 1. Shows the evolution of WH properties with L = 0.50, 4y = 0.20, a; = 0.30, a, = 0.40,andn = 0.7.

2.1. New wormbhole solutions
In this section, we shall discuss the Morris and Thorne [2] conditions for two new generic shape functions. The
radial coordinate r varies between ry < r < 0o , with radius of throat r,. In addition, the shape function b(r)

necessity follows traversable WH throat condition: at the throati.e., at r = ry, b(ro) = ro, and for r > r, we have
1 -
acquirre the asymptotically flat regions, the following expression: b(r)/r — 0as r — oo should be satisfied. Now,
we consider two most generic shape functions, which are expressed as

> 0. For the flaring-out condition, the following restriction must be confirmedas b '(r,) < 1. To

b(r)= %(Zln(ro)(n(ao + a) — agln(r)) — 2nIn(r)(ag + @) + 2n*(ag + a1 + @)
n

+ agIn(r?) + aoIn(rd)), (20)

2
b(r) = E((ao(an(rL — 1) = 2Ln(rt — 1) + I?) + L(a(—2nrt + 2nry + L) + a,L))

+ L(In(r) — In(r))(aoL(n(r) — In(rp)) — 2(apn(ry — r*) + L) + a1L))), 21

where 0.1 <L < 1.0,0.1 < ag < a; < a, <0.5,and —2 < n < 2. According to Morris and Thorne [2], our
presented shape functions meet the essential conditions for the existence of a wormhole. Both the chosen shape
functions are observed as positive with increasing behavior, which can be confirmed from the figure 1. The
derivative of both the WHs models with respect to the radial coordinate, i.e., d—l: is noticed as less than one, which
affirmed the flaring out condition. Figure 1 presents all the required conditions graphically under the particular
values of the involved physical parameters.

3. Energy conditions

The ECs are the most suitable approach to validate the physically acceptable model. These violations of such ECs
show the occurrence of exotic matter (matter with exotic nature). There are four well-known ECs named weak
(WEC), null (NEC), dominant (DEC) and strong (SEC). For physically acceptable WH mode, the null and weak
ECs must be violated. Due to the presence of normal matter distributions, such as are verified for the positive
behavior of energy density as well as pressure in general relativity and f (R, T) gravity. For WH configuration, we
will check the null and weak ECs which are necessary for the physical acceptability of the WH structure.
Mathematically, these conditions can be defined as

5



10P Publishing

Phys. Scr. 97 (2022) 125010 FJaved etal

p for f(R,T)
;

p for GR
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0.00846 0.00498
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] I 0.00282

0.00166
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Figure 2. Plots of p for f(R, T) gravity (Left) and GR (right) for first specific shape function by equation (19) with L = 0.50, ao = 0.20,
a; = 0.30, a, = 0.40,y=0.75and A\ = 0.5.

p+p, for (R, T) p+p, for GR
D 0.03 2 ' [
11 0.00162
0.02 1 ‘
' ‘ 0.00054
0.01 15 -0.00054
n n o
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h ] I
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R ‘7 =
~0.02
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Figure 3. Plots of p + p, for f(R, T) gravity (Left) and GR (right) for first specific shape function by equation (19) with ay = 0.20,
a; = 0.30, a, = 0.40,y=0.75and A = 0.5.

NEC < Tck7k > 0, WEC & T, VIVE > 0,

T
SEC & (T% - 5g,yg)vvv6 >0, DEC & T, VV¢ >0,

where V7 and k” are represent timelike and null vectors, respectively. In terms of energy density and pressure, we
can write

NEC:p+p >0, p +

WEC:p +p20, p=20, p+p=0,
SEC:p,+p20, 2o, +p+p 20, p+p=0
DEC:—Ip|+p=>20, p=0, —Ipl+p=0.

Now, we consider two new generic shape functions to investigate the existence of the WH. For the first
specific shape function by equation (19) ECs are presented in figures 2—7. For the second specific shape function
by equation (21) ECs are graphically plotted in figures 8—13. The energy density is observed positive in all cases
under both specific shape functions. The NEC and SEC are also violated in both f(R, T) gravity and GR case. The
violating behavior of NEC is necessary to check the presence of exotic matter. It is found that NEC and WEC are
violated which represents the existence of exotic matter.

4, Thin-shell around wormholes structure

Here, we consider the exterior manifold (+) as Schwarzschild BH and inner manifold (—) as a traversable WH
with two different choices of shape functions. Then, we explore the effects of shape function as well as physical
parameters on the stable configuration of thin-shell through linearized radial perturbation. We want to build a
thin shell around WH solutions using two types of shape functions in the context of f (R, T) gravity.
Mathematically, we can write
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p—p; for f(R,T)
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=0.75and A = 0.5.
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Figure 4. Plots of p — p, for f(R, T) gravity (Left) and GR (right) for first specific shape function by equation (19) with ay = 0.20,

a; = 0.30, a, = 0.40,y

=0.75and A = 0.5.

p+p; for f(R,T) — o+p; for GR

or . . ; - . ; . ,

{ - 0.0030 0.0066
ik . = 0.0018 0.0044

15 0.0008 0.0022

n oR i
-0.0006 0

L

i . -0.0018 -0.0022
0

Figure 5. Plots of p + p, for f(R, T) gravity (Left) and GR (right) for first specific shape function by equation (19) with ay = 0.20,

Figure 6. Plots of p — p, for f(R, T) gravity (Left) and GR (right) for first specific shape function by equation (19) with a, = 0.20,
a; = 0.30, a, = 0.40,y = 0.75and A = 0.5.

p—p; for (R, T) p—-p; for GR
e ; . : . .
0.012 0.00280
0.008 0.00168
0.004
n 0.00056
0
-0.00056
-0.004
-0.00168
r r

dst = —TL (ry)"'dri — r1d0% — r}sin? 0+d¢i + T (ry)dt],
the metric function of outer (+) manifold is given as

2
M(ry) = LT
[£3

In the Schwarzschild solution, the mass m only appears as an integration constant. By considering WH as a
interior manifold (-), we can write

2
ds? = —e200dt2 1 240 + _dr- + risin? 0_do?,
T (r)

(22)

(23)

24
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P+p,+2p, for f(R,T) - p+p+2p; for GR
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-0.0032

Figure 7. Plots of p + p, + 2p,for f(R, T) gravity (Left) and GR (right) for first specific shape function by equation (19) with
ag = 0.20, a; = 0.30, a, = 0.40,y = 0.75and A = 0.5.
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T
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Figure 8. Plots of p for f(R, T) gravity (Left) and GR (right) for second specific shape function by equation (21) with L = 0.50,
ay = 0.20, a, = 0.30, a, = 0.40,v = 0.75and A\ = 0.5.

p+p; for f(R,T)
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Figure 9. Plots of p + p, for f(R, T) gravity (Left) and GR (right) for second specific shape function by equation (21) with L = 0.50,
ay = 0.20, a, = 0.30, a, = 0.40,y = 0.75and A\ = 0.5.

where

Iy =20 (25)
T
Visser developed the use of a cut-and-paste approach to creating a thin-shell by combining two identical
copies of BH spacetimes at a hypersurface. This technique is used in the current paper to create the geometry of
the thin-shell surrounding WH spacetime. For this purpose, we cut this spacetime into the following regions as

ME = {rf <x, x> 1), (26)

where x is known as the radius of the thin-shell and r, represents the position of the event horizon of
Schwarzschild BH. The interior WH geometry and exterior BH spacetime are connected at (2+1)-dimensional
manifold referred to as hypersurface given as
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Figure 10. Plots of p — p, for f(R, T) gravity (Left) and GR (right) for second specific shape function by equation (21) with L = 0.50,
ay = 0.20, a, = 0.30, a, = 0.40,y = 0.75and A\ = 0.5.
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Figure 11. Plots of p + p, for f(R, T) gravity (Left) and GR (right) for second specific shape function by equation (21) with L = 0.50,
ag = 0.20, a; = 0.30, a, = 0.40,y=0.75and A = 0.5.
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Figure 12. Plots of p — p, for f(R, T) gravity (Left) and GR (right) for second specific shape function by equation (21) with L = 0.50,
ag = 0.20, a; = 0.30, a, = 0.40,y = 0.75and A = 0.5.

Y ={rf=x x> . (27)

This procedure gives a unique regular manifold and mathematically it can be expressed as
M = M~ U MT.1t’'s worth noting that the developed structure’s event horizon and singularity can be avoided
by choosing a shell radius bigger than the Schwarzschild BH’s event horizon radius. According to the Darmois-
Israel formalism, the coordinates of considered manifolds and hypersurface are in the following form
¥l = (ts 1s, 04, ¢y )and ni = (7, 0, ¢), respectively. Here T represents the proper time over the hypersurface.
These coordinate systems are related to one another by using the following coordinate transformation

§i = D o S (28)
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Figure 13. Plots of p + p, + 2p,for f(R, T) gravity (Left) and GR (right) for second specific shape function by equation (21) with
L =0.50,ay = 0.20, a; = 0.30, a, = 0.40,7=0.75and A = 0.5.

The respective parametric equation for the hypersurface is defined as
X:R(r, ) =1r—x(1)=0.

At hypersurface, the reduced form of Einstein field equations (Lanczos equations) is used to analyze the physical
properties of matter distributions are given as

1
55 = —(E5¢] = ¢ 29)
where (5 = K o3 — Ko and K5 represents the components of extrinsic curvature. For perfect fluid distribution,

the stress-energy tensor is expressed as S% 3 = diag (p, p, p). The surface density and pressure at ¥ is denoted with p
and p, respectively. The extrinsic curvature of the interior and exterior geometries are defined as

oy Ay \( Oy
Kjf@ = —nj s + T D || P , (30)
on°n? on> )\ on’

where n{ is denoted as unit normals. By using Lanczos equations, we get

%) 2m b(x)

K} X ———1—1—\/ +x2+1

oo L /] _\/ x , (31)
4m 47

_ [Kgl + [K]1 1 [x('(x) — 262 + &x + 1) + b(x) 2(x2x + kx4 x — m)

= , (32)
87 8mx [ b(x) + 5241 x ,)'CZ _ 27”‘ +1
while
b’(x),/x T (x2+25cx+1)(\/x2—27m+1—\/ M 4 +1)

47rx\/ L +1\/ ET

where the proper time derivative is represented with overdot. Now, it is assumed that the thin-shell of the
developed geometry does not move along its radial direction at equilibrium shell radius x,. Therefore, it is
interesting to mention that the proper time derivative of shell radius vanish, i.e., ¥y = 0 = Xj. Hence, we have

— {\/__+1_\/h(xo)+l}
471'x0

1] xo('(x0) — 2) + b(xo) 2(xg — m)

= 34
Po 8mxg B b(xo) I (34)
and
b’(xo)\/l—— +\/1 b \/1——
oo + 2p, = (35)

47rxo\/1 bes) \/1 2
X0

where density and pressure at equilibrium position are denoted with o, and py, respectively.
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Itis noted that oy < 0leads to the violation of weak as well as dominant energy constraints. Such violations
indicate that the thin shell around WH is filled with exotic matter. Such type of distributions at thin-shell
produce repulsion against collapse and also help to keep it open. As a result, the created structure is physically
suitable for observer mobility inside this configuration.

5. Stability analysis through radial linear perturbation

Now, we want to use linearized radial perturbation at x = x to investigate the stable configuration of a developed
thin-shell around WH geometry. We get the equation of motion of the shell from equation (31) as follows:

X2+ V() =0, (36)
the thin-shell effective potential function is denoted with V(x). Itis defined as
mb (x) b(x)? b(x) m? y o, M
Vix) = — — — —4rx*0” — — + 1. 37
) l167%x*0?  64nxic? 2x 167202 x 7

Itis worthwhile that the components of stress energy tensor follows the energy conservation constraints as
d 2 d 2
p—@nx?) + —(4mx*o) =0, (38)
dr ar

which turns out to be

2ot pl)

(39
x

We employ Taylor series to expand the effective potential up to second order terms around the equilibrium shell
radius for stability analysis.

V) = Vixg) + (x — x0)V(xo) + %(x ~ %0)2V"(x0) + O[(x — x0)°]. (40)
Itis noted that V (xy) = 0 = V’(x,). Hence, we get
Vix) = %(x — x0)2V"(x0). (41)

In terms of energy density and pressure, thin-shell mass and its radial derivatives are given as
M (xo) = 4mx¢ 00, M'(xo) = —8mxop,, M"(x0) = —8mp, + 1671'55(0’0 + Po)s

here 5(2) =dp / do|y—x,is a EoS parameter. So, we get

V7(xg) = —W{—xa‘wzm ~ b)) (M"2m — b(xp)) — 4M'V(x0))

+ xg M2((b(xo) — 2m)b" (x0) + b'(x0)%)
+ xoM* (xo(xob" (x0) — 2b'(x0) + (M')?) + 2b(x) 4 4m) + 3x5 (M")?(b(xe) — 2m)?
+ xoM°(xogM" — 4M") + 3M°}. (42)

The second derivative of the potential function at x = x, may be used to illustrate thin-shell stability as
follows: [15]

(1) For stable = V"(x,) > 0,

(ii) For unstable = V"(x;) < 0,

(iii) Unpredictable = V”(xy) = 0.

We’'lllook at the first scenario to see if the established structure is stable. Hence, equation (42) becomes
—(—=00(2m — b(x0)) (32mxopyb’(x0) + (2m — b(xo))(167Tfé(P0 + o0) — 87py)) + 487TP02(17(960) — 2m)?
+4mxg o5 ((b(xe) — 2m)b"(x0) 4 b'(x0)?) + 64mx5 0(x b (x0) — 2x0b'(x0) + 2b(x0) + 64mx3p; + 4m)
+2048mx§ 05 (€ + 3)p, + 2&500) + 30727mx 5 0g) (1287x§ )™ > 0,

(43)
Stability constraints (43) can also be written in the following format:

V'(x0) >0, = A(x0)& — & > 0. (44)
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Here, the coefficient of EoS parameter is denoted with A(xg) = Ao and remaining terms are named
as S(Xo) = 60.
The geometrical configuration of thin-shell is explored by using stable regions which can expressed as

(i) For A < 0= & < &/ Ao

(i)For Ao > 0= & > Eo/ Mo

where

Eo=b(xo)(8(mp,(6p, + o) — 4mx50h) — x000(x00b" (x0) + 8p,b' (x0)))
+ x000(2x0 00 b" (x0) (m — 87%x505) + b’ (x0)(—x000b'(x9) + 327%x5 0> + 16mp,)) — 2p,b(x0)*(6p, + 00)
— 83215 0y (4p; + 6py00 + 304) + 8y may + mPp(6p, + 00)),

Ao = 40y(p, + 00)(4mb(xo) — b(xo)? + 256m*xSohs — 4m?).

Stability regions are used to investigate the properties of thin-shell surrounding WH geometry for both the shape
functions given as:

1
bi(x) = ﬁ(Z In(rp) (—ao In(xo) + n(ag + a1)) — 2nIn(xe)(ag + ar)
+ agln(xd) + aoln(rd) + 2n2(ap + a1 + ay)),
baon) = = (@o2n*ef = 1) = 2LnCef = 1) + 1)

+ L(ay(=2nx{ + 2nrf + L) + a,L)) + L(In(x,) — In(rp))
X (aoL(In(xo) — In(ry)) — 2(ao@n(ry — x¢) + L) + a1L))).

Now, we consider both shape function to discuss stability regions of developed structure. For this purpose,
we use &)/ A\ to obtain the stability regions for ap = 0.2,a;, = 0.3,a5 = 0.4,n = 9,17y = 0.1, m = 0.5.

+ For the first case of shape function, figures 14 and 15 express the graphical behavior of £y/ \g. The brown
region represents the stable regions and light gray and white regions show unstable regions for suitable choices
of physical parameters. Figure 14 shows the stable regions for different values of #n and noted that the position
of an event horizon is decreased as n increases. figure 15 shows the effects of the mass of the Schwarzschild BH
on the stable regions of the shell. It is noted that stable regions are found for every suitable value of physical
parameters.

+ For the second case of shape function, we explore characteristics of geometrical structure for different values
of m and integration constant L as shown in figures 16 and 17. It is found that the number of an expected event
horizon increases for the second shape function as compared to b,(x,). It represents the possibility of stable/
unstable regions throughout the domain of shell radius for suitable values of physical parameters.

6. Concluding remarks

However, the recent observational restrictions have not recognized stable WHs with traversability conditions.
The WH geometry has a critical role in numerous significant problems in the framework of gravitation. WH
might define our only prospect for interstellar in the far future. Most WH solutions are considered black hole
mimickers and the outstanding evolution in the past few years in our competence in revealing the strong gravity
region of black holes has reinvigorated new studies to check whether astrophysical blacks are the mouths of WHs
towards the regions of the Universe. Many works have been done in the framework of modified theories of
gravity to check the nature of the involved matters regarding WH existence. Lobo and his coauthors [59-62]
presented some most general conditions in the background of different modified gravity, in which the matter
threading the wormhole throat satisfies all of the energy conditions. They also provided the reason for it that the
higher order curvature terms, which may be interpreted as a gravitational fluid, support these nonstandard
wormhole geometries. In the current study, we have checked the effect of two new shape functions on the energy
conditions in the background of f (R, T) and GR cases. In the current analysis, we have chosen two generic new
shape functions for WH geometry. The energy conditions, like, NEC, WEC, DEC, and SEC have been checked
by using the two new generic shape functions. The investigation regarding the behavior of energy conditions has
confirmed the violation of the energy conditions in both cases, i.e., f (R, T) and GR case. For the traversable WH
the nature of the matter, the especially exotic matter has a special role in the current study. In both cases under
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Figure 14. Stable regions for the choice of first shape function (case(i)) for different values of . The straight line shows the position of
expected event horizon of the developed structure. Stable regions are denoted with brown color while light gray and white colors show
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Figure 15. Stable regions for the choice of first shape function (case(i)) for different values of .

005

both WH models the violating behavior of energy conditions, especially NEC has confirmed the presence of
exotic matter. Some outcomes of this study are listed below:

+ All the required necessary conditions for WH stable solutions are provided in figure 1, including flaring out

and flatness conditions.

+ The energy density, which is provided in figures 2 and 8 is observed as positive in f (R, T) gravity, while it is seen
as negative in the partial region for GR case.

+ The NEC s also discussed with graphical regions (figures 3 and 9), which is noticed with violating behavior.

+ The SECis shown graphically in figures 2 and 8, which is seen as negative in all cases and hence supports the

violation.

Further, We have also examined the stability of a thin-shell around a WH geometry in the background of f (R, T)
gravity. We used the Schwarzschild black hole as an outside geometry and produced WH solutions with two
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Figure 16. Stable regions for the choice of second shape function (case(ii)) for different values of L.
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Figure 17. Stable regions for the choice of second shape function (case(ii)) for different values of m.

different shape functions as an inner manifold. The stability of thin-shell geometry surrounding WHs is explored
by using linearized radial perturbation over the equilibrium position of the shell radius. It should be highlighted
that stable regions are achieved for both shape functions with appropriate values of physical parameters. Itis
interesting to mention that the second shape function provides more possibility for stable structure
comparatively by (x,). It is interesting to mention here that our constructed WH solutions satisfy all the required
conditions that should be present for the existence of WH solutions. In f(R, T) gravitational theory, we have
obtained that the NEC, as well as WEC for the resulting WHs, is violated so, our results are consistent with the
that discussed before [63—68].
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