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The aim of this work is to discuss the evolution of compact stars from the view point of
a string fluid in Rastall theory using Krori–Barua (KB) metric as interior geometry. The
exterior spacetime is considered as Schwarzschild metric while matching of interior and
exterior spacetimes lead to coefficients of KB ansatz. The field equations and dynamical
variables of the string fluid are explored. We found the values of Rastall parameter η for
which the dynamical variables satisfy the energy conditions which shows the existence of
physical matter. The model is applied to specific physical features including energy condi-
tions, anisotropy, stability, Tolman–Oppenheimer–Volkoff equation, mass function, com-
pactness and redshift of compact stars, in particular, SAX J1808.4-3658, Vela X-12 and
Hercules X-1. It is found that the presented model fulfills all the physical requirements
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and thus, is realistic. We conclude that the string fluid is responsible for the evolution
of compact stars in the cosmos.

Keywords: Compact stars; Rastall theory of gravity; anisotropy; stability.

PACS: 04.40 Dg, 04.50 Kd, 75.30 Gw

1. Introduction

A compact star is a massive object within a relatively small volume compared
to an ordinary star. It is a collapsed star with an outer core of the degenerate
matter and has a strong gravitational field. Such stars include white dwarfs, neutron
stars and black holes. After the stellar death, the residue may become a compact
star. Compact objects are the test center to investigate various properties of their
immense gravitational field [1, 2]. A close examination of the ages, structures and
evolution of compact stars as well as their astrophysical properties is a subject of
interest in cosmology [3–5].

The theoretical structural and physical predictions concerning a compact object
depends on their line element. The line element provides comprehensive informa-
tion about the formation of compact stars [6]. The Krori–Barua (KB) spacetime
is the best for the description of compact stars including strange and hybrid stars
[7, 8].

Rastall theory is the extended theory of gravity that inculcates cosmological
problems like Hubble’s parameter, age of the Universe, description of matter dom-
inant and other cosmic eras, and gravitational lensing phenomena. The observa-
tional data regarding many cosmological problems agree with the results of Rastall
theory [9, 10]. The theory explains various cosmological phenomena and provides
promising results in a non-conserved background.

Rastall theory admits a non-minimal coupling of gravity with the energy–
momentum source. Thus, it encapsulates the description of quantum features
including particle creation which is a factor of the violation of matter conserva-
tion law. Moreover, the field equations of Rastall theory are simpler compared to
those of other curvature–matter theories. Thus, astronomical phenomena are con-
sequently easier to investigate. As an extended theory of gravity, Rastall theory
discusses the compact, quark and neutron stars [11, 12]. Solution to the isotropic
and anisotropic compact star models under specific circumstances lead to different
models of compact and strange stars [13, 14].

The formation of compact stars gained interest in alternative theories of gravity.
The f(R) theories of gravity discuss the physical viability, regularity, stability, and
equilibrium, and energy conditions of the anisotropic compact stars. The theoreti-
cal results are validated via astronomical observations from SAX J1808.4-3658, Cen
X-3, Swift J1818.0-1607, 4U1820-30, EXO 1785-248, PSR J1614-2230, LMC
X-4, SMC X-1, Her X-I and PSR J0348+0432 [15–18]. The anisotropy of the sys-

tem, anisotropic stress, speed of sound, adiabatic constant, equilibrium and energy
conditions, surface redshift, electric intensity, compactness factor and stability of
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these stars is a hot topic in f(T ) theory. The dynamical instability of cylindrically
symmetric models is also explored [19]. The dynamical quantities, energy, causality
and stability conditions and other physical properties of compact stars and strange
stars are investigated and validated for Vela X-1, PSR J1614-2230, Cen X-3 and
SAX J1808.4-3658 in f(R, T ) gravity [20–22]. The configuration of compact stars
and their physical aspects including density, pressure and stress variations, different
forces of equilibrium, stability, anisotropy, equation of state parameters and charge
distribution are modeled in f(G), f(G, T ), f(T, T ) and f(R, G) theories of gravity.
The results are validated with the observational data from Cen X-3, EXO 1785-
248, LMC X-4, SAX J1808.4-3658, PSR 1937+21, PSR J1903+327, PSR J1614-
2230, 4U1820-30, 4U1538-52 and Her X-1 [23–27]. A significant theory to discuss
the energy, linear and angular momentum, casualty, stability, Killing vectors and
inflation is the theory of teleparallel gravity [28–34]. This theory deals with tor-
sion instead of curvature. This theory also interprets singularities, charged and
uncharged compact structures [35–38]. The compact and strange stars have also
been of great interest in theories of Brans–Dickey gravity, Einstein–Gauss–Bonnet
gravity and Energy–Momentum squared gravity [3, 39, 40].

The string-oriented fluids are interesting to study in the scenario of gravitational
collapse. The collapse of a string fluid in cylindrical spacetime exhibits the effect
of charge on the relativistic model [41]. The dynamics of collapsing uncharged and
charged string dust [42, 43] and string fluid [44, 45] gives an insight of the black
hole information paradox in the theory of rainbow gravity. All the results exhibit
that the black hole event horizon depends on the energy of the particle. Thus, a
particle with higher energy level can take the information from a particle with lower
energy level which resolves the information paradox. The collapsing string fluid in
conjunction with null radiation has piqued the curiosity of general relativity [46,47].
Strings are the one-dimensional vibrating filaments of energy. Strings encompass the
quantum characteristics in the relativistic dynamic spacetime with fluid. The study
of string-oriented fluids aids in understanding quantized gravity and unification of
all natural forces [48]. The simplest string-oriented model is the string dust, the
string-oriented incoherent matter particles. By applying an isotropic pressure on
the string dust, a basic model of string fluid emerges that is a perfect fluid oriented
with strings.

This paper is devoted to modeling the dynamics of a compact star rising from
collapsing radially anisotropic string fluid in Rastall theory of gravity. In Sec. 2,
the KB spacetime is considered to model interior of a compact star. The field equa-
tions of Rastall gravity are modified considering the presence of radially anisotropic
perfect fluid. The dynamical variables are evaluated and represented graphically.
Section 3 comprises the exterior line element and matching conditions. Section 4
consists of the requirements of a physical model and graphical representation of
physical features for the existence of compact stars is done. The model is validated
using the observational data of SAX J1808.4-3658, Vela X-1 and Hercules X-1.
Section 5 contains the conclusion.
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2. Geometry of Spacetime and Fluid Description

In this section, we will describe the geometry of interior and exterior spacetime for
a systematic investigation of our analysis. The interior spacetime is taken to be KB
metric representing a non-singular spacetime, whereas the exterior spacetime is the
Schwarzschild metric. The line element of interior and exterior spacetimes can be
written, respectively, as [7]

ds2
− = −eγ(r)dt2 + eμ(r)dr2 + r2(dθ2 + sin2 θdφ2), (1)

ds2
+ = −(1 − 2Mr−1)dt2 + (1 − 2Mr−1)−1dr2 + r2(dθ2 + sin2 θdφ2). (2)

The interior spacetime (KB spacetime) in Eq. (1) contains γ(r) = Qr2 + C and
μ(r) = Lr2 where L, Q, C are arbitrary coefficients and can be determined from
the matching conditions. Assuming that both the interior and exterior spacetimes
meet at the boundary r = R, where the metric coefficients of gtt, grr and ∂gtt

∂r are
all continuous, one obtains the following relations:

1 − 2MR−1 = eγ(r) ⇒ 1 − 2MR−1 = eQR2+C , (3)

(1 − 2MR−1)−1 = eμ(r) ⇒ (1 − 2MR−1)−1 = eLR2
, (4)

MR−2 = γ′eγ(r) ⇒ MR−2 = QReQR2+C . (5)

It is interesting to note that the derivatives of gtt and grr with respect to time
needed to be continuous at the junction. Moreover, the derivative ∂grr

∂r need not to
be continuous at the surface [49].

Equations (3)–(5) lead to the following values of the arbitrary coefficients:

L = −R−2 ln(1 − 2MR−1), Q = MR−3(1 − 2MR−1)−1,

C = ln(1 − 2MR−1) − MR−1(1 − 2MR−1)−1. (6)

To model a compact object graphically, we need suitable values of KB coefficients,
L, Q and C. For the sake of validation of our model, we take three candidates for
compact stars with the following observational data [50, 51].

The interior spacetime (KB spacetime) admits the existence of a string fluid
with the following matter tensor [41]:

Tμν = (ρ + p)uμuν + pgμν − λxμxν , (7)

Table 1. The masses M (MJ), radii R (km) and the constants L and Q for the
compact stars SAX J1808.4-3658, Vela X-12 and Hercules X-1.

Compact star M R L Q

SAX
J1808.4-3658 1.435 7.07 1823156974 × 10−11 14880115690 × 10−12

Vela X-12 1.77 9.99 741034129 × 10−11 5485958565 × 10−12

Hercules X-1 0.88 7.7 690627643 × 10−11 4267364618 × 10−12
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where ρ is the matter density, p is the pressure of fluid, gμν is metric tensor and λ

is the string tension. The vectors uμ, xμ, respectively, represent the velocity and
radial position vectors with

−uμuμ = xμxμ = 1.

It is noteworthy that

• When p = 0, Eq. (7) shows a string cloud.
• When l = 0, Eq. (7) exhibits a perfect fluid.
• The fluid is stiff for ρ − p = 0 and anti-stiff for ρ + p = 0.

• The strings are Reddy for ρ + l = 0 or Nambu for ρ − l = 0.

3. Field Equations of Rastall Gravity and Dynamical Variables

We shall explore the Rastall field equations for an anisotropic matter distribution
known as the string fluid. Rastall theory deals with the non-conservation of energy–
momentum, i.e. T μγ

;μ = 0 as [9]

T μν
;μ = ηR,ν , (8)

where η is Rastall’s dimensionless parameter which shows the digression from gen-
eral relativity as well as the relation between matter field and geometry. Thus, the
field equations in Rastall gravity turn out to be

Gμν + ηgμνR = κTμν . (9)

Here, κ, R and Tμν represent gravitational coupling constant, Ricci scalar and
energy–momentum tensor, respectively. This equation leads to R(4η − 1) = T, and
thus [9]

κ = 8π
4η − 1
6η − 1

.

Consequently, the field equations in the Rastall framework can be written as

Gμν + η gμνR = 8π

(
4η − 1
6η − 1

)
Tμν . (10)

It is noteworthy that η = 1
6 and η = 1

4 are not permissible. The value η = 1
6

makes the right-hand side of Eq. (10) infinite. This indicates an infinite matter and
hence, infinite energy inside the star. This leads to the concept of infinite energy
which is not possible inside the star’s structure. Moreover, the value of the Rastall
parameter η = 1

4 makes the right-hand side of Eq. (10) vanishing. This indicates
a vacuum inside the star. Both these situations are not physical. Moreover, η = 0
leads to the Einstein field equations of general relativity. Substituting the metric
from the interior spacetime (KB spacetime), Eq. (1) and energy–momentum tensor
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of string fluid Eq. (7), the field equations from Eq. (10) yield

8πρ

(
4η − 1
6η − 1

)
= e−μ

[
eμ − 1

r2
+

μ′

r
+ η

{
γ′′ − μ′γ′ + γ′2 − 2

r
(μ′ − γ′)

− 2
r2

(eμ − 1)
}]

, (11)

8π(p − λ)
(

4η − 1
6η − 1

)
= e−μ

[
1 − eμ

r2
+

γ′

r
− η

{
γ′′ − μ′γ′ + γ′2 − 2

r
(μ′ − γ′)

− 2
r2

(eμ − 1)
}]

, (12)

8πp

(
4η − 1
6η − 1

)
= e−μ

[−μ′γ′r + γ′2r + 2γ′′r − 2μ′ + 2γ′

4r

− η

{
γ′′ − μ′γ′ + γ′2 − 2

r
(μ′ − γ′) − 2

r2
(eμ − 1)

}]
,

(13)

where prime indicates the derivative corresponding to the radial coordinate. It is
obvious that in this system of equations, there are three dynamical unknowns, the
matter density ρ, pressures p and string tension λ. It is noteworthy that Eqs. (11)
and (13) directly give the expressions for mass density ρ and pressure p. The value
of string tension λ can be obtained subtracting Eq. (12) from Eq. (13). A handsome
use of KB ansatz leads to the following expressions for the dynamical variables:

ρ =
e−Lr2

8π

[
eLr2 − 1

r2
+ 2L + η{(2Q + 4Qr2(Q − L) − 4(L − Q) − 2

r2
(eLr2 − 1)}

]

×
(

6η − 1
4η − 1

)
, (14)

p =
e−Lr2

8π

[
Qr2(Q − L) + 2Q − L − η(2Q + 4Qr2(Q − L) − 4(L − Q)

− 2
r2

(eLr2 − 1))
] (

6η − 1
4η − 1

)
, (15)

λ =
e−Lr2

8π

[
eLr2 − 1

r2
+ Qr2(Q − L) + 4Q − L

](
6η − 1
4η − 1

)
. (16)

The physical features including matter density, pressure and string tension of
the model can be validated considering different values of Rastall parameter η. The
existence of a physical fluid requires the satisfaction of null energy condition (NEC),
weak energy condition (WEC) and strong energy condition (SEC). All the energy
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Fig. 1. WEC, NEC and SEC for Rastall’s dimensionless parameter η < 1
6

and 1
4

> η.

conditions insist that energy must be positive because negative energy never leads
to a stable configuration. The energy conditions for a string fluid are [41]:

• WEC: The WEC for the string fluid is ρ > 0.

• NEC: The NEC for the string fluid is ρ + p − λ > 0.

• SEC: The SEC for the string fluid is ρ + 3p − λ > 0.

It is noteworthy that all these energy conditions are satisfied for the values of Rastall
parameter η < 1

6 and η > 1
4 .

Figure 1 illustrates that all the energy conditions are satisfied for all the radial
values and regions η < 1

6 and η > 1
4 for Rastall dimensionless parameter. Now, we

shall observe the behavior of the dynamical variables of the string fluid for the valid
regions of the Rastall dimensionless parameter η < 1

6 and η > 1
4 .

Figure 2 demonstrates the behavior of mass density ρ of the fluid corresponding
to the radius r and Rastall’s dimensionless parameter η. It is obvious that the mass
density ρ increases as the radius r of the sphere decreases. Towards the center of the
compact star r = 0, the matter gets denser which is a physical phenomenon. More-
over, the mass density decreases as Rastall’s dimensionless parameter η increases.

Figure 3 illustrates the behavior of pressure p of the fluid corresponding to
the radius r and Rastall’s dimensionless parameter η. The pressure of the fluid p

increases as the radius r of the sphere decreases. Towards the center of the compact
star r = 0, the pressure of the fluid increases due to an increase in matter density,

2350058-7
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Fig. 2. Variation of mass density ρ with respect to radius r and Rastall’s dimensionless parameter
η < 1

6
and 1

4
> η.

Fig. 3. Variation of tangential pressure p with respect to radius r and Rastall’s dimensionless
parameter η < 1

6
and 1

4
> η.

which is a physical phenomenon. Also, the fluid’s pressure decreases as Rastall’s
dimensionless parameter η increases.

Figure 4 shows the variation of radial pressure p− λ with respect to the radius
r and Rastall dimensionless parameter η. The radial pressure of the fluid p − λ

decreases as the radius r of sphere increases. This indicates a maximum pressure
of fluid near the center r = 0 which is a physical phenomenon. Moreover, p − λ

decreases as Rastall’s dimensionless parameter η increases.
Figure 5 shows the behavior of string tension λ of the fluid corresponding to the

radius r and Rastall’s dimensionless parameter η. The string tension λ increases
as the radius r of the sphere decreases. Moreover, the string tension λ decreases as
Rastall’s dimensionless parameter η increases.

For the physically acceptable configuration of a compact star, the mass density
and pressure should be

(1) positive throughout the fluid sphere;
(2) regular and non-singular inside the fluid sphere;

2350058-8
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Fig. 4. Variation of radial pressure p − λ with respect to radius r and Rastall’s dimensionless
parameter η < 1

6
and 1

4
> η.

Fig. 5. Variation of string tension λ with respect to radius r and Rastall’s dimensionless parameter
η < 1

6
and 1

4
> η.

(3) attain their maximum values at the origin and decrease gradually towards the
surface of the star.

All these conditions are clearly satisfied in Figs. 2–5.

4. Physical Features of the Model

This section is devoted to investigate various physical features of relativistic
compact stellar structure. These include energy conditions, stability, Tolman–
Oppenheimer–Volkoff (TOV) equation, mass function, compactness and surface
redshift. These physical features are calculated for SAX J1808.4-3658, Vela X-12
and Hercules X-1 using data (R, L and Q) given in Table 1.

4.1. Energy conditions

The physical solution of the dynamical variables of the fluid is subject to the exis-
tence of physical matter in the collapsing body. This is ensured by the satisfaction

2350058-9
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Fig. 6. WEC for SAX J1808.4-3658, Vela X-12 and Hercules X-1.

of energy conditions of the collapsing fluid. These include NEC, WEC and SEC.
The NEC narrates that the stress energy encountered by a light beam must not be
negative. The WEC states that the local mass–energy density cannot be negative.
The SEC states that matter is compelled to be attracted toward other matter.

A physical string fluid configuration requires the energy conditions WEC ρ > 0,

NEC ρ + p− λ > 0, SEC ρ + 3p− λ > 0, to be satisfied by the matter inside it. All
these energy conditions are satisfied for the models of SAX J1808.4-3658, Vela X-12
and Hercules X-1 in Figs. 6–8.

4.2. Effect of anisotropy

Anisotropy in fluid’s pressure usually arises due to presence of mixture of different
types of fluids, magnetic field or external field, rotation, existence of super fluid,
viscosity and phase transitions. The anisotropy parameter represents a repulsive
force which prevents the compact celestial body from further collapse. It is note-
worthy that the increasing anisotropic parameter represents the zones of greater
stability. The anisotropy parameter Δ is calculated using Eqs. (12) and (13). The
following scenarios are possible:

• When Δ > 0, the anisotropic force is repulsive and directed outward.
• When Δ = 0, there would be no anisotropic force.
• When Δ < 0, the anisotropic force is attractive in nature and inward directed.

2350058-10
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Fig. 7. NEC for SAX J1808.4-3658, Vela X-12 and Hercules X-1.

Fig. 8. SEC for SAX J1808.4-3658, Vela X-12 and Hercules X-1.

The variations of the anisotropy parameter Δ for the defined model is exhibited in
Fig. 9.

Figure 9 indicates that there anisotropy vanishes at the center r = 0 of the
configuration. It gradually boosts from the center towards the outer (boundary)
surface of the star. The positive anisotropy leads our model to achieve a stable
configuration. The same behavior is exhibited in Fig. 10 by the compact stars SAX
J1808.4-3658, Vela X-12 and Hercules X-1.

2350058-11
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Fig. 9. Variation of anisotropy parameter Δ with respect to radius r and Rastall’s dimensionless
parameter η < 1

6
and 1

4
> η.

4.3. Stability analysis

The stable compact objects are more significant as they are more realistic and phys-
ical. The capacity of an object to get its stabilized position under the implementa-
tion of force is called stability. After the dynamical fluctuations, the stable stellar
bodies are worthwhile to study. According to Herrera’s cracking condition [52], in
a stable stellar structure, the square of speed of sound in the fluid, estimated from
the formula v2

s = dp
dρ should lie 0 ≤ v2

s ≤ 1. For the string fluid, the squared speed

Fig. 10. Variation of anisotropy parameter Δ for compact star candidates SAX J1808.4-
3658, Vela X-12 and Hercules X-1.

2350058-12
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Fig. 11. Variation of squared speed of sound with respect to radius r and Rastall’s dimensionless
parameter η < 1

6
and 1

4
> η.

of sound can be estimated using the following formula:

v2
s =

dp

dρ
=

dp

dr
× dr

dρ
=

⎛
⎜⎜⎝

2Q(Q − L)(1 − Lr2)(4η − 1)

+ 4LQ{1− η(1 + 2r2(Q − L) + 2)}
− 2L2(1 − 4η) + 4

r2

(
1

r2e−Lr2 − L − 1
r2

)
⎞
⎟⎟⎠

4
r2

(
1

r2e−Lr2 − L − 1
r2

) . (17)

For our model, the squared speed of sound is illustrated in the following figure.
Figure 11 indicates that the speed of sound is unity for all radial values r as

well as all values of Rastall parameter η for any generalized model. It is possible
that the matter sound speed is the same as the speed of light [53], i.e. c2

s = dp
dρ = c2.

This is the case of maximum mass neutron star. The squared speed of sound for
anisotropic configuration of the three models SAX J1808.4-3658, Vela X-12 and
Hercules X-1 is shown in Fig. 12.

All the figures indicate that the speed of sound is unity for all radial values r

as well as for all values of Rastall parameter η. This elaborates that all the models
are stable.

4.4. TOV equation and equilibrium conditions

The equilibrium is a condition or state in which the physical forces are balanced. The
equilibrium condition confirms the final state of a compact object that it will not
go through further collapse or turn to any other object. The stable state of matter

2350058-13
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Fig. 12. Variation of squared speed of sound for compact star candidates SAX J1808.4-
3658, Vela X-12 and Hercules X-1.

composition in Rastall theory of gravity can be estimated using the generalized
TOV equation obtained from non-conservation of the energy–momentum tensor
(Eq. (8)) as [58, 59](

η

4η − 1

)
d

dr
(ρ − 3p + λ) +

2
r
λ − (γ)′

2
(ρ + p) − dp

dr
= 0. (18)

The TOV equation gives the full description of the gravitational, mechanical and
hydrodynamical properties of general relativistic stars. The required input is the
form of matter tensor for the interior of the star which provides a simple and
effective description of the main features of spherical symmetric structure. The
dynamics of a star’s interior is difficult to interpret due to the bulk properties,
oscillations, stability and radiations which are all collectively interpreted as TOV
equation.

The TOV equation plays a crucial role in calculating the mass and radius of
compact objects. This is the equation for the star’s hydrostatic equilibrium, mean-
ing that the gravitational pull and radiation pressure are equal. The TOV equa-
tion connects four separate forces: gravitational force (Fg), hydrostatic force (Fh),
anisotropic force (Fa) and Rastall gravity force (Fr). In terms of forces, above
equation can be interpreted as

Fr + Fa + Fg + Fh = 0, (19)

2350058-14
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Fig. 13. Variation of Rastall, anisotropic, gravitational and hydrostatic forces with respect to
radius r and Rastall’s dimensionless parameter η < 1

6
and 1

4
> η.

where

Rastall force: Fr =
(

η

4η − 1

)
d

dr
(ρ − 3p + λ), (20)

Anisotropic force: Fa =
2
r
λ, (21)

Gravitational force: Fg = − (γ)′

2
(ρ + p), (22)

Hydrostatic force: Fh = −dp

dr
. (23)

The profile of these forces for the considered compact stars is shown in the following
figures.

Figures 13 and 14 exhibit that Rastall, anisotropic, gravitational and hydro-
static forces vary corresponding to radial coordinate r and Rastall’s dimensionless
parameter η. Figure 13 presents the Rastall and anisotropic forces for the spherical
configuration. It is exhibited that both these forces decrease with the increase in
Rastall parameter η. The anisotropic force is inversely proportional to the radius.
It gradually reduces with the increase in radius. Figure 14 shows gravitational and
hydrostatic forces. It is worth mentioning that during collapse the gravitational
force is negative and decreases gradually with the decrease in radius. Thus, it has

2350058-15



January 30, 2023 14:19 WSPC/S0219-8878 IJGMMP-J043 2350058

U. Sheikh et al.

Fig. 14. Variation of Rastall, anisotropic, gravitational and hydrostatic forces with respect to
radius r and Rastall’s dimensionless parameter η < 1

6
and 1

4
> η.

a repellent effect. However, the Rastall, anisotropic and hydrostatic forces have
a combined positive effect which balances the gravitational force to leave stellar
configuration in equilibrium state.

For the understanding point of view, the variation of Rastall, anisotropic, grav-
itational and hydrostatic forces are plotted against the radial coordinate r and
Rastall parameter η for the three model compact stars SAX J1808.4-3658, Vela
X-1 and Hercules X-1.

Figures 15–17 indicates all the four forces obtained from modified TOV equa-
tion corresponding to radial coordinate r and Rastall dimensionless parameter η for
the mentioned compact stars candidates. The figures show that the gravitational,
hydrostatic and Rastall forces decrease whereas the anisotropic force increases
with the increase in Rastall’s parameter η. However, the effect of gravitational
force is equalized with the combined effect of Rastall, anisotropic and hydrostatic
forces.

4.5. Mass function and compactness

The mass function of a collapsing dynamical system gives the mass of the config-
uration dependent on the radius. As the radius shortens due to collapse, the mass
varies and gets compact. The mass function of a stellar configuration dependent on

2350058-16



January 30, 2023 14:19 WSPC/S0219-8878 IJGMMP-J043 2350058

On evolution of compact stars from string fluid

Fig. 15. Variation of different forces for compact star candidate SAX J1808.4-3658.
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Fig. 16. Variation of different forces for compact star candidate Vela X-12.
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Fig. 17. Variation of different forces for compact star candidate Hercules X-1.
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r is defined as [54]

M(r) =
∫ r

0

(4πr2ρdr). (24)

For the string fluid, this function takes the following form:

M(r) =
6η − 1
4η − 1

∫ r

0

r2e−Lr2

2π

[
eLr2 − 1

r2
+ 2L + η

{
(2Q + 4Qr2(Q − L)

− 4(L − Q) − 2
r2

(eLr2 − 1)
}]

dr

=
1
2π

(
6η − 1
4η − 1

) [
(1 − 2η)

(
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√
πerf(

√
Lr)

2
√

L

)
+ (2L − 2η(2L − 3Q))

× −2re−Lr2
L

3
2 +

√
πLerf(

√
Lr)

4L
5
2

+ 4ηQ(Q − L)
{−4r3e−Lr2

L
5
2 − 6re−Lr2

L
3
2 + 3

√
πLerf(

√
Lr)

8L
7
2

]
. (25)

The three-dimensional profile of mass function for a general model dependent
on radius r is shown in Fig. 18.

It is evident that the mass function increases with the increase in r and decrease
in the Rastall parameter η. The same behavior is exhibited in Fig. 19 for the three
model compact objects SAX J1808.4-3658, Vela X-12 and Hercules X-1.

The compactness u(r) of the stellar configuration is the ratio of mass M to the
radius r of the configuration. For our fluid-containing model, the compactness can

Fig. 18. Variation of mass function M(r) with respect to radius r and Rastall’s dimensionless
parameter η < 1

6
and 1

4
> η.
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Fig. 19. Variation of the mass function M(r) for compact star candidates SAX J1808.4-
3658, Vela X-12 and Hercules X-1.

be computed as follows:

u(r) =
M

R

=
1

2Rπ

(
6η − 1
4η − 1

) [
(1 − 2η)

(
r −

√
πerf(

√
Lr)

2
√

L

)

+ (2L − 2η(2L − 3Q)) × −2re−Lr2
L

3
2 +

√
πLerf(

√
Lr)

4L
5
2

+ 4ηQ(Q − L)

×
{−4r3e−Lr2

L
5
2 − 6re−Lr2

L
3
2 + 3

√
πLerf(

√
Lr)

8L
7
2

]
. (26)

The three-dimensional profile of compactness for a general star model is demon-
strated in Fig. 20.

Figure 20 illustrates that compactness decreases with the increase in radius and
Rastall parameter η. The same behavior is depicted from Fig. 21 for the three model
compact objects SAX j1808.4-3658, Vela X-12 and Hercules X-1.

4.6. Redshift

The surface redshift is a phenomenon to interpret the dynamics of strong interaction
between the internal distribution of star and its state. Corresponding to the above
compactness factor u(r), the surface redshift Zs can be expressed as

Zs = [1 − 2u(r)]−
1
2 − 1.
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Fig. 20. Variation of compactness u(r) with respect to radius r and Rastall’s dimensionless param-
eter η < 1

6
and 1

4
> η.

Fig. 21. Variation of compactness u(r) for compact star candidates SAX J1808.4-3658, Vela X-12
and Hercules X-1.

The profile of the surface redshift against the radius r and Rastall parameter η is
given in Fig. 22.

It is evident from the plots that Zs takes the highest value of 16 due to anisotropy
of the fluid. For isotropic matter configuration in the absence of cosmological con-
stant, it is found that maximum value of surface redshift is Zs ≤ 2 [55]. Bohmer
and Harko [56] insisted that the surface redshift becomes large, i.e. Zs ≤ 5 for
an anisotropic star in the presence of a cosmological constant. Ivanov [57] argued
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Fig. 22. Variation of Zs with respect to radius r and Rastall’s dimensionless parameter η < 1
6

and
1
4

> η.

that Zs ≤ 5.211. Our model gives a much larger redshift, especially at η = −0.4.

However, the model shows the maximum redshift of Zs ≤ 6 for the positive values
of η. It is interesting to note that for the negative values of Rastall parameter, the
maximum redshift is 16 at η = −0.4. Moreover, the redshift takes its maximum
value near the center of the configuration r = 0. Thus, not only the string tension
but the Rastall parameter η affects the measure of redshift. The same behavior is
evident for each of the model compact stars including SAX J1808.4-3658, Vela X-12
and Hercules X-1 in Fig. 23.

Fig. 23. Variation of Zs for compact stars SAX J1808.4-3658, Vela X-12 and Hercules X-1.
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5. Conclusion

This work models an anisotropic compact star as a result of string fluid collapse
in Rastall’s theory. The coefficients of KB ansatz are determined from interior KB
metric and exterior Schwarzschild metric. The dynamical parameters are computed
and the Rastall dimensionless parameter η is estimated for physical solution. This
model is physically possible for η < 1

6 and η > 1
4 . The model is applied on three

distinct compact star candidates SAX J1808.4-3658, Vela X-12 and Hercules X-1
to investigate their physical features. The energy conditions, anisotropy, stability,
TOV equation, mass function, compactness and redshift are analyzed. This research
lead to the following results:

• It is found that the dynamical variables of a string fluid, collapsing to form a
compact object, physically exist for the Rastall parameter η < 1

6 and η > 1
4 .

The case η = 0 leads to the general relativistic case which is also a physical one
according to our study. Moreover, all the energy conditions are fulfilled for these
values of Rastall parameter.

• It is verified that the KB ansatz satisfy the energy conditions for the three com-
pact stars, i.e. SAX J1808.4-3658, Vela X-12 and Hercules X-1.

• The measure of anisotropy Delta is found to be physical for the general case as
well as for the compact stars SAX J1808.4-3658, Vela X-12 and Hercules X-1.
Moreover, positive anisotropy Δ > 0 indicates a repulsive anisotropic force which
allows the formulation of a massive configuration.

• The stability of a compact object formed from the string fluid is analyzed
using the Herrera cracking condition. It is found that the speed of sound remains
in the limits of stability, i.e. [0, 1] for the general case as well as for three compact
stars SAX J1808.4-3658, Vela X-12 and Hercules X-1.

• The TOV equation is found to be satisfied by the fluid model. This indicates
a balance in Rastall, anisotropic, gravitational and hydrostatic forces leading to
the static equilibrium of the configuration. It has been found that the repelling
gravitational force is balanced by the Rastall, anisotropic and hydrostatic force.

• The mass function and compactness of the star model have been evaluated. Both
these functions are inversely affected by the Rastall parameter.

• The surface redshift of the compact object is found to be the maximum at η =
−0.4. At the rest of the values of the Rastall parameter, the surface redshift
satisfies the results given in literature.

All the findings emphasize the possible existence of a spherically symmetric compact
star evolve from a string fluid. It has been found that the Rastall parameter has an
inverse effect on most of the physical attributes. The vanishing Rastall parameter
leads to the general relativity case. The anisotropy of the string fluid leads to
different properties compared to the previous literature. It is a strong theoretical
observation for the evolution of compact stars from anisotropic string fluid.
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There are hints that the Rastall theory may be a promising theory of gravity as
it supports astrophysical objects with appealing behavior. Rastall claims that the
non-conservation of energy–momentum is a consequence of spacetime curvature.
The weak, strong and dominant energy criteria are satisfied by all values of the
Rastall parameter, but this does not indicate that energy is conserved.

A mathematical solution to general relativity’s flaws is provided by the Rastall
parameter. The real theory of gravity is still a matter of debate. This study demon-
strates that given this paradigm, it is simple to build astrophysical models that are
physically sound. The significance is the accuracy with which this framework can
produce solutions [60].
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