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Abstract
This analysis is devoted to exploring the interesting aspects of wormhole geometry. The energy
conditions are checked for two different new generic shape functions, which satisfy the required
wormhole properties. The presence of exoticmatter is confirmed due to the violation of the energy
conditions in the background of f (R,T) gravity as well as in the general relativity case. The traversable
wormholes respecting the null energy conditions can be realized in both considered frameworks. A
thin-shell around awormhole geometry with two different generic shape functions is obtained by
using the cut and paste approach taking Schwarzschild spacetime as an exteriormanifold. The stability
of thin-shell is exploredwith linearized perturbation along the equilibrium shell radius. Stable regions
and the position of the expected event horizon depend on the choice of physical parameters. It is
concluded that the number of expected event horizons increases for the second shape function.

1. Introduction

Awormhole (WH) is a speculative region of spacetime that behaves like a shortcut connection between distinct
regions of spacetime through a tunnel. A traversableWHprovides a shortcut path having aminimal surface area
between two points dubbed asWH throat throughwhich amoving observer attempting to cross theWH tunnel
falls into the singularity.Wormholes were described byMisner andWheeler [1] as solutions of the Einstein field
equations. To avoid theWH throat shrinking, the first traversableWH is introduced byMorris andThorne [2].
To preserve their geometry, theseWHsolutionsmustmeet the flare-out condition inwhich a thin layer of an
exoticmatter (violating the averaged null energy constraints) causes repulsion against theWH throat collapsing.
The elimination of an event horizon allows observers to journey across both universes through the flat faces of a
traversableWH,which is one of itsmost distinguishing features.

An essential characteristic of traversableWHs that suggests the presence of exoticmatter necessary for their
stability and existence is the violation of theweak and null energy constraints. Visser [3]presented a suitable
approach to building a thin-shellWH structure by reducing the amount of exoticmatter which allows free
movement across the cosmos. The stable characteristics of traversableWHswhileminimizing the violation of
the null energy condition (EC) are investigated by Shinkai [4]. By choosing a suitable configuration for theWH,
Visser et al [5] found that the violation of the null energy requirement can beminimized. Later, the stability
regions ofWHsolutions are studied byHayward andBouhmadi-López et al [6]. In the study ofWHsolutions
supported by generic equations of state, Parsaei andRastgoo [7] showed that different types of equations of state
have a great impact to reduce the null EC violation. Additionally, they discovered that the solutions fulfill the
asymptotical flatness criterion and are also consistent with large-scale observational data.

According to some cosmicdata, a periodof accelerated expansionof theUniverse is currently occurring,which is
thought to be causedby anunusual energy source knownasdark energy [8]. Thephantomenergy,Chaplygin gas,
quintessence, and tachyonmatter have all been investigated as potential sources of exoticmatter at theWHthroat.
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Shushkov [9] formed static spherically symmetricWHsolutions in the backgroundof thephantomtypeofmatter
distributionwhich is considered a sourceof exoticmatter. Lobo [10] explored thephysical configurationofphantom
WHgeometry and traversableWHsare developedwith the vanderWaals quintessence in [11].

Themost spectacular and effective approaches to revealing the hidden characteristics of the cosmos and
supporting the cosmic expansion are said to be alternative gravity theories. The function of curvature invariant is
added to or substituted for in the geometric component of the Einstein-Hilbert action to create these theories.
Modified theories of gravity have drawn a lot of interest in the analysis of the current behavior of theUniverse.
Themost straightforward strategy in this context is the f (R) theory (R is the Ricci scalar), which has been
extensively employed to investigate dark energy and theUniverse’s continuing expansion [12].Without
violating the required energy constraints, Lobo andOliveira [13] developed theWHsolutions in the f (R) theory.
Eiroa andAguirre [14] investigated the stability of thin-shell spherical LorentzianWHs in f (R) theory in the
background of electromagnetic field by using symmetry preserving perturbation. In the framework of Einstein-
Maxwell-dilaton theory, Övgün and Jusufi [15] formed a charged spherically symmetric dyonic thin-shellWH
and demonstrated that the stable domain of the dyonic thin-shellWHcan be increased in terms of electric
charge, dilaton charge aswell asmagnetic charge.Mazharimousavi [16] demonstrated that thin-shellWH
cannot be formed in the black hole spacetime solution of charged f (R) theory.

The geometrical configuration and stability of traversableWHswere investigated by Lobo et al [17] in the
context of Palatini f (R) gravity. It is found that thin-shellWHs constructed fromRNBHaremore stable than
Schwarzschild BH.Using the Rastall gravity and anisotropic fluid distribution, Lobo et al [18] developed thin-
shellWHs for static black holes. They determined the stability ofWHs filledwith various bulk sources and
analyzed that stable regions of developed structures through effective potential aremodified due to theRastall
parameter. Hassan et al [19] investigated the stability ofWH solutionswith two particular shape functions in
f (Q) gravity whereQ denotes the non-metricity tensor. For the power-law f (R)model, Capozziello et al [20]
found traversableWHswith two specific shape functions. Recently, the phantom traversableWHgeometries in
Rastall gravity are developed by Javed et al [21]. They also determined the stable configuration of the thin shell
with a speed of sound parameter and the physical features of the shell.

Thismodified f (R) theory was further generalized by incorporating the idea of curvature-matter coupling.
These theories are non-conservedwith an additional force that alters the path of the particle. Thesemodified
approaches play a key role to study cosmicmysteries. Theminimal coupling is introduced as ( )f T,R theory
[22].WH solutions in the region of this theory can be found from the associated field equationswith different
f (R,T)models. Houndjo et al [23] used f (R,T)= f1(R)+ f2(T) and reconstructed various cosmologicalmodels.
Shamir [24] formulated exact solutions of Bianchi typeV spacetime in f (R,T) gravity via constant deceleration
parameter (yielding non-singularmodel) and variation law ofHubble parameter (yielding singularmodel). They
calculated the physical quantities for evaluatedmodels. Yousaf et al [25] investigated the compact object’s
evolution using structure scalars in the framework of f (R,T) gravity and showed that evolutionary stages can be
examined bymodified scalar functions. Yousaf et al [26] discussed the stability as well as the physical existence of
anisotropicWH solutions evenwhen the exoticmatter is not present. The f (R,T)= f (R)+ λTmodel is used to
developWHstructure in [27].Moraes and Sahoo [28] discoveredWHsolutions that fulfill the energy
constraints in the vicinity of the exponential f (R,T) theory. The chargedWH solutions in f (R,T)-extended
theory is developed byMoraes et al [29] andMandal et al [30] examined the energy conditions for f (R,
T)= R+ f (T) gravity with a hybrid type of shape function. Sharif et al [31–35] explored the stability of various
thin-shellWHs inGR and developedWHgeometries in differentmodified theories of gravity. TraversableWH
structures are developed in traceless f (R,T) gravity by Sahoo et al [36]. By taking themodel f (R,
T)= λT+ R+ αR2,Mishra and Sharma [37] obtainedWHs using a hybrid formof shape function. Yousaf et al
[38] observed a vacuumcavity around the center of symmetry for static fluid configuration admitting
hyperbolically symmetric structure and imposed the condition of the stiff equation of state aswell as conformal
flatness to formulate severalmodels.

Themost intriguing cosmic entity that can be created in general relativity is the time-like thin-shell in
spherically symmetric static spacetimes. In 1966, Israel [39] published a fundamental study that established a
concrete framework for creating time-like shells in general by gluing two distinctmanifolds at the position of the
thin shell. Self-gravitating thin-shells are the solutions of a given gravitational theory describing two regions
separated by an infinitesimally thin regionwhere thematter is confined. TheRandall-Sundrumbraneworld
scenario to the gravitational collapse [40], shells around black hole solutions [41], matchings of cosmological
solutions [42], and the evolution of bubbles and domainwalls in cosmological settings [43] are all examples of
how theDarmois-Israel thin shell formalism, a fundamental tool inClassical General Relativity, has found
extensive applications in the literature.Many researchers have developed thin-shell by using cut and paste
approach in the background of different interior and exteriormanifolds, i.e., thin-shell (taking innerflat exterior
BHgeometry) [44, 45], thin-shellWHs (through thematching of two equivalent copies of BHgeometries)
[46, 47], gravastars (through joining of inner de Sitter and outer BH spacetime) [48, 49]. An interesting
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application toWHphysics was done in [50], where Frolov andNovikov demonstrated that if one of theWH
mouths is inserted in an external gravitational field, for instance, a thin shell is placed around one of the
traversableWHmouths, the Killing vector field is well-defined locally but does not exist globally, enabling the
transformation of theWH into a timemachine. A similar concept for gravastar is used byMazur andMottola
[48], where an interior region is replacedwith de Sitter core and a phase transition is considered at event horizon
2M. Lobo [51] determined surface stresses on the thin shell from the interior solution of a spherically symmetric
traversableWH to a particular outer vacuum solution at a junction interface. Additionally, he investigated the
constructed geometry’s stability and dynamical behavior using surface stresses. Using a cut-and-pastemethod,
Garcia et al [52] studied the stability of thin-shell structures derived fromWHgeometries and discovered that
exoticmatter significantly affects stable configuration. By assuming barotropic EoS, Forghani et al [53]
developed an asymmetric thin-shell from two traversableWHswith various redshift functions. Bymerging a
traversableWHwith standard BHs (Bardeen andHayward BHs), Sharif andAshraf [54] created athin-shell
structure and studied its stability as well as dynamics. These research articlesmotivate us to develop a thin-shell
around traversableWH in the background of themodified theory of gravity. Then, we explored the stability of
the developed thin-shell by using linearized radial perturbation at the equilibrium shell radius.

This paper is devoted to studying. In section 2, the f (R,T) gravity is explored and amodified version offield
equations are calculated. In the same section 2, new genericWH solutions are presented. All the energy
conditions are provided in the next section 3. In section 4, thin-shells around calculatedWHs configurations are
discussed. The stability analysis through radial linear perturbation ismade for both genericWHmodels in
section 5. Finally, we conclude our results in the last section.

2. f (R,T) gravity andwormhole geometry

The action ofmodified f (R,T) gravity theory is provided as:

( ) ( )ò òp
= - + -S f R T g d x L g d x

1

16
, , 1m

4 4

where Lm is the Lagrangian density. One can get the following equation by taking the variation of the above
action:
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Now, by contracting the above equation, we have the following expression:

( ) ( ) ( ) ( ) ( ) ( )p - - Q = + -T f R T T f R T f R T R f R T f R T8 , , , 3 , 2 , . 3T T R R

These two above equations involve the operator∇, which is known as covariant derivative and,, which is
known as d’Alembert operator. Further, fR(R,T) and fT(R,T) correspond to the function derivative with respect
toR andT respectively, while the tensorΘμν is given as:
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whereTμν is a usual energymomentum tensor. By taking the help from [55], we suppose that Lm depends only
on themetric components gαβ, sowe obtain energymomentum tensor as:
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It is interesting tomention that an extra force depends on the formof thematter lagrangian [56]. It was discussed
in [57] that by taking Lm= p, with p being the amount of the total pressure, the extra force vanishes. On the other
hand,more natural forms for Lm, such as Lm=− ρ, with ρ being the energy density, aremore generic, in the
sense that they do not imply the vanishing of the extra force. In current study, we areworkingwith thematter
Lagrangian is Lm=− ρ. Hence, equation (4) can be revised as

( )rQ = - -mn mn mnT g2 . 6

Now, by using the equation (3) in equation (2), we have the followingfinal relation forfield equations:
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A static and spherically symmetric spacetimemetric representingWHgeometry is given as:

( ) ( )( ) q q f= - + - + +F
-

ds e dt
b r

r
dr r d r d1 sin , 8r2 2 2

1
2 2 2 2 2 2⎛

⎝
⎞
⎠

whereΦ(r) is the red-shift function and b(r) is the shape function. TheWH throat joins two asymptotic regions,
i. e., b(r0)= r0. Theflaring-out requirement, ( )¢ <b r 1, which should valid at or near the throat,must be satisfied
by the shape function b(r). Themetric functionsmust obey the requirementsΦ(r) and b(r)/r tend to zero as r
approaches to∞ to have asymptotically flat geometries. For the current analysis, we arefixing ( )F =r Constant ,
i.e., F¢ = 0. The anisotropic source ofmatter is defined via energy-momentum tensor as:

( ) ( )ru u c c u u c c= + + - -zh z h z h z h zh z hT p g p , 9r t

where υζ denotes the 4-velocity vector of ( )u d=z z-Fe r
0 and

( )c d= -z z1 b r

r 1 , whichmust satisfy the

conditions υ ζυζ=− χζχζ= 1.Nowby using equation (8) and equation (9) in equation (7), we have following
expressions for energy density and pressure components:
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where

( ) ( ( ( )) ( ) ( )) ( )pº = + + +X X r T f R T f R T R f R T
1

4
8 , , , . 13T R R

Ricci scalar for spacetime, which is given in equation (8) is
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The abovementioned systemof equations is not easy to solve for ρ, pr and pt as it has higher order derivatives
with a number of unknowns. Tomake these calculations easy, we choose the split-up scenariowhich is f (R,
T)= f2(T)+ f1(R). By considering f2(T)= λTwith coupling constantλ. Then, by incorporating f (R,T)with split
form in equations (10)–(12), we have the following final version of the field equations
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Now,we are going to consider a nonlinear function for f1(R), which is defined as:

( ) ( )g= +f R R R , 191
2

where γ is themodel parameter. By taking γ= λ= 0, we get theGR case. In the current study, we try to check
the difference in the behavior of ECs between f (R,T) andGR cases. The adoptedmodel like f (R,T)= f2(T)+
f1(R)= R+ γR2+ λT involves a particular case of well-known Starobinskymodel [58]withmatter coupling. It
is an interesting tomention that, in the StarobinskymodelR+ γR2, amaximumvalue of configurationmass or
beyond is reachedwhen the value of the parameter γ is chosen to be negative. But, this leads to an issue;
specifically, the Ricci scalar performs a damped oscillation. On the other hand, the Ricci scalar smoothly
decreases to zero as we approach towards infinity for positive values of parameter γ. The other involvematter
coupling parameter likeλ can be chosen freely. In the current study, we shall fix its positive values.
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2.1. Newwormhole solutions
In this section, we shall discuss theMorris andThorne [2] conditions for two new generic shape functions. The
radial coordinate r varies between r0� r<∞ , with radius of throat r0. In addition, the shape function b(r)
necessity follows traversableWH throat condition: at the throat i.e., at r= r0, b(r0)= r0, and for r> r0 we have

( )- >1 0b r

r
. For theflaring-out condition, the following restrictionmust be confirmed as ( ) <¢b r 10 . To

acquire the asymptotically flat regions, the following expression: b(r)/r→ 0 as r→∞ should be satisfied.Now,
we consider twomost generic shape functions, which are expressed as

( ) ( ( )( ( ) ( )) ( )( ) ( )

( ) ( )) ( )

= + - - + + + +

+ +

b r
n

r n a a a r n r a a n a a a

a r a r
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2
2 ln ln 2 ln 2

ln ln , 20

2 0 0 1 0 0 1
2

0 1 2

0
2

0 0
2

( ) (( ( ( ) ( ) ) ( ( ) ))

( ( ) ( ))( ( ( ) ( )) ( ( ( ) ) ))) ( )

= - - - + + - + + +

+ - - - - + +

b r
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a n r r Ln r r L L a nr nr L a L

L r r a L r r a n r r L a L

2

2
2 2 2 2

ln ln ln ln 2 2 , 21

L L L L L L

L L

2 0
2

0
2

0
2

1 0 2

0 0 0 0 0 1

where 0.1< L< 1.0, 0.1< a0< a1< a2< 0.5, and−2< n< 2. According toMorris andThorne [2], our
presented shape functionsmeet the essential conditions for the existence of awormhole. Both the chosen shape
functions are observed as positive with increasing behavior, which can be confirmed from thefigure 1. The
derivative of both theWHsmodels with respect to the radial coordinate, i.e., db

dr
is noticed as less than one, which

affirmed theflaring out condition. Figure 1 presents all the required conditions graphically under the particular
values of the involved physical parameters.

3. Energy conditions

The ECs are themost suitable approach to validate the physically acceptablemodel. These violations of such ECs
show the occurrence of exoticmatter (matter with exotic nature). There are fourwell-knownECs namedweak
(WEC), null (NEC), dominant (DEC) and strong (SEC). For physically acceptableWHmode, the null andweak
ECsmust be violated. Due to the presence of normalmatter distributions, such as are verified for the positive
behavior of energy density aswell as pressure in general relativity and f (R,T) gravity. ForWHconfiguration, we
will check the null andweak ECswhich are necessary for the physical acceptability of theWH structure.
Mathematically, these conditions can be defined as

Figure 1. Shows the evolution ofWHproperties with L = 0.50, a0 = 0.20, a1 = 0.30, a2 = 0.40, and n = 0.7.
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whereV γ and k γ are represent timelike and null vectors, respectively. In terms of energy density and pressure, we
canwrite
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Now,we consider twonew generic shape functions to investigate the existence of theWH. For thefirst
specific shape function by equation (19)ECs are presented infigures 2–7. For the second specific shape function
by equation (21)ECs are graphically plotted infigures 8–13. The energy density is observed positive in all cases
under both specific shape functions. TheNEC and SEC are also violated in both f (R,T) gravity andGR case. The
violating behavior ofNEC is necessary to check the presence of exoticmatter. It is found thatNEC andWECare
violatedwhich represents the existence of exoticmatter.

4. Thin-shell aroundwormholes structure

Here, we consider the exteriormanifold (+) as Schwarzschild BH and innermanifold (−) as a traversableWH
with two different choices of shape functions. Then, we explore the effects of shape function aswell as physical
parameters on the stable configuration of thin-shell through linearized radial perturbation.Wewant to build a
thin shell aroundWHsolutions using two types of shape functions in the context of f (R,T) gravity.
Mathematically, we canwrite

Figure 2.Plots of ρ for f (R,T) gravity (Left) andGR (right) forfirst specific shape function by equation (19)with L = 0.50, a0 = 0.20,
a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.

Figure 3.Plots of ρ + pr for f (R,T) gravity (Left) andGR (right) forfirst specific shape function by equation (19)with a0 = 0.20,
a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.
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( ) ( ) ( )q q f= -P - - + P+ + +
-

+ + + + + + + + +ds r dr r d r d r dtsin , 222 1 2 2 2 2 2 2 2

themetric function of outer (+)manifold is given as

( ) ( )P = - ++ +
+

r
m

r

2
1, 23

In the Schwarzschild solution, themassm only appears as an integration constant. By consideringWHas a
interiormanifold (-), we canwrite

( )
( )( ) q q f= - + +

P
+f

- - - -
-

- -
- - -

-ds e dt r d
dr

r
r sin d , 24r2 2 2 2 2

2
2 2 2

Figure 4.Plots of ρ − pr for f (R,T) gravity (Left) andGR (right) forfirst specific shape function by equation (19)with a0 = 0.20,
a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.

Figure 5.Plots of ρ + pt for f (R,T) gravity (Left) andGR (right) for first specific shape function by equation (19)with a0 = 0.20,
a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.

Figure 6.Plots of ρ − pt for f (R,T) gravity (Left) andGR (right) for first specific shape function by equation (19)with a0 = 0.20,
a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.
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where

( ) ( ) ( )P = - +- -
-

-
r

b r

r
1. 25

Visser developed the use of a cut-and-paste approach to creating a thin-shell by combining two identical
copies of BH spacetimes at a hypersurface. This technique is used in the current paper to create the geometry of
the thin-shell surroundingWH spacetime. For this purpose, we cut this spacetime into the following regions as

{ } ( ) = > r x x r, , 26h

where x is known as the radius of the thin-shell and rh represents the position of the event horizon of
Schwarzschild BH. The interiorWHgeometry and exterior BH spacetime are connected at (2+1)-dimensional
manifold referred to as hypersurface given as

Figure 7.Plots of ρ + pr + 2pt for f (R,T) gravity (Left) andGR (right) forfirst specific shape function by equation (19)with
a0 = 0.20, a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.

Figure 8.Plots of ρ for f (R,T) gravity (Left) andGR (right) for second specific shape function by equation (21)with L = 0.50,
a0 = 0.20, a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.

Figure 9.Plots of ρ + pr for f (R,T) gravity (Left) andGR (right) for second specific shape function by equation (21)with L = 0.50,
a0 = 0.20, a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.

8

Phys. Scr. 97 (2022) 125010 F Javed et al



{ } ( )S = = >r x x r, . 27h

This procedure gives a unique regularmanifold andmathematically it can be expressed as
  È= - +. It’s worth noting that the developed structure’s event horizon and singularity can be avoided
by choosing a shell radius bigger than the Schwarzschild BH’s event horizon radius. According to theDarmois-
Israel formalism, the coordinates of consideredmanifolds and hypersurface are in the following form

( )q f=g
    y t r, , , and η i= (τ, θ,f), respectively. Here τ represents the proper time over the hypersurface.
These coordinate systems are related to one another by using the following coordinate transformation

( )
h h

=
¶
¶

¶
¶

g b

gbg
y y

g . 28ij i j

Figure 10.Plots of ρ − pr for f (R,T) gravity (Left) andGR (right) for second specific shape function by equation (21)with L = 0.50,
a0 = 0.20, a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.

Figure 11.Plots of ρ + pt for f (R,T) gravity (Left) andGR (right) for second specific shape function by equation (21)with L = 0.50,
a0 = 0.20, a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.

Figure 12.Plots of ρ − pt for f (R,T) gravity (Left) andGR (right) for second specific shape function by equation (21)with L = 0.50,
a0 = 0.20, a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.
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The respective parametric equation for the hypersurface is defined as

( ) ( )t tS = - =R r r x: , 0.

At hypersurface, the reduced formof Einstein field equations (Lanczos equations) is used to analyze the physical
properties ofmatter distributions are given as

( ) ( )
p

d z z= -b
a

b
a

g
g

b
aS

1

8
, 29

where z = -ab ab ab
+ -K K and ab

-K represents the components of extrinsic curvature. For perfectfluiddistribution,
the stress-energy tensor is expressed as ( )r=a

bS diag p p, , . The surface density andpressure atΣ is denotedwithρ
andp, respectively. The extrinsic curvature of the interior and exterior geometries aredefined as

( )
h h h h

= -
¶

¶
+ G

¶

¶

¶

¶ab m

m

a b ln
m

l

a

n

b
    K n

y y y
, 30

2

⎜ ⎟
⎡

⎣
⎢

⎛

⎝
⎜

⎞

⎠
⎟

⎛
⎝

⎞
⎠

⎤

⎦
⎥

where m
n is denoted as unit normals. By using Lanczos equations, we get

[ ] ˙ ˙
( )

( )

s
p p

= - = -
- + - - + +

q
qK x x

x4

1 1

4
, 31

m

x

b x

x
2 2 2

[ ] [ ] ( ( ) ( ˙ )) ( )

˙

( ˙ )

˙
( )

( )p p
=

+
=

¢ - + + +

- + +
+

+ + -

- +

q
q

t
t

p
K K

x

x b x x xx b x

x x

x x xx x m

x x8

1

8

2 ¨ 1

1

2 ¨

1
, 32

b x

x

m

x

2

2

2 2

2 2

⎧

⎨
⎩

⎫

⎬
⎭

while

( )( ) ˙ ( ˙ ) ˙ ˙

˙ ˙
( )

( )

( )
s

p
+ =

¢ - + - + + - + - - + +

- + + - +
p

b x x x xx x x

x x x
2

1 2¨ 1 1 1

4 1 1
, 33

m

x

m

x

b x

x

b x

x

m

x

2 2 2 2 2 2

2 2 2

where the proper time derivative is representedwith overdot. Now, it is assumed that the thin-shell of the
developed geometry does notmove along its radial direction at equilibrium shell radius x0. Therefore, it is
interesting tomention that the proper time derivative of shell radius vanish, i.e., ˙ = =x x0 ¨0 0 . Hence, we have

{ }
( ( ) ) ( ) ( ) ( )

( )

( )

s
p

p

=- - + - - +

=
¢ - +

-
+

-

-

x

p
x

x b x b x x m

1

4
1 1 ,

1

8

2

1

2

1
, 34

m

x

b x

x

b x

x

m

x

0
0

2

0
0
2

0 0 0 0

2

0

0

0

0

0 0

⎧

⎨
⎩⎪

⎫

⎬
⎭⎪

and

( )
( )

( )

( )
s

p
+ =

¢ - + - - -

- -
p

b x

x
2

1 1 1

4 1 1
, 35

m

x

b x

x

m

x

b x

x

m

x

0 0

0
2 2

0
2

0

0

0 0

0

0 0

where density and pressure at equilibriumposition are denotedwithσ0 and p0, respectively.

Figure 13.Plots of ρ + pr + 2pt for f (R,T) gravity (Left) andGR (right) for second specific shape function by equation (21)with
L = 0.50, a0 = 0.20, a1 = 0.30, a2 = 0.40, γ = 0.75 andλ = 0.5.
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It is noted thatσ0< 0 leads to the violation of weak aswell as dominant energy constraints. Such violations
indicate that the thin shell aroundWH isfilledwith exoticmatter. Such type of distributions at thin-shell
produce repulsion against collapse and also help to keep it open. As a result, the created structure is physically
suitable for observermobility inside this configuration.

5. Stability analysis through radial linear perturbation

Now,wewant to use linearized radial perturbation at x= x0 to investigate the stable configuration of a developed
thin-shell aroundWHgeometry.We get the equation ofmotion of the shell from equation (31) as follows:

˙ ( ) ( )+ =x V x 0, 362

the thin-shell effective potential function is denotedwithV(x). It is defined as

( ) ( ) ( ) ( ) ( )
p s p s p s

p s= - - - - - +V x
mb x

x

b x

x

b x

x

m

x
x

m

x16 64 2 16
4 1. 37

2 4 2

2

2 4 2

2

2 4 2
2 2 2

It is worthwhile that the components of stress energy tensor follows the energy conservation constraints as

( ) ( ) ( )
t

p
t

p s+ =p
d

d
x

d

d
x4 4 0, 382 2

which turns out to be

( ( )) ( )s
s s

¢ = -
+ p

x

2
. 39

Weemploy Taylor series to expand the effective potential up to second order terms around the equilibrium shell
radius for stability analysis.

( ) ( ) ( ) ( ) ( ) ( ) [( ) ] ( )= + - ¢ + -  + -V x V x x x V x x x V x O x x
1

2
. 400 0 0 0

2
0 0

3

It is noted that ( ) ( )= = ¢V x V x00 0 . Hence, we get

( ) ( ) ( ) ( )= - V x x x V x
1

2
. 410

2
0

In terms of energy density and pressure, thin-shellmass and its radial derivatives are given as

( ) ( ) ( ) ( )p s p p px s= ¢ = -  = - + +M x x M x x p M x p p4 , 8 , 8 16 ,0 0
2

0 0 0 0 0 0 0
2

0 0

here ∣x s= =dp d x x0
2

0
is a EoS parameter. So, we get

( ) { ( ( ))( ( ( )) ( ))

(( ( ) ) ( ) ( ) )
( ( ( ) ( ) ( ) ) ( ) ) ( ) ( ( ) )
( ) } ( )

 = - - -  - - ¢ ¢

+ -  + ¢

+  - ¢ + ¢ + + + ¢ -
+  - ¢ +

V x
x M

x M m b x M m b x M b x

x M b x m b x b x

x M x x b x b x M b x m x M b x m

x M x M M M

1

2
2 2 4

2

2 2 4 3 2

4 3 . 42

0
0
4 4 0

4
0 0 0

0
4 2

0 0 0
2

0
4

0 0 0 0
2

0 0
4 2

0
2

0
5

0
6

The second derivative of the potential function at x= x0may be used to illustrate thin-shell stability as
follows: [15]

(i) For stable⇒ V″(x0)> 0,

(ii) For unstable⇒ V″(x0)< 0,

(iii)Unpredictable⇒ V″(x0)= 0.

We’ll look at the first scenario to see if the established structure is stable. Hence, equation (42) becomes

( ( ( ))( ( ) ( ( ))( ( ) )) ( ( ) )

(( ( ) ) ( ) ( ) ) ( ( ) ( ) ( ) )

(( ) ) )( )
( )

s p px s p p

p s p s p

p s x x s p s p s

- - - ¢ + - + - + -

+ -  + ¢ +  - ¢ + + +

+ + + + >-

m b x x p b x m b x p p p b x m

x b x m b x b x x x b x x b x b x x p m

x p x x

2 32 2 16 8 48 2

4 2 64 2 2 64 4

2048 2 3 2 3072 128 0,

43

0 0 0 0 0 0 0
2

0 0 0 0
2

0
2

0
2

0
2

0 0 0
2 3

0
3

0
4

0
2

0 0 0 0
2

0
3

0
2

5
0
6

0
5

0
2

0 0
2

0
5

0
6

0
6 3

0
6

0
4 1

Stability constraints (43) can also bewritten in the following format:

( ) ( ) ( )l x >  - >V x x0, 0. 440 0 0
2

0
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Here, the coefficient of EoS parameter is denotedwithλ(x0)= λ0 and remaining terms are named
as ( ) =x0 0.

The geometrical configuration of thin-shell is explored by using stable regionswhich can expressed as

(i) Forλ0< 0⇒ x l<0
2

0 0:

(ii)Forλ0> 0⇒ x l>0
2

0 0,

where

( )( ( ( ) ) ( ( ) ( )))

( ( )( ) ( )( ( ) )) ( ) ( )

( ( ) ( ))

( )( ( ) ( ) )

 s p s s s

s s p s s p s s

p s s s p s s

l s s p s

= + - -  + ¢

+  - + ¢ - ¢ + + - +

- + + + + +

= + - + -

b x mp p x x x b x p b x

x x b x m x b x x b x x mp p b x p

x p p x m m p p

p mb x b x x m

8 6 4 8

2 8 32 16 2 6

8 32 4 6 3 8 6 ,

4 4 256 4 .

0 0 0 0 0
2

0
3

0
4

0 0 0 0 0 0 0

0 0 0 0 0
2

0
3

0
2

0 0 0 0
2

0
3 3

0 0 0
2

0 0

4
0
6

0
4

0
2

0 0 0
2 2

0
3

0
4 2

0 0 0

0 0 0 0 0 0
2 4

0
6

0
4 2

Stability regions are used to investigate the properties of thin-shell surroundingWHgeometry for both the shape
functions given as:

( ) ( ( )( ( ) ( )) ( )( )

( ) ( ) ( ))

( ) (( ( ( ) ( ) )

( ( ) )) ( ( ) ( ))
( ( ( ) ( )) ( ( ( ) ) )))

= - + + - +

+ + + + +

= - - - +

+ - + + + + -

´ - - - + +

b x
n

r a x n a a n x a a

a x a r n a a a

b x
L

a n x r Ln x r L

L a nx nr L a L L x r

a L x r a n r x L a L

1

2
2 ln ln 2 ln

ln ln 2 ,
2

2
2 2

2 2 ln ln

ln ln 2 2 .

L L L L

L L

L L

1 0 2 0 0 0 0 1 0 0 1

0 0
2

0 0
2 2

0 1 2

2 0 2 0
2

0 0
2

0 0
2

1 0 0 2 0 0

0 0 0 0 0 0 1

Now,we consider both shape function to discuss stability regions of developed structure. For this purpose,
we use  l0 0 to obtain the stability regions for a0= 0.2, a1= 0.3, a3= 0.4, n= 9, r0= 0.1,m= 0.5.

• For thefirst case of shape function, figures 14 and 15 express the graphical behavior of  l0 0. The brown
region represents the stable regions and light gray andwhite regions showunstable regions for suitable choices
of physical parameters. Figure 14 shows the stable regions for different values of n and noted that the position
of an event horizon is decreased as n increases.figure 15 shows the effects of themass of the Schwarzschild BH
on the stable regions of the shell. It is noted that stable regions are found for every suitable value of physical
parameters.

• For the second case of shape function, we explore characteristics of geometrical structure for different values
ofm and integration constant L as shown infigures 16 and 17. It is found that the number of an expected event
horizon increases for the second shape function as compared to b1(x0). It represents the possibility of stable/
unstable regions throughout the domain of shell radius for suitable values of physical parameters.

6. Concluding remarks

However, the recent observational restrictions have not recognized stableWHswith traversability conditions.
TheWHgeometry has a critical role in numerous significant problems in the framework of gravitation.WH
might define our only prospect for interstellar in the far future.MostWH solutions are considered black hole
mimickers and the outstanding evolution in the past few years in our competence in revealing the strong gravity
region of black holes has reinvigorated new studies to checkwhether astrophysical blacks are themouths ofWHs
towards the regions of theUniverse.Manyworks have been done in the framework ofmodified theories of
gravity to check the nature of the involvedmatters regardingWHexistence. Lobo and his coauthors [59–62]
presented somemost general conditions in the background of differentmodified gravity, inwhich thematter
threading thewormhole throat satisfies all of the energy conditions. They also provided the reason for it that the
higher order curvature terms, whichmay be interpreted as a gravitational fluid, support these nonstandard
wormhole geometries. In the current study, we have checked the effect of two new shape functions on the energy
conditions in the background of f (R,T) andGR cases. In the current analysis, we have chosen two generic new
shape functions forWHgeometry. The energy conditions, like, NEC,WEC,DEC, and SEChave been checked
by using the twonew generic shape functions. The investigation regarding the behavior of energy conditions has
confirmed the violation of the energy conditions in both cases, i.e., f (R,T) andGR case. For the traversableWH
the nature of thematter, the especially exoticmatter has a special role in the current study. In both cases under
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bothWHmodels the violating behavior of energy conditions, especiallyNEChas confirmed the presence of
exoticmatter. Some outcomes of this study are listed below:

• All the required necessary conditions forWHstable solutions are provided in figure 1, includingflaring out
andflatness conditions.

• The energy density, which is provided infigures 2 and 8 is observed as positive in f (R,T) gravity, while it is seen
as negative in the partial region forGR case.

• TheNEC is also discussedwith graphical regions (figures 3 and 9), which is noticedwith violating behavior.

• The SEC is shown graphically infigures 2 and 8, which is seen as negative in all cases and hence supports the
violation.

Further,We have also examined the stability of a thin-shell around aWHgeometry in the background of f (R,T)
gravity.We used the Schwarzschild black hole as an outside geometry and producedWHsolutions with two

Figure 14. Stable regions for the choice offirst shape function (case(i)) for different values of n. The straight line shows the position of
expected event horizon of the developed structure. Stable regions are denotedwith brown color while light gray andwhite colors show
unstable regions.

Figure 15. Stable regions for the choice offirst shape function (case(i)) for different values ofm.
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different shape functions as an innermanifold. The stability of thin-shell geometry surroundingWHs is explored
by using linearized radial perturbation over the equilibriumposition of the shell radius. It should be highlighted
that stable regions are achieved for both shape functionswith appropriate values of physical parameters. It is
interesting tomention that the second shape function providesmore possibility for stable structure
comparatively b1(x0). It is interesting tomention here that our constructedWHsolutions satisfy all the required
conditions that should be present for the existence ofWH solutions. In f (R,T) gravitational theory, we have
obtained that theNEC, aswell asWEC for the resultingWHs, is violated so, our results are consistent with the
that discussed before [63–68].
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