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In this paper, we have studied a generalized scale-invariant analog of the well-known Korteweg—
de Vries (KdV) equation. The generalized scale-invariant analog of the Korteweg—de Vries
(SIAV) plays as a bridge between the KdV equation. The generalized SIdV model was dis-
covered recently, and shares the same one-soliton solution as the KdV equation. By employing
four mathematical methods, several types of exact and solitary wave solutions are established.
For the physical behavior of the model, some solutions are plotted graphically by imparting
specific values to the parameters under constrain condition. Hence, reconnoitered elucidations
have profitable rewards in the field of mathematical physics.
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1. Introduction

Consider the generalized scale-invariant analog of the Korteweg—de Vries (KdV)
equation proposed in Ref. 1 and given by

U,

Here, 6, and ~; are nonzero constants. Equation (1) can be thought of as a KdV-like
equation with an advecting velocity given by the expression (3(1 — 6)U + (6; + 1) UT’)
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Note that when 6; = —1 and v; = —1 then Eq. (1) reduces into KdV equation and
also SIdV is called a natural extension of KAV model. A recent work? has shown that
there are resilient associations between the Sylvester equation and integrable systems
such as the KdV and SIdV models. Equation (1) is extensively used in control theory,
image restoration and in signal processing similar to Sylvester equation.’ Equa-
tion (1) was lately studied in Ref. 4 employing the dynamical system theory, and
traveling waves of bell type and valley type were investigated. Our main goal here is
to construct the exact and solitary wave solutions of the generalized SIdV equation in
closed forms even when §; and -; are not equal to +1.

There are several known authoritative schemes that can be utilized to establish
exact solutions of nonlinear partial differential equations (NPDEs)”™'" such as
Hirota’s bilinear technique,!! the inverse scattering transform approach,'? the
(G/G")-expansion scheme,'®!'* the Riccati-Bernoulli sub-ODE method,'*' the
homogeneous balance method,'” the generalized Riccati equation mapping
approach'®? and many more.**" Here, we have applied four mathematical
methods called extended simple equation method,*® modified extended auxiliary
method,” (G/G')-expansion method” and modified F-expansion method to con-
struct exact and solitary wave solutions of SIdV model mentioned in Eq. (1). The
derived solutions have fruitful applications in nonlinear science. The remaining part
of this paper is arranged as follows. Three mathematical methods are temporarily
designated in Sec. 2. In Sec. 3, the proposed schemes are functionalized to the gen-
eralized SIdV model. Section 4 concludes.

2. Description of the Methods

Let
T.(U,U;,U,, Uy, Upy,y . ..) = 0. (2)
Let
U=U(§), &=kax— wt. (3)
Put (3) into (2)
T,(U, U, U",...)=0. (4)

2.1. Extended simple equation method

Let (4) has solution

U@ =) A (5)

i

M=

-N

Let U satisfy
U =co+ U+ U2 + 03, (6)
Put (5) with (6) into (4). Solve the achieved system for the solution of (2).
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2.2. Modified extended auriliary equation mapping method
Let solution of (4) be

N N o 4 N .
U= ;A;\I” + Z B ¥ + ;Ci\I/Z_Q\I// + ;D1 <E)

i=—1

Let W satisfy

U = /B V2 + By T3 + By 04, (8)

Put (7) with (8) into (4), solve the obtained system for the require destination of (2).

2.3. The (G'/G)-expansion method
Let (4) have the solution
N Vel

U:A0+;Ai(6). (9)

Let
G'=-\G — 1uG. (10)

Put (9) with (10) into (4), solve the obtained system for the require destination of
(2).
2.4. Modified F-expansion method
Let solution of (2) be

N N
U=ag+ Y aF'(€+> bF (). (11)
i=1 i=1
Let F oblige
F' = A+ BF + CF”. (12)

Put (11) with (12) into (4). Solve obtained system to establish the required solution
of (2).

3. Applications
3.1. Application of extended simple equation method

Putting Eq. (3) into Eq. (1), integrating once by omitting the constant of integration,
we have

BU(y, + 6, + 1) — 2 KBUU" +2(1 — 6,)kU3 — wU? = 0. (13)
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Let (13) have the solution

A, A
2
U= A0+ A0+ + o+ Ao, (14)
Put (14) with (6) into (13).
Case 1.¢c3=0
FAMILY-I
Ay = — 7(e? + 2¢90p) k2 Ay 613k A= 6,c1k° 7
5 —1 5 —1 5 —1 (15)

w=k}27,c] —8yjcoc + 71+ 6, +1), A,=0, A, =0
Put (15) into (14)

(3v1c1k?) (01 — V/4eyey — cf tan < Ve, — ci(E+ 50)))

U =
! 5 —1
(371 k?) (cl — \/4cycy — i tan
— 2
At (C% + 20002)k2 (% 40200 B C%(f + égO))) 4 > 2 16
5 —1 206, — 1) , degey > cq. (16)
FAMILY-II
A m(ed + 2¢900) k2 A 6y1c3k? A - 6y1cocik?
0 5 — 1 T -1 1 S,—1 7 (17)

Ay =0, A =0, w=kQ2yc]—8vnce+7+6+1).
Substitute (17) into (14)

Uy= — <’Y1(C% + 20002)k2> B 67101k
61 -1 (51*1)<* (01*\/40250*0ftan (%\/40200*Cf(5+§0)))>
2¢y
2k2
— 671?0 5 | 46002 > C%. (18)
(51 _ 1) < Cl*\/‘lCzCu*CftaHQ((‘z\/&‘zfo 2(&+8& )>
Case 2. ¢y =c3=0
6y, c3k? 6711 Cok?
Ag=A,=A_| = A - R et
0 -2 -1 07 2 (51 1 ) 1 (51 1 ’ (19)

w=—k2yc] =y — 6, —1).
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Figure(1-a)

Figure(1-b)
0.8

Fig. 1. (Color online) Solution U; with ¢y =1, ¢, = 0.5, ¢y =2, v, = 0.03, §, = 3, § = 4.5, k = —0.5.

Put (19) into (14)
Us — ((CleXP(Cl(f'i'fo)))(_(6710102k2))>
’ (61 = 1)(1 — cpexp(er (€ + &)

( clexp(01(£+£o)))))2(67103162)

1—cyexp(e1 (€+&o
5, —1

i Cl>0a

X 2
(- ohise) Gnedr)

51

_ ((cleXp(cl(£+fo)))(—(6710102k2))) e
(67 — 1)(egexp(cr(E+ &) +1) )’ 1 .

U4:—

Case 3. ¢, =0,c53=0

FAMILY-I
2"}/1C0C2k‘2 6710%]62
0 -1 77 0. A4a=0 4 o —1"7

A =0, w=—-k8ccy—7— & —1).

Put (22) into (14)
2
2,91 [ /s tan (\/Cﬁ(f*‘go))
. (671c3k )( o B (2716002k2> e >0
5 61 -1 61 -1 L ’

2350276-5
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2
(67,c2K2) (_ /=6y tanh (\/—0002(5""50)))

C2 2’)/10062]@2
_ _ . (24
Us 5 —1 <61—1 , Coey < 0. (24)
FAMILY-II
27, ¢coca ki 6y, c2k?
0 (51 1 ) -2 61 -1 ’ -1 Oa 2 Oa (25)

A =0, w=—k(8cycoyy —7 — & — 1).
Put (25) into (14)

C2

U, = | — ol - (2710002’“2) cocs > 0 (26)
7 (6 —1)(\/®tan<\/%_02(5+§0))>2 6-1 ) T
1 ¢y
Ug = — 6710(2)k2 — (2718062]{:2) CpCoy <0 (27)
(6, 1) (Wtanh(m(&&)))Q -1 )

F_i»qme(Z -a)

Figure(2 - b)

Fig. 2. (Color online) Solution U, with ¢; = —2.5, ¢, = 3.5, 7, = 0.3, 6§, = 0.03, §, = 0.5, k = 0.4.

FAMILY-III
4y, cpcok? 6, cok? 6, c3k2
0 51 1 ’ -2 61 1 ) -1 07 2 61 1 ) (28)

A =0, w=—k(32c0c71 —71 — 6 —1).
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Ej_fjlue(3—3)

Figure(3 - b)
0.0251

Fig. 3. (Color online) Solution Uy with ¢y = 0.5, ¢; = —0.1, v; = 0.01, §; = 0.2, §, = 0.03, k = 0.3.

Put (28) into (14)

(67,¢2k2) (“_ ten (@<5+50))> ?

Ca
Uy = —
o 5 —1
2K 4 k2
_ 6v1¢p - ( CoC2aM1 ), ey >0, (29)
s 1 ( Cocztan( Cocz(erfo))) 0 —1
(6, — 1) (VoL

C2

anh (/=¢ocy 0 2
(6’)/165162) (\/Cocﬂd h( 002 (646 )))

Up=—
10 5 —1

6'71C(%k2

(40002’71k2
—¢oCy tan! —CoCa 2 6, —1
(6, — 1) <\/ 0ca tanh (/=6 (f+§o))) 1

), CoCo < 0. (30)

C2

3.2. Application of modified extended auxiliary equation
mapping method

Let solution of (13) be
o\? D,W

B B 2
_ 2 1 2 i
U= A0 + AW+ A+ + 55+ Ol +D2<—\p) +=5 (31)

2350276-7
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Put (31) with (8) into (13)

B1(61Dy — Dy + 1 k?) B2(26Dy — 2Dy + 3y, k?)
Ay =— A=— B,=0, B,=0
0 (51 1 ) 1 2((51 — 1) 9 1 ) 2 )
B3 2kA
D —0 A —_— B5(8:Dy — Dy + 371 K?) = 3 217_11
1 ) 2 61 1 ) 2 \/61——1 9

w=k28/n+mn+o+1).
(32)

Put (32) into (31)

Case I.
U ((—51 (ecoth(3/Bi(€+ &) + 1)) (Ba(26,Dy — 2D, + 371k2)))
H B2(2(61 — 1))
(_ By (ecoth (33/B1 (646,)) +1) ) )
B2
_ (Bi(81Dy — Dy + 1K) (83(81Dy — Dy + 371K?))
. ﬁ:f/zecsch2 (VA (E+&)) ﬁi{%kl
23, Vo, —1
B 3/2 ¢csch? ($VBiI(E+ §0 9 B
(26,) (= (ccoth (§y/Fr(660)) >0 By 4hiBy =0 (33)
B2
Case II.
~ _ [a (e (VAiers) ))
e = (52(261D2 2D2 + 371k2))( 4033 (cosh (\/5—1(5+fo))+’7 i
2= -

2(6 - 1)

33”/1164
_ (B1(61Dy = Dy + 1K) +l 35
5 — 1 2 w/—51 —1

X( by (_(mecosh(\/ﬂ_l(ugo)) J[TlesinhQ(\/ﬂT(éw)))))

A cosh (VB (E+&)) +n  (cosh (VBL(E + &) + 1)
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Fj_gul e(d-a)

Fig. 4. (Color online) Solution Uy, with (), =3 =2, B, =4, v, =3.01, § =0.01, Dy, =0.03,
€ =003, k=03, ¢=1

esin 1(54{0)) ?
510~ Dy ) ([ () )
(B3(61 Dy — Dy + 371 k%)) 485\ cost (/51 (¢4+60) ) +n
5 —1

\/Z(ﬂecosh (\/ﬁ_l(@rﬁo)) _ \/ﬁ_lesinh2 (\/ﬁ_1(£+£0)) ) 2
Bs\ cosh (\/ﬂ_l(&—fo)) +n (cosh (\/Bl-(@réo)) +n)z

+D :
> 2(_ ﬁ( esinh (/r(6+6) ) N 1)>
V495 \ cosh (v/Br(6460)) +0
Br>0, B3>0, By= (45,852 (34)
Case III.

(B2(261Dy — 2D + 37,k?))
_ e(sinh (\/ﬁ_l(er{o))JrP) ))
( b (cosh (V/Bi(e+&0) ) +a/PFT 1
B2(2(6, — 1))

U — B1(61Dy — Dy +71k?)
13= — -
5 —1

oy 2k
/33"1176

B (/3 ( \/ﬂ_lecosh (\/ﬂ_l(ﬁ-!—éo))
! cosh (\/E(§+§g))+7]\/m

6—1 B \/ﬁ_lesinh (\/ﬁ_1(5+50)) (sinh (\/[5_1(5+§0)) +P) ))
(cosh (/B (+6)) +nV/PP1)?
o

2350276-9
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(B3(61Dy — Dy + 37, k?))

2
P (sinb (VB (€+€0)+P)
ot (VB (vt /P2

R 3 Byy ikt
B N 51
61— 1 6, — 1

\/ﬁ_lecosh (\/[3_1(§+fo))
! cosh (\//3’_1(§+£0)) +nVP2+1

 Bresinh (V/Bi(e+60)) (sinh (v/Bi+60) +P) )

7
- (cosh (\/E(§+fo))+7/vP2+1) + DyL, (31 >0, (35)

B2
where
2
< Viiecosh (v/Bi(er&)  /Bresinn(y/Br(e ) (sinh(y/Br (€ +60)+P )>
1 | - e (Vi) P (comh (/Br(e+60)) e PPT):
Ba ( A <cosh(\/ﬂ(£+£o))+w P241 +1)>

Ba

F_i_gulef,S—a]

Figure(5-b)
1.0+

Fig. 5. (Color online) Solution U3 with 8, =0.9, 8y =4, 33 =2,7, =02, 6, =15, Dy =21, n=1,
& =13k=-11,P=1¢c=1.
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3.3. Application of (G'/G)-expansion method
Let solution of (13) be

el G’ 2
oo (@) (S -
Put (36) with (10) into (13)
67142 Nk (AT + 2m) 671k A
AQ = - 3 0= ¢ 1 Al = - )
6 —1 6, —1 6 —1 (37)

w= K27 AT — 8y + 71 + 6 + 1)
Put (37) into (36), we have following cases.
Case I. A7 — 4y, >0

£Py sinh (5\//\%4/11)%5 cosh (év Af*““l) _M
£Pysinh (/N7 —4p1; ) +€P; cosh (1y/37 1)
0 —1

(1R (A2 +2u1))<

Uy = -

) <6%,€2> £Psinb (5 /N =4 ) +€Pycosh (5 VAT —4) ’
ey (3vAT = |

01— 1)\ ¢p, sinh (% VAT =4, ) + €P, cosh (4 /71) 2
(38)
Case IT. \? — 4y, <0
(’ylkz(A% i 2#1)) (\/4;“)\%({1’2 cos (%\/4;“7/‘\%)751’1 sin (%\/4;117/\0) ﬁ)
U — 2(Pysin (44/am—A2) +¢P; cos (44/4m-A2) ) 2
15 = 5 1
o Gz G Mo ELc ey N
1 2(§P2 sin (% 4;L17)\f)+£P1 cos (%. /4;117)@)) 2
. 5 —1 (39)
Case ITI. A\ — 4y, =0
Py )2
b (vlkm% T 2#1)) ( ©nk) (el — )
16 5 —1 5 —1
2 P, A
(ot Al)(ﬁ _ 7> : (40)

5 — 1

2350276-11
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Figure(6 - a)
A

Figure[ﬁ—b]

Fig. 6. (Color online) Solution U;s with v, =3.2, §;, = —-0.5, k=-0.1, \; =1, gy =2, P, =0.5,

P, =0.01.

3.4. Application of modified F-expansion method
Let solution of (13) be

b b
U:a2F2+a1F+a0+F22+fl.
Put (41) with (12) into (13)
A=0,B=1,C=-1
71k 671k 671k
= g =- T g = b =0, by=0
Qg 61_17 Qg 51_17 a; 61_17 1 ’ 2 ’

w=k3y +6 +1).
Put (42) into (41)

_(mk 67,5\ (1 £, 1
Ui = (61—1>+(61—1 g tanh (5 ) 3
1 3 1\\?
X (5 tanh (5) + 5)) .
71k a4y — — 671+ a = 671k
-1 T 5 -1 YT -1
b2:0, w:k3(371+61—|—1)
Put (44) into (41)

o '71]{32 6"}/1]{72 1 1 5 6")/1]{72
i () + (55) ) - (25)
X (% — %coth(%))Q.

A=1/2, B=0,C=-1/2

_|_

6’71]{?2
5 —1

2350276-12
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FAMILY-I

3y, k? 3y, k2
a0:2(6171_1), QQZ—; 0/1:07 ble, bQZO,

206, —1)’
w=—k(y —& —1).
Substitute (46) into (41)

o - () - (e i)

FAMILY-II

an = 71k2
0 — 2(61 — 1) )
w=k3y +6 +1).

Put (48) in (41)

3 k2
CLQZO, a1:O, bIZO, b2:_2(Tl—1)7

Uipr = <2(;11]i21)) - ((2(51 - 1))(023)3}11];; + csch(f))2)'

FAMILY-III
371]€2 3’}/1k2 3’}/1](12
=1 = =0, b =0, by=-—
) 61_17 Qg 2(61_1)7 ay ) 1 ) 2 2(61_1)5

Put (50) into (41)

Utgs = @ lk21> - ((3%’“2”(62?;11(5) ;;csch(f))2>

3’71]{?2 1
B <2(61 —1) (coth(¢) + CSCh(f))2>.
A=1,B=0,C——-1
FAMILY-I

an — 2"}/1]?2 a :_6’)/1]’(?2 a =
0 61_15 2 51_1a 1

w=k(97 + 6, +1).

Put (52) into (41)

_ (2’71k2) B <(671k§1)t_mih2(£))_

2350276-13
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FAMILY-II
6y, k2 6y, k2
a’0:611_17 a2:07 a’1:07 b1:0, b2:_611_1,
w= Tk + 6K + K.
Put (54) into (41)
6’)/1k2 6’)’1]{?2 1
U20,2 = - oA |
61 -1 (51 — 1 tanh (5)
FAMILY-III
1271]{?2 6’)/1]92 671]‘:2
=1 = - =0, b =0, by=—-""
Qg 61_13 Qs 61_1) ap ) 1 ’ 2 61_13

w = —31’}/1k3 + 61]{73 -+ k?).

Put (56) into (41)

o 12’71]{2 6’)/11412 2 6’Ylk2 1
U2073 o (61 —1 (51 -1 tanh (5) 51 -1 tanhQ(f) '

A=C=1/2,B=0

Fjglue[?—a]

T Figure(7 - b)
) 00141

Q S
9 0’.6}?; AOCSS
RN

(56)

Fig. 7. (Color online) Solution U;; with v, = 2.2, §; = —0.001, k = —0.3.

FAMILY-I

3y, k2 37, k?
aoz—ﬁ, Ay = L 111:0, b1:0a b2:03

2350276-14
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Put (58) into (41)

2 2
s =~ (g5 ) = gy (Can(e) + c0(€))),

(61 1) (61 —1)
FAMILY-II
_ 3’}/1]@2 o . _ _ 371]62
%= 5%, — 1) ay =0, a;=0, b =0, by= 206, 1)’
w=kBy +6 +1).
Put (60) into (41)
371]62 3"}/1k2 1
Uso - 7 |-
2(61 = 1) \2(6 — 1) (tan(§) + sec(§))
FAMILY-III
_ L _ 371k* _ _ _ 371k°
aO—(Sl_l: Qg = 2((51_1)3 al—(); bl—oa b2— 2(61_1)3

w= Tk + 6K + K.
Put (62) into (41)

k? 3y, k2
U = (5225 - 5 (an(©) + sec(©)

B ( 3y, k2 1 >
2(6, — 1) (tan(€) +sec(€))? )
A=C=-1/2,B=0

E_i_glue(ﬁ—.’i]

Figure(8-b)

I Nagdk
11 J\:l

‘ ‘] H:LL.

I ||1Lf

|
1l
00

Fig. 8. (Color online) Solution Uy ; with y; = 1.2, §; = —1.1, k = 1.001.
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FAMILY-I

3y, k? 3y, k2
a0:_2(5171_1)7 ay=——e a; =0, b =0, by=0,

Put (64) into (41)

371k 371k 5
U221 - 2(61 — 1) 2(61 IR 1) (SeC(g) tan(g))
FAMILY-II
_ ok _ _ _ _ 3k
ay = 2(61_1)7 a2_07 al_ov bl_oa b2_ 2(61_1)1

w=—k(y —& —1).
Put (66) into (41)

7k 371k 1
Uy = — - 3
2060 —=1)  2(6; —1) (sec(§) — tan())
FAMILY-III
71 k2 371k 3y, k?
= = - =0, =0, by=————
) 51_1a 5] 2(61—1)7 ay ) 1 ) 2 2(61—1)7

w = —7’}/1]@’3 + 61k3 + ]€3.
Put (68) into (41)

k2 3y, k2
Upy g = Y1 _( V1

-1 \2(6, 1) (sec(€) — tan(f))Q)

_ ( 3’}/1]62 1 )
2(8; = 1) (sec(§) — tan(§))? )
A=C=-1,B=0
FAMILY-I

67k 671k
- , Qg = — )
s,—1" 72 5 — 1

ay =

Put (70) into (41)
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FAMILY-II
2y, k? 6y, k2
aﬂz_éll_la a; =0, a; =0, b1207 b2:_611_17
w= =Ty k3 + 6k + K.
Put (72) into (41)
67, k2 2y k21
Uy o = — - 3 .
61 -1 61 —1 tan (f)
FAMILY-III
4y K 671k 671k
ao 61—1, a9 61_13 ap 07 1 0; 2 61—1,

w= =317k + 6,k + k3.
Put (74) into (41)

o 4’71]{32 671]{72 2 6’)/1]?2 1
U23’3 o 61 -1 (51 -1 tan (g) 51 -1 tan2(£) '

_ 6"}/102]€2
S -1

CL(]:O, a9 = CLIZO, b1:O7 bQZO,

w=Fk(y +6 +1).
Put (76) into (41)

g = GG LN
S | ce)

B=C=0

ayg=ay =a; = b =0,

Put (78) into (41)

- SV ( 1 >2
BT - )+ 6+ DVE\AE)
C=0
an = — BQ’}/lk2 a =0 a =0 _ _ GAB’Yl]{; by — — 6A2’}/1]€2
0 6171, 2 ) 1 ) 1 6171 ) 2 61717

w=Fk2B%*y + v +6 +1).

2350276-17

b 65/ —1 A2, w?/3 o (-1)3Yw
’ (6, = 1) (71 + 6, + 1)%37 Yn+o+1°

(72)

(73)

(74)

(79)

(80)
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Figure(9-b)

Fig. 9. (Color online) Solution Uy with A = 1.5, v, = —0.1, §; = 3.1, k= —5.5, w = 2.5.

Put (80) into (41)

U _ GAB’Yle . B2’Ylk2 B . 6A2’Y1k2 B 2 (81)
S N 5 — 1 exp(BE) — A 6 —1 \exp(B)—A) -

4. Conclusion

We have applied three mathematical schemes to establish soliton solutions of gen-
eralized SIdV equation which is likely to be KdV equation. The derived solutions are
in different types like exponential, hyperbolic, trigonometric and rational functions.
Some obtained solutions are plotted graphically in two-dimensional and three-
dimensional forms by imparting particular value to the parameters under the
constrain condition on each disquiet solution. Hence, it shows that our proposed
mathematical methods are powerful, methodical and have the capacity to be used
in supplementary works to originate novel results for NPDEs.
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