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Abstract: The proposed model of drug delivery has been developed as a medication methodology for
the direct treatment of diseased body tissues. The mathematical model is built upon the particulate
peristaltic transport of an electrical conducting Jeffrey fluid within an asymmetric duct. The flow
takes place under the action of slip effects due to the occurrence of magnetohydrodynamics, which
is generally known as electrical resistance and the energy released by charged particles as they
make collisions with other particles. Transportation of drug particles along with Jeffry fluid due to
peristaltic pumping in a rectangular duct is demonstrated. Magnetic force is utilized for the control
of the process of pumping to the flow path at the right position. Taking into consideration the flow
conditions and assumptions, the derivation of the system of partial differential equations of the flow
is described. The eigenfunction expansion method is used to establish the solutions, and then the
data are graphically displayed to imagine the effects of different parameters. It can be professed that
the velocity component for Jeffrey fluid flow is decreased because of magnetic force, volume fraction
size, and wall compliance. Heat and mass transfer with nanoparticles of different shapes of particles
to extend this work.

Keywords: asymmetric traveling wave; eigen expansion method; bio-bi-phase flow; magnetohydrodynamics;
peristaltic pumping; slip effects

1. Introduction

Recent literature has brought peristaltic movements to theoretical attention. Attitudes
concerning the classification of peristaltic reflux also vary. A few biomedical mechanisms,
such as dialysis and lung machines, follow this assumption. Stimulated by this, several
tools, such as the peristaltic micropump (PDMS), heart–lung machine, etc., have been
established. These are utilized in products such as sanitary transportation, blood siphons,
pharma transportation systems, etc. Such shapes are manifested in various essential
physical characteristics in the most important and useful sections of humans by having a
rhythmic beating movement. They act in the same way as the sensory mechanism in human
kidneys. They extract information from the adjacent liquid and transmit it to prepare the
cells for urine transport. Specific examples such as ketchup, polymer rheology, blood flow,
and stoneware are non-Newtonian fluids. At present, non-Newtonian fluids are more appli-
cable relative to other fluids in the physiological field. Power-law fluid models exhibit shear
thickening as one of the major classes of fluids. Comparing Jeffrey fluid and the power-law
fluid model type, Jeffrey fluid is more useful. A pioneering study by Latham [1] reported
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experimental work on peristaltic transport. Heat transfer analysis with a nanofluid over a
wavy channel was analyzed by Akbar et al. [2]. Peristaltic pumping of Jeffrey fluid in a rect-
angle was investigated by Nadeem et al. [3]. Ellahi et al. [4] studied heat and mass transfer
in a wavy duct in a rectangular region of viscous non-Newtonian fluid. Several analytical,
numerical, and experimental studies were discussed in [5–8]. De Vries et al. [9] observed
that the intrauterine flow for myometrial shrinkages is peristaltic flow, and myometrial
contractions may appear in both asymmetric and symmetric paths. In their assessment,
Eytan and Elad [10] mathematically established a model of peristaltic transport fluid flow in
a two-dimensional channel. For numerous biological fluids, magnetohydrodynamic is also
beneficial for controlling the flow because of the Lorentz force. Later on, Mekheimer [11]
discovered the magnetohydrodynamic effects of couple stress on the peristaltic movement
of non-Newtonian fluid. Numerous theoretical experiments [12–22] have been undertaken
by several investigators on peristaltic movements under more than one simplified hypothe-
sis of small amplitude ratio, low Reynolds number, small wave number, long wavelength,
etc. Srivastava and Saxena [23] examined Casson fluid due to two-layer stenotic vessels
that are appropriate for the cardiovascular system. After that, Srivastava [24] investigated a
particulate movement fluid model of blood flow in stenotic vessels. Once more, Srivastava
and Saxena [25] described a multiphase non-Newtonian fluid flow model for blood flow
stimulated by peristaltic transport. Using the qualitative perspective finalized by fuzzy Del-
phi, Ali and Kaur [26] investigated warehousing practices and performance of Technology
4.0 of the Saudi Arabian Organization. Zeeshan et al. [27] investigated the effect of heat
and mass transfer of multiphase flow on an asymmetric peristaltic transport in a curved
configuration. The objective of another study was to investigate the social sustainability
practices adopted by warehouse operation organizations by using mixed methods based
on expert opinion and survey data [28]. Mahmoud et al. [29] successfully employed the
effects of the Hartmann number on the peristaltic pumping of Jeffrey fluid flow using a
porosity-applied Adomian decomposition method. This can help firms migrate to a circular
economy (CE) and bring economic and environmental benefits. Khan et al. [30] used a
modified Delphi method to find ten factors that affect the adoption of remanufacturing
to propose a framework that would support the circular economy. Mekheimer et al. [31]
considered the effects of MHD with peristaltic transport through porosity due to a sur-
face auditory wavy channel. Several related experiments on the subject can be obtained
from [32–39].

Comparative analysis of the multiphase peristaltic pumping of both Newtonian λ′ 6= 0
and non-Newtonian λ′ = 0 fluids under the contemplation of the MHD in an asymmetric
duct is presented. In the current article, noncompressible Jeffrey fluid flow is peristaltically
inspired and considered as a drug particle with nonconducting steady fluid. The eigen-
function expansion strategy is utilized to handle the problem of the liquid stage and the
particle stage. The blouse is discussed in detail, and outcomes are examined with the help
of diagrams.

2. Formulation of the Problem

In the present analysis, the authors studied the viscous intemperance effects for
particulate Jeffrey fluid in a rectangular duct enclosure through an asymmetric sinusoidal
progressive wave produced by the peristaltic motion of the wall. Moreover, it was assumed
that the steady, incompressible flow of Jeffrey fluid in the particulate peristaltic flow with
an inclined magnetic field is applied perpendicular to the X-axis. The flow of the given
problem is established in the Cartesian coordinate system, with the X-axis reflected parallel
to the irrotational velocity c. Figure 1 shows the flow pattern and variables.
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Figure 1. Geometry of the problem.

Figure 1 can be mathematically expressed as [40]:

H1(x, t) = a1Sin
(

2πλ−1(X− ct̂
))
− d1, (1)

H2(x, t) = b1

(
ϕ + Sin

(
2πλ−1(X− ct̂

)))
− d2, (2)

where the velocity U, V and W are components with dimensions X, Y and Z, correspond-
ingly. The governing equations of continuity and momentum for the particulate and fluid
phase in a rotating frame are:

V = U
(
X, Z, t̂

)
, V
(
X, Z, t̂

)
, W
(
X, Z, t̂

)
. (3)

Jeffrey fluid Ω as a base fluid stress tensor is [41]. In addition,
.
γ,

..
γ are substantial derivatives.

Ω =
µ f

1 + λ′
( .
γ + λ′′

..
γ
)
, (4)

The governing equations are in the laboratory frame
(
X, Y,Z

)
, which illustrates the

flow of an incompressible Jeffrey fluid, given as follows:

û f ,p + c = U f ,p, x̂ + ct̂ = X, v̂ f ,p + c = V f ,p, ŷ = Y,
ŵ f ,p + c = W f ,p, ẑ = Z, p̂(x̂, ŷ, ẑ) = P

(
X, Y, Z

)
.

(5)

Outlining the dimensionless parameters:

x = x̂λ−1, y = ŷd−1, z = ẑa−1, u f ,p = û f ,pc−1, w f ,p = ŵ f ,p(cδ)−1, t = ct̂λ−1, ĥ1,2,= H1,2a−1,

ϕ = ba−1, p = a2 p̂(ucλ)−1, δ = aλ−1, β = ad−1, Re = ρacδµ−1, M =
√

σµ−1aβ0,

M1 = S′a2µs
−1(1− C)−1, Ωx̂x̂ = a(µc)−1Ωxx, Ωx̂ẑ = a(µc)−1Ωxz, Ωx̂ŷ = d(µc)−1Ωxy,

Ωŷẑ = d(µc)−1Ωyz, Ωẑẑ = λ(µc)−1Ωzz, Ωŷŷ = λ(µc)−1Ωyy.

(6)
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Fluid phase:
∂u f

∂x
= −

∂w f

∂z
, (7)

Re
(

u f
∂u f

∂x
+ v f

∂u f

∂x
+ w f

∂u f

∂z

)
+

∂p
∂x

= δ
∂

∂x
Ωxx + β2 ∂

∂y
Ωxy +

∂

∂z
Ωxz + M1

(
up − u f

)
C−M2

(
u f + 1

)
(1− C)−1, (8)

∂p
∂y

= δ2 ∂

∂x
Ωyx + δ

∂

∂y
Ωyy + δ

∂

∂z
Ωyz + M1C

(
vp − v f

)
, (9)

Reδ2
(

u f
∂w f

∂x
+ v f

∂w f

∂x
+ w f

∂w f

∂z

)
+

∂p
∂z

= δ2 ∂

∂x
Ωzx + δβ2 ∂

∂y
Ωzy + δ2 ∂

∂z
Ωzz + δM1C

(
wp − w f

)
. (10)

Particulate phase:
∂up

∂x
= −

∂wp

∂z
, (11)

Re
(

up
∂up

∂x
+ wp

∂up

∂z

)
+

∂p
∂x

= M1

(
u f − up

)
(1− C), (12)

∂p
∂y

= δM1(1− C)
(

v f − vp

)
, (13)

Reδ

(
up

∂wp

∂x
+ wp

∂wp

∂z

)
+

∂p
∂z

= M1

(
w f − wp

)
δ(1− C). (14)

Using Equation (6), the nondimensional parameters from Equation (7) to Equation (14)
described. The developing equations with long wavelength and creeping flow for the fluid
phase can be described as:

dp
dx
− CM1

(
u f − up

)
+ M2 =

∂2u
∂y2 β2(1 + λ′

)−1
+

∂2u
∂z2

(
1 + λ′

)−1 −M2u f , (15)

Particulate phase:

M−1
1 (1− C)−1 dp

dx
= −

(
up − u f

)
. (16)

where S′ represents the drag coefficients, and us is used for the empirical relationship of
fluid viscosity, which can be defined as:

S′ = 4.5a−2µ0λ1(C), λ1(C) =
4 + 3

√
8C− 3C2 + 3C

4 + 9C2 − 12C
, µs =

(
1−=C′

)−1
µ0, = =

7
100

e[2.49C+ 1107
Te1.69C ]. (17)

Boundary conditions are defined in the nondimensional form.

u = −1 at ± 1 = y, u =
SSlip
1+λ′

∂u
∂z − 1 at z = h1,

u = −
(

1 +
SSlip
1+λ′

∂u
∂z

)
at z = h2.

(18)

The formulation of the complaint wall was expressed by [42].

∂2η

∂t2∂x E1 +
∂2η
∂t∂x E2 +

∂5η

∂x5 E3 − ∂3η

∂x3 E4 +
∂η
∂x E5 − CM1

(
u f − up

)
+ M2 =

∂2u
∂y2 β2(1 + λ′)−1 + ∂2u

∂z2 (1 + λ′)−1 −M2u f ,

M−1
1 (1− C)−1 + ∂2η

∂t2∂x E1 +
∂2η
∂t∂x E2 +

∂5η

∂x5 E3 − ∂3η

∂x3 E4 +
∂η
∂x E5 = −(up − u f ).


(19)
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3. Solution of the Problem

Equations (15) and (16) using the eigenfunction expansion method can be used to
solve the coupled partial differential equations [43] as follows:

u f =


dp
dx S1Cosh[S8]−

(
(−1 + C)S2 +

dp
dx

)
S1Cosh

[
1
2 S2(h1 + h2 − 2z)S1

]
+ S2

dp
dx SslipSinh[S8]

/
(
(−1 + C)S2

(
S1Cosh[S8] + S2SslipSinh[S8]

))


−



2(−2π + 4nπ)Cos[S4]Cosh[yS7]Sech[S7]
(

sin
[

1
2 S5

]
− Sin

[
1
2 S6

])
(

1 +
(

dp
dx S1Cosh

[
1
2 S8

])
−
(
(−1 + C)S2 +

dp
dx

)
S1Cosh

[
1
2 S2(h1 + h2 − 2z)S1

]
+ S2

dp
dx SslipSinh[S8]

)
/

(
(−1 + C)S2

(
S1Cosh[S8] + S2SslipSinh

[
1
2 S8

])))
/((−1 + 2n)π(h1π − h2π − 2h1nπ + 2h2nπ + Sin[h1(1− 2n)π])− Sin [h2(1− 2n)π]))



up = 1
M1(1−C)

 Cosh[S8]
dp
dx S1 −

(
dp
dx + S2(C− 1)

)
S1Cosh

[
1
2 (h1 + h2 − 2z)S1S2

]
+ SslipSinh[S8]S2

dp
dx

/
(

S2(C− 1)
(

Cosh[S8]S1 + SslipSinh[S8]S2

)) 

−



2(+4nπ − 2π)Cosh[yS7]Cos[S4]Sech[S7]
(
− sin

[
1
2 S6

]
+ Sin

[
1
2 S5

])
(

1 +
(

Cosh
[

1
2 S8

]
dp
dx S1

)
−
(

dp
dx + S2(C− 1)

)
S1Cosh

[
1
2 (h1 + h2 − 2z)S1S2

]
+ SslipSinh[S8]S2

dp
dx

)
/

(
S2(C− 1)

(
SslipSinh

[
1
2 S8

]
S2 + Cosh[S8]S1

)))
/((2n− 1)π(h1π − h2π − 2h1nπ + 2h2nπ + Sin[h1(1− 2n)π])− Sin [h2(1− 2n)π]))


where

S1 =
√

1 + λ′, S2 =
√

1 + M2, S3 = h1 − h2, S4 = 1
2 (−1 + 2n)πz,

S5 = 1
2 h1(−1 + 2n)π, S6 = 1

2 h2(−1 + 2n)π,

S7 =

√
1
4 (−1+2n)2π2+M2(1+λ′)

β2 , S8 = 1
2 (h1 − h2)

√
1 + M2

√
1 + λ′

4. Results and Discussion

In this section, a detailed explanation is provided for the flow problem of graph
developments and the resulting numerical assessment model utilizing a multiphase fluid
flow formulation for volume fraction. A comparison study is graphically shown in Figure 2
of the velocity profile between Newtonian (λ′ 6= 0) and non-Newtonian fluid (λ′ = 0).

We discuss the physical impacts of numerous parameters such as concentration of
volume C, Jeffrey parameter λ′, velocity slip parameter SSlip, magnetohydrodynamics M,
and complaint walls E1, E2, E3, E4, E5, as shown in Figures 3–12 for both fluid and particu-
late velocities.
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Figures 3 and 4 are plotted to identify the effect of SSlip and C as a volume fraction
on fluid phase velocity u f . It is noticed that when we increase the values of the slip pa-
rameter SSlip and volume fraction C in the velocity profile, the flow of both liquid and
particulate phases will continue to be particularly tightly combined for extremely dilute
interruptions, where the rate of collisions among particulates is minimal. At greater con-
centrations, collisions among particles may lead to variations between the two phases
of the wave propagating in the rectangular duct, with an increasing downturn with the
passage of time. In Figure 5, the graph of the velocity profile for many values of magneto-
hydrodynamics M shows a decrease by increasing the value of the parameter. The effect
of magnetohydrodynamics rises, then there is an extensive decrement perceived in the
velocity distribution due to the greater transverse magnetohydrodynamics creating more
Lorentz force. Figure 6 shows that the velocity of the profile rises with the growing effects
of the Jeffrey parameter λ′, which is an indication that the motion of the fluid is enhanced.
Further, it is disclosed that the traveling of the consistent segment is in the position along
with that of non-Newtonian Jeffrey fluid flow. Figure 7 demonstrates that by expanding
the elastic parameters E1, E2, E3, E4, E5, the velocity increases. It is additionally intriguing
to take note of the fact that the velocity profile is illustrative of the fixed estimations of
the parameters, and its size is the most extremely close to the focal point of the channel.
From this, it is seen that the progression of residue particles corresponds with that of the
fluid flow. Figures 8–12 define the steering of all the above parameters for the particulate
velocity. It is visible that each one of the above-mentioned functions is extremely parallel to
Up, as visible in the fluid velocity section. The most effective distinction that can be simply
shown from the figures of the particulates is that the velocity is distinctly substantially
equal in this section with fluid phase speed for equal values of the different parameters.
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5. Streamlines

Figures 13–18 display the impact of different parameters such as slip, Jeffrey, and
magnetic effect on the trapping for fluid and volume fraction velocities. The stream func-
tion with the level curve is supposed to move with the character of the wave boundaries
of the walls. The volume of the bolus shrinks for the greater quantities of the slip pa-
rameters represented in Figure 13. In Figure 14, it is detected that the bolus magnitude
is substantially accelerated by λ′. The distribution bolus is enhanced with the spread in
the Jeffrey parameter. Opposite results are examined for the magnetic effect, as shown
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in Figure 15. However, Figures 16 and 18 demonstrate the bolus size is diminished for
increasing standards of particulate fluid.
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6. Conclusions

In the present study, a methodical study analyzing the impacts of magnetohydro-
dynamics on the peristaltic movement of a non-Newtonian Jeffry fluid model with an
embedded solid particle due to an asymmetric rectangular duct intermittent sinusoidal
wave on the barrier is modeled. The movement of the multiphase fluid combination
through the compliant wall along with the uniform rectangular duct is supposed. The
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mathematical problem that governs the multiphase is expressed in terms of a variety of
physical parameters, such as lubrication supposition and arterial aspects assumed for the
enclosed space. Partial differential equations were solved numerically, and results were
obtained in the final closed form. The following accumulative outcomes were examined.
The velocities of u f and up are diminished because of wall compliance and magnetic force.
It was observed that the Jeffrey parameter λ′ and the slip parameter SSlip measures improve
the fluid velocity parameter u f , which is acceptable. It was noticed that as u f and SSlip
increase, the volume and quantity of the trapped boluses reduce, but a reverse inspection
is accumulated in the instance of up and the magnetic field number. It was also found that
a similar type of evidence is achieved for the bolus occurrence of the particulate phase for
the different parameters analyzed.
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Nomenclature

U, V, W Velocity components
X, Y, Z Cartesian coordinate
C Volume fraction
uf Fluid phase velocity
a1 Wave amplitude
S′ Drag coefficient
c Wave velocity
Re Reynold number
d1,d2 Hight of duct
d3 Width of duct
S Drag force
B0 Magnetic field
P Pressure in fixed frame
S Stress tensor
M Hartmann number
E1 Tension wall
E2 Mass wall
E3 Damping nature
E4 Rigidity
E5 Elasticity
Greek symbols
µs Viscosity of the fluid
σ Electric conductivity of the fluid
λ Wavelength
λ’ Jeffrey parameter
ρ Fluid density
.
γ,

..
γ Substantial derivatives

Φ Amplitude ratio
Subscripts
f Fluid phase
p Particulate phase
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