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In this paper, we have studied a generalized scale-invariant analog of the well-known Korteweg–
de Vries (KdV) equation. The generalized scale-invariant analog of the Korteweg–de Vries

(SIdV) plays as a bridge between the KdV equation. The generalized SIdV model was dis-
covered recently, and shares the same one-soliton solution as the KdV equation. By employing

four mathematical methods, several types of exact and solitary wave solutions are established.

For the physical behavior of the model, some solutions are plotted graphically by imparting
speci¯c values to the parameters under constrain condition. Hence, reconnoitered elucidations

have pro¯table rewards in the ¯eld of mathematical physics.
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1. Introduction

Consider the generalized scale-invariant analog of the Korteweg–de Vries (KdV)

equation proposed in Ref. 1 and given by

Ut þ 3ð1� �1ÞU þ ð�1 þ 1Þ Uxx

U

� �
Ux ¼ �1Uxxx: ð1Þ

Here, �1 and �1 are nonzero constants. Equation (1) can be thought of as a KdV-like

equation with an advecting velocity given by the expression ð3ð1� �1ÞU þ ð�1 þ 1Þ Uxx

U Þ.
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Note that when �1 ¼ �1 and �1 ¼ �1 then Eq. (1) reduces into KdV equation and

also SIdV is called a natural extension of KdV model. A recent work2 has shown that

there are resilient associations between the Sylvester equation and integrable systems

such as the KdV and SIdV models. Equation (1) is extensively used in control theory,

image restoration and in signal processing similar to Sylvester equation.3 Equa-

tion (1) was lately studied in Ref. 4 employing the dynamical system theory, and

traveling waves of bell type and valley type were investigated. Our main goal here is

to construct the exact and solitary wave solutions of the generalized SIdV equation in

closed forms even when �1 and �1 are not equal to �1.

There are several known authoritative schemes that can be utilized to establish

exact solutions of nonlinear partial di®erential equations (NPDEs)5–10 such as

Hirota's bilinear technique,11 the inverse scattering transform approach,12 the

ðG=G0Þ-expansion scheme,13,14 the Riccati–Bernoulli sub-ODE method,15,16 the

homogeneous balance method,17 the generalized Riccati equation mapping

approach18–29 and many more.30–47 Here, we have applied four mathematical

methods called extended simple equation method,48 modi¯ed extended auxiliary

method,49 ðG=G0Þ-expansion method50 and modi¯ed F -expansion method to con-

struct exact and solitary wave solutions of SIdV model mentioned in Eq. (1). The

derived solutions have fruitful applications in nonlinear science. The remaining part

of this paper is arranged as follows. Three mathematical methods are temporarily

designated in Sec. 2. In Sec. 3, the proposed schemes are functionalized to the gen-

eralized SIdV model. Section 4 concludes.

2. Description of the Methods

Let

T1ðU ;Ut;Ux;Uxx;Uxt; . . .Þ ¼ 0: ð2Þ
Let

U ¼ Uð�Þ; � ¼ kx� !t: ð3Þ
Put (3) into (2)

T2ðU ;U 0;U 00; . . .Þ ¼ 0: ð4Þ

2.1. Extended simple equation method

Let (4) has solution

Uð�Þ ¼
XN
i¼�N

Ai�
ið�Þ: ð5Þ

Let � satisfy

�0 ¼ c0 þ c1�þ c2�
2 þ c3�

3: ð6Þ
Put (5) with (6) into (4). Solve the achieved system for the solution of (2).

A. R. Seadawy & A. Ali

2350276-2

In
t. 

J.
 M

od
. P

hy
s.

 B
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 C

he
ng

 W
en

 C
he

on
g 

on
 0

5/
03

/2
3.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2.2. Modi¯ed extended auxiliary equation mapping method

Let solution of (4) be

U ¼
XN
i¼0

Ai�
i þ

X�N

i¼�1

B�i�
i þ
XN
i¼2

Ci�
i�2�0 þ

XN
i¼1

Di

�0

�

� �
i

: ð7Þ

Let � satisfy

�0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�2 þ �2�3 þ �3�4

p
: ð8Þ

Put (7) with (8) into (4), solve the obtained system for the require destination of (2).

2.3. The (G00/G)-expansion method

Let (4) have the solution

U ¼ A0 þ
XN
i¼1

Ai

G0

G

� �
: ð9Þ

Let

G00 ¼ ��1G
0 � �1G: ð10Þ

Put (9) with (10) into (4), solve the obtained system for the require destination of

(2).

2.4. Modi¯ed F-expansion method

Let solution of (2) be

U ¼ a0 þ
XN
i¼1

aiF
ið�Þ þ

XN
i¼1

biF
�ið�Þ: ð11Þ

Let F oblige

F 0 ¼ AþBF þ CF 2: ð12Þ

Put (11) with (12) into (4). Solve obtained system to establish the required solution

of (2).

3. Applications

3.1. Application of extended simple equation method

Putting Eq. (3) into Eq. (1), integrating once by omitting the constant of integration,

we have

k3U2ð�1 þ �1 þ 1Þ � 2�1k
3UU 00 þ 2ð1� �1ÞkU3 � !U2 ¼ 0: ð13Þ
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Let (13) have the solution

U ¼ A2�
2 þA1�þ A�2

�2
þ A�1

�
þ A0: ð14Þ

Put (14) with (6) into (13).

Case 1. c3 ¼ 0

FAMILY-I

A0 ¼ � �1ðc21 þ 2c0c2Þk2
�1 � 1

; A2 ¼ � 6�1c
2
2k

2

�1 � 1
; A1 ¼ � 6�1c1c2k

2

�1 � 1
;

! ¼ k3ð2�1c21 � 8�1c0c2 þ �1 þ �1 þ 1Þ; A�2 ¼ 0; A�1 ¼ 0:

ð15Þ

Put (15) into (14)

U1 ¼
ð3�1c1k2Þ c1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2c0 � c21

p
tan 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2c0 � c21

p
ð� þ �0Þ

� �� �
�1 � 1

0
@

1
A

� �1ðc21 þ 2c0c2Þk2
�1 � 1

� �
�

ð3�1k2Þ c1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2c0 � c21

p
tan

�
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2c0 � c21

p
ð� þ �0Þ

� ��
2

2ð�1 � 1Þ

0
BBBBBBB@

1
CCCCCCCA
; 4c0c2 > c21: ð16Þ

FAMILY-II

A0 ¼ � �1ðc21 þ 2c0c2Þk2
�1 � 1

; A�2 ¼ � 6�1c
2
0k

2

�1 � 1
; A�1 ¼ � 6�1c0c1k

2

�1 � 1
;

A2 ¼ 0; A1 ¼ 0; ! ¼ k3ð2�1c21 � 8�1c0c2 þ �1 þ �1 þ 1Þ:
ð17Þ

Substitute (17) into (14)

U2 ¼ � �1ðc21 þ 2c0c2Þk2
�1 � 1

� �
� 6�1c0c1k

2

ð�1�1Þ � c1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2c0�c 2

1

p
tan 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2c0�c 2

1

p
ð�þ�0Þ

� �� �� �
2c2

0
B@

1
CA

� 6�1c
2
0k

2

ð�1 � 1Þ � c1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2c0�c 21

p
tan 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2c0�c 21

p
ð�þ�0Þ

� �
2c2

� �2

0
BBB@

1
CCCA; 4c0c2 > c21: ð18Þ

Case 2. c0 ¼ c3 ¼ 0

A0 ¼ A�2 ¼ A�1 ¼ 0; A2 ¼ � 6�1c
2
2k

2

�1 � 1
; A1 ¼ � 6�1c1c2k

2

�1 � 1
;

! ¼ �k3ð2�1c21 � �1 � �1 � 1Þ:
ð19Þ
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Put (19) into (14)

U3 ¼
ðc1expðc1ð� þ �0ÞÞÞð�ð6�1c1c2k2ÞÞ
ð�1 � 1Þð1� c2expðc1ð� þ �0ÞÞÞ

� �

�
c1expðc1ð�þ�0ÞÞ

1�c2expðc1ð�þ�0ÞÞ
� �

2ð6�1c22k2Þ
�1 � 1

0
B@

1
CA; c1 > 0; ð20Þ

U4 ¼ �
� c1expðc1ð�þ�0ÞÞ

c2expðc1ð�þ�0ÞÞþ1

� �
2ð6�1c22k2Þ

�1 � 1

0
B@

1
CA

� ðc1expðc1ð� þ �0ÞÞÞð�ð6�1c1c2k2ÞÞ
ð�1 � 1Þðc2expðc1ð� þ �0ÞÞ þ 1Þ

� �
; c1 < 0: ð21Þ

Case 3. c1 ¼ 0, c3 ¼ 0

FAMILY-I

A0 ¼ � 2�1c0c2k
2

�1 � 1
; A�2 ¼ 0; A�1 ¼ 0; A2 ¼ � 6�1c

2
2k

2

�1 � 1
;

A1 ¼ 0; ! ¼ �k3ð8c0c2�1 � �1 � �1 � 1Þ:
ð22Þ

Put (22) into (14)

U5 ¼ �
ð6�1c22k2Þ

ffiffiffiffiffiffi
c0c2

p
tan

ffiffiffiffiffiffi
c0c2

p ð�þ�0Þð Þ
c2

� �
2

�1 � 1
� 2�1c0c2k

2

�1 � 1

� �
; c0c2 > 0; ð23Þ

Fig. 1. (Color online) Solution U1 with c0 ¼ 1, c1 ¼ 0:5, c2 ¼ 2, �1 ¼ 0:03, �1 ¼ 3, �0 ¼ 4:5, k ¼ �0:5.
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U6 ¼ �
ð6�1c22k2Þ �

ffiffiffiffiffiffiffiffiffi�c0c2
p

tanh
ffiffiffiffiffiffiffiffiffi�c0c2

p ð�þ�0Þð Þ
c2

� �
2

�1 � 1
� 2�1c0c2k

2

�1 � 1

� �
; c0c2 < 0: ð24Þ

FAMILY-II

A0 ¼ � 2�1c0c2k
2

�1 � 1
; A�2 ¼ � 6�1c

2
0k

2

�1 � 1
; A�1 ¼ 0; A2 ¼ 0;

A1 ¼ 0; ! ¼ �k3ð8c0c2�1 � �1 � �1 � 1Þ:
ð25Þ

Put (25) into (14)

U7 ¼ � 6�1c
2
0k

2

ð�1 � 1Þ
ffiffiffiffiffiffi
c0c2

p
tan

ffiffiffiffiffiffi
c0c2

p ð�þ�0Þð Þ
c2

� �
2

0
BBB@

1
CCCA� 2�1c0c2k

2

�1 � 1

� �
; c0c2 > 0; ð26Þ

U8 ¼ � 6�1c
2
0k

2

ð�1 � 1Þ
ffiffiffiffiffiffiffiffiffi�c0c2

p
tanh

ffiffiffiffiffiffiffiffiffi�c0c2
p ð�þ�0Þð Þ
c2

� �
2

0
BB@

1
CCA� 2�1c0c2k

2

�1 � 1

� �
; c0c2 < 0: ð27Þ

FAMILY-III

A0 ¼
4�1c0c2k

2

�1 � 1
; A�2 ¼ � 6�1c

2
0k

2

�1 � 1
; A�1 ¼ 0; A2 ¼ � 6�1c

2
2k

2

�1 � 1
;

A1 ¼ 0; ! ¼ �k3ð32c0c2�1 � �1 � �1 � 1Þ:
ð28Þ

Fig. 2. (Color online) Solution U4 with c1 ¼ �2:5, c2 ¼ 3:5, �1 ¼ 0:3, �1 ¼ 0:03, �0 ¼ 0:5, k ¼ 0:4.
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Put (28) into (14)

U9 ¼ �
ð6�1c22k2Þ

ffiffiffiffiffiffi
c0c2

p
tan

ffiffiffiffiffiffi
c0c2

p ð�þ�0Þð Þ
c2

� �
2

�1 � 1

0
BB@

1
CCA

� 6�1c
2
0k

2

ð�1 � 1Þ
ffiffiffiffiffiffi
c0c2

p
tan

ffiffiffiffiffiffi
c0c2

p ð�þ�0Þð Þ
c2

� �
2

0
BBB@

1
CCCAþ 4c0c2�1k

2

�1 � 1

� �
; c0c2 > 0; ð29Þ

U10 ¼ �
ð6�1c22k2Þ

ffiffiffiffiffiffiffiffiffi�c0c2
p

tanh
ffiffiffiffiffiffiffiffiffi�c0c2

p ð�þ�0Þð Þ
c2

� �
2

�1 � 1

0
BB@

1
CCA

� 6�1c
2
0k

2

ð�1 � 1Þ
ffiffiffiffiffiffiffiffiffi�c0c2

p
tanh

ffiffiffiffiffiffiffiffiffi�c0c2
p ð�þ�0Þð Þ
c2

� �
2

0
BBB@

1
CCCAþ 4c0c2�1k

2

�1 � 1

� �
; c0c2 < 0: ð30Þ

3.2. Application of modi¯ed extended auxiliary equation

mapping method

Let solution of (13) be

U ¼ A2�
2 þ A1�þ A0 þ

B1

�
þ B2

�2
þ C2�

0 þD2

�0

�

� �
2

þ D1�
0

�
: ð31Þ

Fig. 3. (Color online) Solution U10 with c0 ¼ 0:5, c2 ¼ �0:1, �1 ¼ 0:01, �1 ¼ 0:2, �0 ¼ 0:03, k ¼ 0:3.
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Put (31) with (8) into (13)

A0 ¼� �1ð�1D2 �D2 þ �1k
2Þ

�1 � 1
; A1¼� �2ð2�1D2 � 2D2 þ 3�1k

2Þ
2ð�1 � 1Þ ; B1¼0; B2 ¼ 0;

D1 ¼ 0; A2 ¼ � �3ð�1D2 �D2 þ 3�1k
2Þ

�1 � 1
; C2 ¼

3
ffiffiffiffiffiffiffiffiffiffiffi
�3�

2
1
k4

�1�1

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � 1

p ;

! ¼ k3ð2�1�1 þ �1 þ �1 þ 1Þ:
ð32Þ

Put (32) into (31)

Case I.

U11 ¼ � ��1 �coth 1
2

ffiffiffiffiffi
�1

p ð� þ �0Þ
� �þ 1

� �� �ð�2ð2�1D2 � 2D2 þ 3�1k
2ÞÞ

�2ð2ð�1 � 1ÞÞ
� �

� �1ð�1D2 �D2 þ �1k
2Þ

�1 � 1

� �
�

� �1 �coth 1
2

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ1

� �
�2

� �
2

�3 �1D2 �D2 þ 3�1k
2ð Þð Þ

�1 � 1

0
BBBBBBBB@

1
CCCCCCCCA

þ �
3=2
1 �csch2 1

2

ffiffiffiffiffi
�1

p ð� þ �0Þ
� �
2�2

 !
3
ffiffiffiffiffiffiffiffiffiffiffi
�3�

2
1
k4

�1�1

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � 1

p
0
@

1
A

þ �
3=2
1 �csch2 1

2

ffiffiffiffiffi
�1

p ð� þ �0Þ
� �

2�2ð Þ ��1 �coth 1
2

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ1

� �� �
�2

0
B@

1
CA

2
0
B@

1
CA; �1 > 0; � 2

2 � 4�1�3 ¼ 0: ð33Þ

Case II.

U12 ¼ �
ð�2ð2�1D2 � 2D2 þ 3�1k

2ÞÞ �
ffiffiffiffiffiffi
�1

4�3

q
� sinh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	

þ 1

� �� �
2ð�1 � 1Þ

0
BB@

1
CCA

� �1ð�1D2 �D2 þ �1k
2Þ

�1 � 1

� �
þ 1

2

3
ffiffiffiffiffiffiffiffiffiffiffi
�3�

2
1
k4

�1�1

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � 1

p
0
@

1
A

�
ffiffiffiffiffiffi
�1

�3

s
�

ffiffiffiffiffi
�1

p
� cosh

ffiffiffiffiffi
�1

p ð� þ �0Þ
� �

cosh
ffiffiffiffiffi
�1

p ð� þ �0Þ
� �þ 	

�
ffiffiffiffiffi
�1

p
�sinh2

ffiffiffiffiffi
�1

p ð� þ �0Þ
� �

cosh
ffiffiffiffiffi
�1

p ð� þ �0Þ
� �þ 	

� �
2

 ! ! !
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�
ð�3ð�1D2 �D2 þ 3�1k

2ÞÞ �
ffiffiffiffiffiffi
�1

4�3

q
� sinh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	

þ 1

� �� �2

�1 � 1

0
BBB@

1
CCCA

þD2 �

ffiffiffiffi
�1

�3

q ffiffiffiffi
�1

p
� cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	

�
ffiffiffiffi
�1

p
�sinh2

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	

� �
2

� �

2 �
ffiffiffiffiffiffi
�1

4�3

q
� sinh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	

þ 1

� �� �
0
BBB@

1
CCCA

2

;

�1 > 0; �3 > 0; �2 ¼ ð4�1�3Þ1=2: ð34Þ

Case III.

U13 ¼ � �1ð�1D2 �D2 þ �1k
2Þ

�1 � 1

� �
�

ð�2ð2�1D2 � 2D2 þ 3�1k
2ÞÞ

��1
� sinh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þP

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	
ffiffiffiffiffiffiffiffiffi
P 2þ1

p þ 1

� �� �
�2ð2ð�1 � 1ÞÞ

0
BBBBBBBB@

1
CCCCCCCCA

þ

3

ffiffiffiffiffiffiffiffiffiffi
�3�

2
1
k4

�1�1

q
ffiffiffiffiffiffiffiffi
�1�1

p
� �1

ffiffiffiffi
�1

p
� cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	
ffiffiffiffiffiffiffiffiffi
P 2þ1

p
��

�
ffiffiffiffi
�1

p
� sinh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
sinh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þP

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	
ffiffiffiffiffiffiffiffiffi
P 2þ1

p� �
2

��
0
BBB@

1
CCCA

�2

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

Fig. 4. (Color online) Solution U11 with �1 ¼ �3 ¼ 2, �2 ¼ 4, �1 ¼ 3:01, �1 ¼ 0:01, D2 ¼ 0:03,

�0 ¼ �0:03, k ¼ 0:3, � ¼ 1.
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�

ð�3ð�1D2 �D2 þ 3�1k
2ÞÞ

�
�1

� sinh
ffiffiffi
�1

p
ð�þ�0Þð ÞþPð Þ

cosh
ffiffiffi
�1

p
ð�þ�0Þð Þþ	

ffiffiffiffiffiffiffi
P2þ1

p þ1

� �
�2

0
BB@

1
CCA

2

�1 � 1

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

þ
3
ffiffiffiffiffiffiffiffiffiffiffi
�3�

2
1
k4

�1�1

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � 1

p
0
@

1
A

�

�1

ffiffiffiffi
�1

p
� cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	
ffiffiffiffiffiffiffiffiffi
P 2þ1

p
�

�
ffiffiffiffi
�1

p
� sinh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
sinh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þP

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	
ffiffiffiffiffiffiffiffiffi
P 2þ1

p� �
2

�
�2

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

þD2L; �1 > 0; ð35Þ

where

L ¼ �
�1

ffiffiffiffi
�1

p
� cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	
ffiffiffiffiffiffiffiffiffi
P 2þ1

p �
ffiffiffiffi
�1

p
� sinhð

ffiffiffiffi
�1

p
ð�þ�0ÞÞ sinhð

ffiffiffiffi
�1

p
ð�þ�0ÞÞþP

� �
cosh

ffiffiffiffi
�1

p
ð�þ�0Þ

� �
þ	
ffiffiffiffiffiffiffiffiffi
P 2þ1

p� �
2

� �

�2 ��1
� sinh

ffiffiffi
�1

p
ð�þ�0Þð ÞþPð Þ

cosh
ffiffiffi
�1

p
ð�þ�0Þð Þþ	

ffiffiffiffiffiffiffi
P2þ1

p þ1

� �� �
�2

0
BBBBB@

1
CCCCCA

2

:

Fig. 5. (Color online) Solution U13 with �1 ¼ 0:9, �2 ¼ 4, �3 ¼ 2, �1 ¼ 0:2, �1 ¼ �1:5, D2 ¼ 2:1, 	 ¼ 1,

�0 ¼ 1:3, k ¼ �1:1, P ¼ 1, � ¼ 1.
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3.3. Application of (G00/G)-expansion method

Let solution of (13) be

U ¼ A0 þ A1

G0

G

� �
þ A2

G0

G

� �
2

: ð36Þ

Put (36) with (10) into (13)

A2 ¼ � 6�1k
2

�1 � 1
; A0 ¼ � �1k

2ð�2
1 þ 2�1Þ

�1 � 1
; A1 ¼ � 6�1k

2�1

�1 � 1
;

! ¼ k3ð2�1�2
1 � 8�1�1 þ �1 þ �1 þ 1Þ:

ð37Þ

Put (37) into (36), we have following cases.

Case I. �2
1 � 4�1 > 0

U14 ¼ �
ð�1k2ð�2

1 þ 2�1ÞÞ �P1 sinh
1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
� 2

1�4�1

p� �
þ�P2 cosh

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
� 2

1�4�1

p� �
�P2 sinh

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
� 2

1�4�1

p� �
þ�P1 cosh

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
� 2

1�4�1

p� � � �1
2

� �
�1 � 1

0
BB@

1
CCA

� 6�1k
2

�1 � 1

� � �P1 sinh
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
1 � 4�1

p� �
þ �P2 cosh

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
1 � 4�1

p� �
�P2 sinh

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
1 � 4�1

p� �
þ �P1 cosh

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
1 � 4�1

p� � � �1

2

0
@

1
A

2

:

ð38Þ

Case II. � 2
1 � 4�1 < 0

U15 ¼ �
ð�1k2ð�2

1 þ 2�1ÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p
�P2 cos

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p� �
��P1 sin

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p� �� �
2 �P2 sin

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p� �
þ�P1 cos

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p� �� ��
� �1

2

�
�1 � 1

0
BB@

1
CCA

�
6�1k

2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p
�P2 cos

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p� �
��P1 sin

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p� �� �
2 �P2 sin

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p� �
þ�P1 cos

1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
4�1�� 2

1

p� �� � � �1

2

� �2

�1 � 1

0
BBB@

1
CCCA: ð39Þ

Case III. � 2
1 � 4�1 ¼ 0

U16 ¼ � �1k
2ð� 2

1 þ 2�1Þ
�1 � 1

� �
�

ð6�1k2Þ P2

�P2þP1
� �1

2

� �
2

�1 � 1

0
B@

1
CA

�
ð6�1k2�1Þ P2

�P2þP1
� �1

2

� �
�1 � 1

0
@

1
A: ð40Þ

Solitary wave solutions of a generalized scale-invariant analog of the KdV equation
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3.4. Application of modi¯ed F-expansion method

Let solution of (13) be

U ¼ a2F
2 þ a1F þ a0 þ

b2
F 2

þ b1
F

: ð41Þ

Put (41) with (12) into (13)

A ¼ 0, B ¼ 1, C ¼ �1

a0 ¼ � �1k
2

�1 � 1
; a2 ¼ � 6�1k

2

�1 � 1
; a1 ¼

6�1k
2

�1 � 1
; b1 ¼ 0; b2 ¼ 0;

! ¼ k3ð3�1 þ �1 þ 1Þ:
ð42Þ

Put (42) into (41)

U17 ¼ � �1k
2

�1 � 1

� �
þ 6�1k

2

�1 � 1

� �
1

2
tanh

�

2

� �
þ 1

2

� �
þ 6�1k

2

�1 � 1

� �

� 1

2
tanh

�

2

� �
þ 1

2

�� �
2

: ð43Þ

A ¼ 0, C ¼ 1, B ¼ �1

a0 ¼ � �1k
2

�1 � 1
; a2 ¼ � 6�1k

2

�1 � 1
; a1 ¼

6�1k
2

�1 � 1
; b1 ¼ 0;

b2 ¼ 0; ! ¼ k3ð3�1 þ �1 þ 1Þ:
ð44Þ

Put (44) into (41)

U18 ¼ � �1k
2

�1 � 1

� �
þ 6�1k

2

�1 � 1

� �
1

2
� 1

2
coth

�

2

� �� �
� 6�1k

2

�1 � 1

� �

� 1

2
� 1

2
coth

�

2

� �� �
2

: ð45Þ

A ¼ 1=2, B ¼ 0, C ¼ �1=2

Fig. 6. (Color online) Solution U16 with �1 ¼ 3:2, �1 ¼ �0:5, k ¼ �0:1, �1 ¼ 1, �1 ¼ 2, P2 ¼ 0:5,

P1 ¼ 0:01.
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FAMILY-I

a0 ¼
3�1k

2

2ð�1 � 1Þ ; a2 ¼ � 3�1k
2

2ð�1 � 1Þ ; a1 ¼ 0; b1 ¼ 0; b2 ¼ 0;

! ¼ �k3ð�1 � �1 � 1Þ:
ð46Þ

Substitute (46) into (41)

U19;1 ¼
3�1k

2

2ð�1 � 1Þ
� �

� ð3�1k2Þðcothð�Þ þ cschð�ÞÞ2
2ð�1 � 1Þ

� �
: ð47Þ

FAMILY-II

a0 ¼
�1k

2

2ð�1 � 1Þ ; a2 ¼ 0; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 3�1k
2

2ð�1 � 1Þ ;
! ¼ k3ð3�1 þ �1 þ 1Þ:

ð48Þ

Put (48) in (41)

U19;2 ¼
�1k

2

2ð�1 � 1Þ
� �

� 3�1k
2

ð2ð�1 � 1ÞÞðcothð�Þ þ cschð�ÞÞ2
� �

: ð49Þ

FAMILY-III

a0 ¼
3�1k

2

�1 � 1
; a2 ¼ � 3�1k

2

2ð�1 � 1Þ ; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 3�1k
2

2ð�1 � 1Þ ;
! ¼ �7�1k

3 þ �1k
3 þ k3:

ð50Þ

Put (50) into (41)

U19;3 ¼
3�1k

2

�1 � 1

� �
� ð3�1k2tÞðcothð�Þ þ cschð�ÞÞ2

2ð�1 � 1Þ
� �

� 3�1k
2

2ð�1 � 1Þ
1

ðcothð�Þ þ cschð�ÞÞ2
� �

: ð51Þ

A ¼ 1, B ¼ 0, C ¼ �1

FAMILY-I

a0 ¼
2�1k

2

�1 � 1
; a2 ¼ � 6�1k

2

�1 � 1
; a1 ¼ 0; b1 ¼ 0; b2 ¼ 0;

! ¼ k3ð9�1 þ �1 þ 1Þ:
ð52Þ

Put (52) into (41)

U20;1 ¼
2�1k

2

�1 � 1

� �
� ð6�1k2Þtanh2ð�Þ

�1 � 1

� �
: ð53Þ

Solitary wave solutions of a generalized scale-invariant analog of the KdV equation
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FAMILY-II

a0 ¼
6�1k

2

�1 � 1
; a2 ¼ 0; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 6�1k

2

�1 � 1
;

! ¼ �7�1k
3 þ �1k

3 þ k3:

ð54Þ

Put (54) into (41)

U20;2 ¼
6�1k

2

�1 � 1

� �
� 6�1k

2

�1 � 1

1

tanh2ð�Þ
� �

: ð55Þ

FAMILY-III

a0 ¼
12�1k

2

�1 � 1
; a2 ¼ � 6�1k

2

�1 � 1
; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 6�1k

2

�1 � 1
;

! ¼ �31�1k
3 þ �1k

3 þ k3:

ð56Þ

Put (56) into (41)

U20;3 ¼
12�1k

2

�1 � 1

� �
� 6�1k

2

�1 � 1
tanh2ð�Þ

� �
� 6�1k

2

�1 � 1

1

tanh2ð�Þ
� �

: ð57Þ

A ¼ C ¼ 1=2, B ¼ 0

FAMILY-I

a0 ¼ � 3�1k
2

2ð�1 � 1Þ ; a2 ¼ � 3�1k
2

2ð�1 � 1Þ ; a1 ¼ 0; b1 ¼ 0; b2 ¼ 0;

! ¼ k3ð3�1 þ �1 þ 1Þ:
ð58Þ

Fig. 7. (Color online) Solution U17 with �1 ¼ 2:2, �1 ¼ �0:001, k ¼ �0:3.

A. R. Seadawy & A. Ali
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Put (58) into (41)

U21;1 ¼ � 3�1k
2

2ð�1 � 1Þ
� �

� 3�1k
2

2ð�1 � 1Þ ððtanð�Þ þ secð�ÞÞ2Þ: ð59Þ

FAMILY-II

a0 ¼ � 3�1k
2

2ð�1 � 1Þ ; a2 ¼ 0; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 3�1k
2

2ð�1 � 1Þ ;
! ¼ k3ð3�1 þ �1 þ 1Þ:

ð60Þ

Put (60) into (41)

U20;2 ¼ � 3�1k
2

2ð�1 � 1Þ �
3�1k

2

2ð�1 � 1Þ
1

ðtanð�Þ þ secð�ÞÞ2
� �

: ð61Þ

FAMILY-III

a0 ¼
�1k

2

�1 � 1
; a2 ¼ � 3�1k

2

2ð�1 � 1Þ ; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 3�1k
2

2ð�1 � 1Þ ;
! ¼ �7�1k

3 þ �1k
3 þ k3:

ð62Þ

Put (62) into (41)

U21;3 ¼
�1k

2

�1 � 1
� 3�1k

2

2ð�1 � 1Þ ðtanð�Þ þ secð�ÞÞ2
� �

� 3�1k
2

2ð�1 � 1Þ
1

ðtanð�Þ þ secð�ÞÞ2
� �

: ð63Þ

A ¼ C ¼ �1=2, B ¼ 0

Fig. 8. (Color online) Solution U21;1 with �1 ¼ 1:2, �1 ¼ �1:1, k ¼ 1:001.

Solitary wave solutions of a generalized scale-invariant analog of the KdV equation
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FAMILY-I

a0 ¼ � 3�1k
2

2ð�1 � 1Þ ; a2 ¼ � 3�1k
2

2ð�1 � 1Þ ; a1 ¼ 0; b1 ¼ 0; b2 ¼ 0;

! ¼ k3ð3�1 þ �1 þ 1Þ:
ð64Þ

Put (64) into (41)

U22;1 ¼ � 3�1k
2

2ð�1 � 1Þ �
3�1k

2

2ð�1 � 1Þ ðsecð�Þ � tanð�ÞÞ2: ð65Þ

FAMILY-II

a0 ¼ � �1k
2

2ð�1 � 1Þ ; a2 ¼ 0; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 3�1k
2

2ð�1 � 1Þ ;
! ¼ �k3ð�1 � �1 � 1Þ:

ð66Þ

Put (66) into (41)

U22;2 ¼ � �1k
2

2ð�1 � 1Þ �
3�1k

2

2ð�1 � 1Þ
1

ðsecð�Þ � tanð�ÞÞ2 : ð67Þ

FAMILY-III

a0 ¼
�1k

2

�1 � 1
; a2 ¼ � 3�1k

2

2ð�1 � 1Þ ; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 3�1k
2

2ð�1 � 1Þ ;
! ¼ �7�1k

3 þ �1k
3 þ k3:

ð68Þ

Put (68) into (41)

U22;3 ¼
�1k

2

�1 � 1
� 3�1k

2

2ð�1 � 1Þ ðsecð�Þ � tanð�ÞÞ2
� �

� 3�1k
2

2ð�1 � 1Þ
1

ðsecð�Þ � tanð�ÞÞ2
� �

: ð69Þ

A ¼ C ¼ �1, B ¼ 0

FAMILY-I

a0 ¼ � 6�1k
2

�1 � 1
; a2 ¼ � 6�1k

2

�1 � 1
; a1 ¼ 0; b1 ¼ 0; b2 ¼ 0;

! ¼ k3ð9�1 þ �1 þ 1Þ:
ð70Þ

Put (70) into (41)

U23;1 ¼ � 6�1k
2

�1 � 1
� 6�1k

2

�1 � 1
tan2ð�Þ: ð71Þ
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FAMILY-II

a0 ¼ � 2�1k
2

�1 � 1
; a2 ¼ 0; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 6�1k

2

�1 � 1
;

! ¼ �7�1k
3 þ �1k

3 þ k3:

ð72Þ

Put (72) into (41)

U23;2 ¼ � 6�1k
2

�1 � 1
� 2�1k

2

�1 � 1

1

tan2ð�Þ
� �

: ð73Þ

FAMILY-III

a0 ¼
4�1k

2

�1 � 1
; a2 ¼ � 6�1k

2

�1 � 1
; a1 ¼ 0; b1 ¼ 0; b2 ¼ � 6�1k

2

�1 � 1
;

! ¼ �31�1k
3 þ �1k

3 þ k3:

ð74Þ

Put (74) into (41)

U23;3 ¼
4�1k

2

�1 � 1
� 6�1k

2

�1 � 1
tan2ð�Þ

� �
� 6�1k

2

�1 � 1

1

tan2ð�Þ
� �

: ð75Þ

A ¼ B ¼ 0

a0 ¼ 0; a2 ¼ � 6�1C
2k2

�1 � 1
; a1 ¼ 0; b1 ¼ 0; b2 ¼ 0;

! ¼ k3ð�1 þ �1 þ 1Þ:
ð76Þ

Put (76) into (41)

U24 ¼ � 6�1C
2k2

�1 � 1
� 1

C�

� �
2

: ð77Þ

B ¼ C ¼ 0

a0 ¼ a2 ¼ a1 ¼ b1 ¼ 0; b2 ¼
6
ffiffiffiffiffiffiffi�13

p
A2�1!

2=3

ð�1 � 1Þð�1 þ �1 þ 1Þ2=3 ; k ¼ ð�1Þ2=3 ffiffiffi
!3

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 þ �1 þ 13

p : ð78Þ

Put (78) into (41)

U25 ¼
6
ffiffiffiffiffiffiffi�13

p
A2�1!

2=3

ð�1 � 1Þð�1 þ �1 þ 1Þ2=3
1

A�

� �
2

: ð79Þ

C ¼ 0

a0 ¼ �B2�1k
2

�1 � 1
; a2 ¼ 0; a1 ¼ 0; b1 ¼ � 6AB�1k

2

�1 � 1
; b2 ¼ � 6A2�1k

2

�1 � 1
;

! ¼ k3ð2B2�1 þ �1 þ �1 þ 1Þ:
ð80Þ

Solitary wave solutions of a generalized scale-invariant analog of the KdV equation
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Put (80) into (41)

U26 ¼ � 6AB�1k
2

�1 � 1
� B2�1k

2

�1 � 1

B

expðB�Þ � A

� �
� 6A2�1k

2

�1 � 1

B

expðB�Þ � A

� �
2

: ð81Þ

4. Conclusion

We have applied three mathematical schemes to establish soliton solutions of gen-

eralized SIdV equation which is likely to be KdV equation. The derived solutions are

in di®erent types like exponential, hyperbolic, trigonometric and rational functions.

Some obtained solutions are plotted graphically in two-dimensional and three-

dimensional forms by imparting particular value to the parameters under the

constrain condition on each disquiet solution. Hence, it shows that our proposed

mathematical methods are powerful, methodical and have the capacity to be used

in supplementary works to originate novel results for NPDEs.
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