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ABSTRACT
The interest of this study is to establish a mathematical model and rheological aspects of chemically
reactingCasson-typenanofluid flowconsidering ethyleneglycol-basednanoparticleswith thermophoretic
diffusion and Brownianmotion. The basic flow equations are transmuted into non-dimensional form, these
dimensionless leading equations are determined to the most excellent potential systematic using some
influential similarity transformations with the employment of the Chebyshev Spectral Collocationmethod.
The outcomes for flow rate, temperature, concentration and engineering quantities distribution are shown
in terms of graphical presentation. Findings revealed that larger values of Casson fluid parameter lead to
suppress velocity as well as fluid temperature. The nanofluid temperature reduces for Brownian motion
parameter and enchances for thermophoresis parameter. An increase in Lewis number means a decrease
in mass diffusivity resulted in to suppression in fluid concentration. The model results confirmation is tab-
ulated, and the data assessment of the present study with formerly communicated is found excellently
accurate.
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Nomenclature

Al2O3 Alumina nanoparticle
B0 magnetic field strength
Bi Biot number
C species concentration [kg/m2]
Cf dimensionless drag force
Cp specific heat [J/Kg K]
Cw plate surface concentration
C∞ ambient nanoparticle concentration
CuO Copper oxide nanoparticle
DB Brownian coefficient [m2/s]
DT Thermophoresis coefficient [m2/s]
Ec Eckert number
GO graphene oxide nanoparticle
Gr thermal convection number
hf thermal transfer coefficient
Jw concentration gradient rate
k1 mean absorption coefficient
Kp porosity term
Kr chemical reaction parameter
knf Maxwell-Garnetts model effective thermal

conductivity [Wm−1K−1]
Le Lewis number
M magnetic parameter
N radiation-conduction parameter
Nb Brownian motion parameter
Nt Thermophoresis parameter

CONTACT MD. Shamshuddin shammaths@gmail.com, shamshuddin_md@vaagdevi.edu.in, Usman, usman.malik.ms@gmail.com

Nux local Nusselt number
Pr Prandtl number
qr Rosseland approximation of the radiative thermal flux

[W/m2]
qw temperature gradient rate
Q heat generation term
Rex local Reynolds number
T fluid temperature [K]
Tf convection fluid temperature [K]
Tw temperature at the wall [K]
T∞ ambient temperature [K]
u, v velocity components [m/s]
U0 plate velocity [m/s]
x distance along the surface [m]
y distance normal to surface [m]

Greek symbols

τ Heat capacity ratio (nanoparticle to base fluid)
τw skin wall drag
βnf Volumetric thermal expansion of nanofluid
ρf Base fluid density [kg/m3]
ρnf density of nanoparticles [kg/m3]
(ρcp)nf Heat capacity [J/K]
μnf Brinkmann effective viscosity [kg m−1s−1]
σ1 Stefan-Boltzmann constant [Wm−2K−4]
σnf electrical conductivity [�−1m−1]
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ψ Stream function [m2/s]
η similarity variable
θ dimensionless temperature
ϕ dimensionless concentration
φ solid volume fraction

Subscripts

w quantities at wall
∞ quantities far away from surface
f base fluid
s nanoparticle
nf Nanofluid

1. Introduction

Nanofluids varying in fluctuating streams have plentiful applica-
tions in lots of regions such as technological engineering and
industrial zones. They establish an exclusive subclass of nano-
materials. The frequently used heat distribution liquids such
as engine oil, water and ethylene glycol have little heat con-
ductivity when juxtaposed to metals. Hence, the dispersion of
metal solid particles in diffusive heat can significantly raise heat
transfer, Nima et al. (2020). Nanoliquids consisting nanosized
particles distributed in base liquids, for example, ethylene gly-
col and water, very imperious characteristics of nanoliquids, are
their thermal conductivity power, Ogunseye et al. (2019). The
adoptednanoparticles in a synthesis nanofluid aremainlymetal-
lic oxides, nitrides, nanotubes carbon, and carbides of diameters
ranging from 10 and 100 nm. Pandey and Kumar (2017) con-
sidered the nanoliquid Cu-water flow in a slippery and stretch-
able cylinder with boundary layer heat transfer. Mbambo et al.
(2020) experimentally examined nanofluid with ethylene gly-
col working liquid for the augmentation of heat conductivity of
the gold nanosheet graphene. It was sensed that nanoparticle
adjusted shape, and the thermal conduction rate is enhanced.
Lately, there are emerging first-hand liquids of uniquemagnetic
with super paramagnetic particles (Namanga et al. 2013), which
show the property of magnetic and heat augmentation. This
caseofnanoparticleshas extensiveusefulness in thin smart films’
polymer coating (Kashem et al. 2008), biomedical usages (Issa
et al. 2013) and bioconvection swirling nanoliquid (Shamshud-
din et al. 2019). Several scholars have presented dynamic
mathematical models for the magneto-nanoparticle flow with
robust basis experimental data. Rarani, Etesami, and Nasr (2012)
applied sonicator-preparedmagneto-ethylene glycol iron-oxide
nanoliquids to demonstrate that viscous magneto-nanofluid
decreased with a higher electric field and that high mass trans-
fer of nanoparticles is observed for high magneto-nanofluid.
Kandasamy, Loganathan, and Arasu (2011) obtained nanoliquid
closed-form results for wall transpiration influences and stretch-
able boundary flow. Anwar Bég et al. (2019) carried out a wide
study on the different nanoparticles hydromagnetic fluid and
base working fluids. They noticed each base fluid combined
with silver nanoparticles and achieved the best heat transfer
advancement, inductive magnetic and high flow velocity. Fur-
thermore, Raza (2019) considered the Casson fluid stagnation
flow in a slippery condition and thermal radiation over a stretch-
ing surface. Lund et al. (2019) examined stability analysis for

the flow of Casson-type nanofluid over an exponential sheet.
Again, Lund et al. (2020) presented dual similarity solutions
for Cu–Fe3O4/H2O hybrid nanofluid with the effect of viscous
dissipation. Later, Raza et al. (2021) examined the duality and
stability of rotating nanofluid on a linear shrinking/stretching
sheet employing the Buongiorno model. Humanane, Patil, and
Patil (2021) considered the Casson–Williamson nanofluid flow
with chemical reaction and thermal radiation over a stretching
surface. Rajput et al. (2021) considered Williamson fluid with
stagnation point flow with nonlinear thermal radiation over a
stretching sheet. Patil, Patil, et al. (2021) examined nano Pow-
ell–Eyring fluid near stagnation point with chemical reaction
and thermal radiation. Again, Patil, Humane, et al. (2021) exam-
ined Prandtl nanofluid flow with chemical reaction and thermal
radiation.

The investigation on Brownian motion and thermophoresis
with considered stretchable flow medium is of our interest to
examine the impacts of the thermofluid terms on the heated
vertical plate. The phenomena of thermophoresis are valuable
due to non-identical particles rising reaction rate; this occur-
rence is a result of massive molecules distribution that resulted
in complete temperature gradient changes. Brownian moment
condition is due to continuous bombardment of atoms in the
neighbourhood forum. This form of behaviour is the result of
the bombardment of the molecules near the liquid/aeriform
as such; the Brownian movement and thermophoresis are sig-
nificant in engineering sectors. As example, Makinde and Ani-
masaun (2016) considered the thermophoresis and Brownian
motion effects on the nonlinear radiative nanofluid and quartic
species reaction. Mondal et al. (2019) reported on the numerical
solutions of non-Newtonian transient flows through a perme-
able vertical plate with thermophoresis and Brownian motion
impacts. Pakravan and Yaghoubi (2011) carried out a conjec-
tural simulation of the convective nanofluid flow in the pres-
ence of thermophoresis and Brownian motion. Kuznetsov and
Nield (2014) examined the joint impact of thermophoresis and
Brownian movement on the flowing nanofluid in an elongated
vertical device. Aminfar andHaghgoo (2012) established a simu-
lation solution for nanoliquid molecules under the influences of
thermophoresis and Brownian moment. The observation shows
that thermophoresis encouragedmolecules carrying in the fluid
medium. Such fluids find their applications in chemical mix-
tures of species transport phenomenon, petrochemical, biotech-
nology, pharmaceutical and other chemical and technologi-
cal industries. Numerous scholars anticipated the interesting
properties of the nanofluid species mixtures utilising diverse
nanoparticles under dissimilar situations, Samrat, Sulochana,
andAshwinkumar (2018) discussed the impacts of chemicalmix-
tures of first-order homogenous magneto-nanomaterial near a
stretchable surface for ferrous nanoparticles destructive reac-
tions. Zhang et al. (2015) solved hydromagnetic nanofluid flow
utilising the Differential Transform base function method with
a chemical reaction with a variable surface heat flux. Qayyum
et al. (2017) employed homogenous–heterogeneous reaction
effects to Ag-water and Cu-water nanoparticles to forecast the
heat propagation potential in a stretching cylinder. The model
is implanted with the numerical scheme, and the results are
based on the Euler’s explicit method, and an agreed quantita-
tive and qualitative computed result is seen. In these reported
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problems, under convection influence, the reaction ismotivated
by destructive/generative type of reactive species which has an
application in spotting critical parameter value and combus-
tion analysis. Illustrative studies in this area include Salawu et al.
(2020),Mishra, Shamshuddin, et al. (2020), Eid et al. (2020), Aleem
et al. (2020), and Ullah et al. (2017).

However, to the awareness of the researchers, the thermal
transport of nanomaterials over a stretchable plate with differ-
ent nanoparticles has not been careful and comprehensively
examined earlier. There are certain forces in this model that can
significantly change the behaviour of the flow, which are carried
out by using combined multiphase physical flow characteris-
tics that results in outstanding engineering and industrial out-
comes. In light of the aforementioned applications, the novelty
of the current study is to investigate Casson-type nanomaterial
flow through convectively heated vertical porous plate in the
attendance of thermal radiation, thermophoresis and Brownian
motion. Thus, the present analysis focusses on extending the
studies done in Makinde and Aziz (2011) and Afify and Elgaz-
ery (2016). Here, a fixed functional magnetic field is assumed in
the extending longitudinally vertical plate direction. By similar-
ity quantities, the nonlinear multi-physical formulation is trans-
formed to ordinary derivatives nonlinear system from partial
nonlinear derivatives with appropriate far stream conditions. A
numerical alternativewith standard technique called the Cheby-
shev Spectral Collocation scheme is engaged to solve the non-
linear boundary value problem. The method has been reported
to have demonstrated a good convergence rate. The used sim-
ulation technique is applicable in the nanomagnetic materials
technology mechanisms and other fields of science.

2. Physical statement of the problem

Consider the steady 2-dimensional incompressible flow of dis-
sipative and Casson-type nanofluid reaction having different
nanoparticles in a heated vertical semi-infinite plate embedded
in permeable media examined by imposing novel thermal radi-
ation, thermophoresis and Brownianmotion effects. The impact
of the magnetic field is examined by taking it normal to the
plate. The destructive first-order species mixture properties are
homogenous in nature. In the current mathematical modelling
design, the physical configuration is shown in Figure 1. The
x - coordinate is pulled regarding the moving plate for a > 0,
the momentum is conjecture to be u = U0. The surface convec-
tion and ambient temperature are Tf , T∞ in particular. Cf and
C∞ denote plate concentration and ambient concentration, and
the drift preoccupy in the region y > 0 and drift away from
the plate in the x - direction by clenching the firm origin and
y - axis upended to it. The entire thermo-physical characteris-
tics were presupposed to be invariable of the linearly momen-
tum equations approximated in conformity with the Boussinesq
approximations.

It is assumed that the rheological equation of an isotropic and
incompressible flow of a Casson fluid can be written as follows:

τ

ij =
{
μb + py√

2π

}
2eij when π > πc,

τij =
{
μb + py√

2πc

}
2eij when π < πc

⎫⎪⎪⎬
⎪⎪⎭ (1)

Figure 1. Physical model for continuously moving plate.

Mathematical expression of the yield stress of the fluid
is defined as py = μb

√
2π/γ , where μb is known as plastic

dynamic viscosity of the non-Newtonian fluid, π = eijeij is the
product of the component deformation rate with itself. μ =
μb +

{
py/

√
2π
}
is assumed as the case of Casson fluid (non-

Newtonian)whereπ > πc andπc are critical values based on the
non-Newtonian model. On simplifying py and μ, the kinematic
viscosity of Casson fluid is defined as follows:

υ = μb

ρ

(
1 + 1

γ

)
(2)

The leading equations narrate two-dimensional Casson
fluid transportation assuming the above presupposition and
extended form the (Makinde and Aziz 2011; Haile and Shankar
2014; Mishra, Pattnaik, et al. 2020).

∂u

∂u
+ ∂v

∂y
= 0 (3)

u
∂u

∂x
+ v

∂u

∂y
= μnf

ρnf

(
1 + 1

γ

)
∂2u

∂y2
+ gβnf (T − T∞)

−
(
σnf B20
ρnf

+ νnf

k∗
p

)
u (4)

(
u
∂T

∂x
+ v

∂T

∂y

)
= knf
(ρcp)nf

(
∂2T

∂y2

)
− 1
(ρcp)nf

(
∂qr
∂y

)

+ μnf

(ρcp)nf

(
1 + 1

γ

)(
∂u

∂y

)2

+ σnf B20
(ρcp)nf

(u2)+ τ

{
DB
∂T

∂y

∂C

∂y
+ DT

T∞

(
∂T

∂y

)2
}

(5)(
u
∂C

∂x
+ v

∂C

∂y

)
= DB

(
∂2C

∂y2

)
+ DT

T∞

(
∂2T

∂y2

)
− K ′

r(C − C∞) (6)

The applicable initial and frontier constraints are as follows:

at y = 0 : u = U0 = ax, v = 0,−knf
hf

∂T

∂y
= (Tf − T), C = Cw
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at y → ∞ : u → 0, T → T∞,C → C∞ (7)

Here,hf and Tf are correspondingly connote the thermal transfer
coefficient and convection fluid temperature. qr signifies Rosse-
land approximation of the radiative thermal flux and is taken

from Rosseland (1936) and stand as ∂qr
∂y = − 16σ1T3∞

3k1
∂2T
∂y2

and τ =
(ρcp)s
(ρcp)nf

τ = (ρcp)s/(ρcp)nf denotes heat capacity ratio of the base

fluid nanoparticle, then Equation (3) transforms as follows:

u
∂T

∂x
+ v

∂T

∂y
= knf
(ρcp)nf

∂2T

∂y2
+ 1
(ρcp)nf

16σ1T3∞
3k1

∂2T

∂y2

+ μnf

(ρcp)nf

(
1 + 1

γ

)(
∂u

∂y

)2
+ σnf B20
(ρcp)nf

u2

+ (ρcp)s
(ρcp)nf

{
DB
∂T

∂y

∂C

∂y
+ DT

T∞

(
∂T

∂y

)2
}
, (8)

Further, ρnf effective density, (ρcp)nf heat capacity, μnf

Brinkmann model effective viscosity and knf Maxwell-Garnetts
model effective thermal conductivity are considered (following
Soleimani et al. 2012) and defined as follows:

ρnf = {(1 − φ)ρf + φρs},

μnf =
{

μf

(1 − φ)2.5

}
,

(ρcp)nf = {(1 − φ)(ρcp)f + φ(ρcp)s},

knf =
{
kf

[
ks + 2kf − 2φ(kf − ks)

ks + 2kf + 2φ(kf − ks)

]}
(9)

Following Sheikholeslami andGanji (2014),σnf denotes effec-
tive electrical conductivity of nanofluid, which is considered as
follows:

σnf = σf

⎡
⎣1 +

3
(
σs
σf

− 1
)
φ{(

σs
σf

+ 2
)

−
(
σs
σf

− 1
)
φ
}
⎤
⎦ (10)

In addition to the above, following Mishra, Pattnaik, et al.
(2020), the thermofluid features of various materials are tabu-
lated in Table 1.

Equations (3–7) are streamlined by introducing following
(Mishra, Pattnaik, et al. (2020)) transformations

Table 1. Thermofluid features of nanoparticles and working fluid.

working fluid Nanoparticles

Thermofluid
features

C2H6O2
(Ethylene-glycol)

Al2O3
(Alumina)

CuO (Copper
Oxide)

GO
(Graphene
Oxide)

ρ(Kgm−3) 1115 3970 6320 1800
cp(JKg−1K−1) 2430 765 531.8 717
k(Wm−1K−1) 0.253 40 76.5 5000
β × 10−5(K−1) 5.7 0.85 1.8 28.4
σ(Sm−1) 10.7× 10−5 35× 106 59.5× 106 1.1× 10−5

ψ(x, y) = (√aνf
)
xf (η), θ(η) = T − T∞

Tf − T∞
,ϕ(η) = C − C∞

Cf − C∞
,

u = ∂ψ

∂y
= axf ′(η), v = −∂ψ

∂x
= − (√aνf

)
f (η), η=y

(√
a

νf

)
⎫⎪⎪⎬
⎪⎪⎭

(11)
Using Equations (8–11) on Equations (3)–(7) resulted to below
and Equation (3) incidentally confirmed(

1 + 1
γ

)
f ′′′ + (1 − φ)2.5

(
1 − φ + φ

ρs

ρf

)
(ff ′′ − f ′2)

+ (1 − φ)2.5
(
1 − φ + φ

ρs

ρf

)(
1 − φ + φ

βs

βf

)
Grθ

− M(1 − φ)2.5

⎛
⎝1 +

3
(
σs
σf

− 1
)
φ{(

σs
σf

+ 2
)

−
(
σs
σf

− 1
)
φ
}
⎞
⎠ f ′

− 1
Kp

f ′ = 0 (12)

(
knf
kf

+ N

)
θ ′′ +

(
1 − φ + φ

(ρcp)s
(ρcp)f

)
Pr fθ ′

+ 1

(1 − φ)2.5

(
1 + 1

γ

)
Pr Ecf ′′2

+
⎛
⎝1 +

3
(
σs
σf

− 1
)
φ{(

σs
σf

+ 2
)

−
(
σs
σf

− 1
)
φ
}
⎞
⎠ PrMEcf ′2

+ PrNbθ ′ϕ′ + PrNtθ ′2 = 0 (13)

ϕ′′ + Nt

Nb
θ ′′ + Le Pr(fϕ′ − Krϕ) = 0 (14)

The confirming boundary conditions gives

f = 0, f ′ = 1, θ ′ = −Bi(1 − θ),ϕ = 1 at η = 0
f ′ → 0, h → 0, θ → 0,ϕ → 0when η → ∞

}
(15)

Here, Gr,M, Kp, Pr,N, Ec,Q,Nb,Nt, Le, Kr and Bi signify thermal
convection number,magnetic term, porosity term, Prandtl num-
ber, conduction-radiation term, Eckert number, heat generation
term, Brownian motion term, thermophoresis term, Lewis num-
ber, species mixture term and Biot number, respectively.

The arising dimensionless terms in Equations (12)–(15) are
defined as follows:

Gr = gβf (Tf − T∞)
aU0

,M = σf B20
aρf

, Kp = k∗
p

νf
,N = 16σ1

3k1kf
T3∞,

Pr = νf

αf
, Ec = U2

0

(cp)f (Tf − T∞)
,

Nt = τ(ρcp)sDT (Tf − T∞)
(ρcp)f T∞νf

,Nb = τ(ρcp)sDB(Cf − C∞)
(ρcp)fνf

,

Le = αf

DB
, Kr = K∗

r

a
, Bi = hf

knf

√
νf

a

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(16)

In favour of engineering inquisitiveness, skin wall drag force,
temperature gradient rate and concentration gradient rate are

τw = −μnf

(
μB + Py√

2πc

)(
∂u

∂y

)∣∣∣∣
y=0

,
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qw = −
(
knf + 16σ1T3∞

3k1

)(
∂T

∂y

)∣∣∣∣
y=0

,

Jw = − DB

(
∂C

∂y

)∣∣∣∣
y=o

}
(17)

Therefore, corresponding dimensionless skin wall drag force,
Nusselts and mass gradient numbers for flow are as follows:

Cf = 2τw
ρf U2

0

∣∣∣∣∣
y=0

⇒ √
Rex(1 − φ)2.5Cf = −2

(
1 + 1

γ

)
f ′′(0),

Nux = xqw
kf (Tf − T∞)

⇒ Nux√
Rex

= −
(
knf
kf

+ N

)
θ ′(0),

Shx = xJw
DB(Cf − C∞)

⇒ Shx√
Rex

= −ϕ′(0)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(18)
Rex = xU0/νf signifies as local Reynolds number.

3. Methodology and results validation

To get the numerical results of Equation (12–14) with bound-
ary conditions (15), the Chebyshev Spectral Collocation method
is utilised. To proceed with the numerical procedure, we first
introduced some parameters like

A1 = (1 − φ)2.5
(
1 − φ + φ

ρs

ρf

)
,

A2 =
(
1 − φ + φ

βs

βf

)
,

A3 =

⎛
⎜⎜⎝1 +

3
(
σs

σf
− 1
)
φ{(

σs

σf
+ 2
)

−
(
σs

σf
− 1
)
φ

}
⎞
⎟⎟⎠ ,

A4 =
(
1 − φ + φ

(ρcp)s
(ρcp)f

)
(19)

The equations then take the following form:

(
1 + 1

γ

)
f ′′′ + A1(ff

′′ − f ′2)+ A1 A2 Grθ

− M(1 − φ)2.5 A3 f
′ − 1

Kp
f ′ = 0 (20)

(
knf
kf

+ N

)
θ ′′ + A4 Pr fθ ′ + 1

(1 − φ)2.5

(
1 + 1

γ

)
Pr Ecf ′′2

+ A3 PrMEcf ′2 + PrQθ + PrNbθ ′ϕ′ + PrNtθ ′2 = 0 (21)

ϕ′′ + Nt

Nb
θ ′′ + Le Pr(fϕ′ − Krϕ) = 0 (22)

and the associated boundary conditions are

f = 0, f ′ = 1, θ ′ = −Bi(1 − θ),ϕ = 1 at η = 0
f ′ → 0, θ → 0,ϕ → 0when η → ∞

}
(23)

In order to get the differential Equations (20–23) solved, first
we converted these equations into linear form with the help
of Newton’s linearisation approach. For (i+1)th iterations, all

dependent variables f , θ and ϕ were replaced by the expres-
sions

fi+1 = (fi + δfi),

θi+1 = (θi + δθi),

ϕi+1 = (ϕi + δϕi), (24)

for all influenced quantities, where δfi constitutes a very mini
swap in fi. Deploying Equation (24) in (20–22) and relinquishing
the quadratic and outrageous-order designations δfi, δθi, δϕi ,
we derive

a1,i δf
′′′ + a2,i δf

′′ + a3,i δf
′ + a4,i δf = R1,i

b1,i δθ
′′ + b2,i δθ

′ + b3,i δθ
′ = R2,i

c1,i δϕ
′′ + c2,i δϕ

′ + c3,i δϕ = R3,i (25)

where

a1,i =
(
1 + 1

γ

)
;

a2,i = A1fi; a3,i = −2A1fi
′ − M(1 − ϕ)2.5A3 − 1

kp
;

a4,i = A1fi
′′ (26)

b1,i =
(
N + knf

kf

)
; b2,i = A4 Pr fi + PrNbϕ

′ + 2 PrNtθ
′;

b3,i = PrQ (27)

c1,i = 1; c2,i = Le Pr fi; c3,i = −Kr Le Pr (28)

and the boundary conditions are

δfi = 0 − fi, δfi
′ = 1 − fi

′, δθi ′ − Bi δθi = θi
′

−Bi(1 − θi), δϕi = 1 − ϕi at η = 0
δfi

′ → 0 − fi
′, δθi → 0 − θi, δϕi → 0 − ϕi when η → ∞

⎫⎬
⎭
(29)

After the linearisation,we used the Chebyshev Spectral Collo-
cation scheme (Mahmood, Chen, and Ghaffari 2016; Iqbal, Ghaf-
fari, and Mustafa 2019; Mustafa et al. 2019; Ghaffari, Mustafa,
and Javed 2018; Majeed et al. 2015) to find the system of equa-
tions solution given in (22) with boundary conditions (29). As the
spectral method can be used over the finite domain [−1. 1] so
that the zone [0, ∞] is first chopped to the discrete zone [0, L]
and then by the transformation ξj = 2/L − 1, the domain [0, L] is
converted to [−1, 1]. The grid pints from −1 to 1 are set Gauss-
Lobatto collocation points. The derivatives are replacedwith the
differentiation matrix D with respect to y, which can be deter-
mined in various forms, and D is used as assumed by Trefethen
(2000). Table 2 symbolises the Nusselt and Sherwood numbers
for diverse differences in the main terms. For numerical inten-
tions, it is set up the variables Le = 1, Pr = 10,φ = 0,Q = 0, Ec =
0, Kr = 0,M = 0, Kp → ∞,Gr = 0,N = 0. Whereas other param-
eters are being fixed and speckled over the assortment. We
found that our numerical results are bestmatchingwith the con-
sequence of Makinde and Aziz (2011), and therefore, we can say
confidently that our results are accurate and, hence, Chebyshev
Spectral Collocation method code that gives valid results.
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Table 2. Comparison of results for−θ ′(0) and−ϕ′(0)when Le = 1, Pr = 10,φ =
0,Q = 0, Ec = 0, Kr = 0,M = 0, Kp → ∞,Gr = 0,N = 0 and Bi → ∞.

−θ ′(0) −ϕ′(0)

Nb Nt

Results of
Makinde and
Aziz (2011) Present

Results of
Makinde and
Aziz (2011) Present

0.1 0.1 0.9524 0.9524 2.1294 2.1294
0.2 0.1 0.5056 0.5056 2.3819 2.3819
0.3 0.1 0.2522 0.2522 2.4100 2.4100
0.4 0.1 0.1194 0.1194 2.3997 2.3996
0.5 0.1 0.0543 0.0543 2.3836 2.3836
0.1 0.2 0.6932 0.6932 2.2740 2.2740
0.1 0.3 0.5201 0.5201 2.5286 2.5286
0.1 0.4 0.4026 0.4026 2.7952 2.7951
0.1 0.5 0.3211 0.3211 3.0351 3.0351

4. Discussion of results

For the discussion tenacity of the impact of different terms
on the Casson-type nanofluid flow behaviour under certain
assumptions over heated vertical surface, computations have
been done for diverse values of Gr, γ ,M, Kp, Pr,N, Kr, Bi, Le and
for fixed values of other terms on the flow rate f ′, heat dis-
tribution θ and mass distributions ϕ , which are reported. The
engineering quantities such as skin wall friction Cf , temperature
gradient Nu and wall mass gradient Sh are also calculated and
depicted graphically. A thorough comparison for the nanoparti-
cles (CuO,Al2O3,GO) along the non-dimensional similarity vari-
able η is established.

Figures 2 and 3 are schemed to show the impacts of the Cas-
son fluid term γ upon the flow rate and heat transfer fields. Both
the profiles and the boundary film viscidness damped along η
for growing values of the parameter γ . The rise in the Casson
liquid term causes a diminish in the yield stress. In other words,
the fluids behave as Newtonian as Casson liquid term rises. As a
result, the profiles decreases and this decrease for CuO is slighter
larger from Al2O3 and GO. The effects of the Grashof number Gr
upon flow velocity and heat propagation profiles are depicted in
Figures 4 and 5. It is examined that both profiles observe oppo-
site trends, i.e. the velocity field rises but the heat distribution
reduces. Because the positivity of the Grashof number behaves
as an encouraging pressure gradient that enhances the bound-
ary layer flowing fluid. That is why velocity increases and this
increase for GO is on the higher side than from CuO and Al2O3.
On the other hand, the temperature profile is seendecaying, and
this deduction for CuO than from CuO and Al2O3. Hence, the
upshots of the magnetic parameterM.

The velocity and temperature profiles are shown in Figures 6
and 7. It is noticed from the figures that as the magnetic term
is raised, the velocity profiles decline but the temperature field
rises. Physically, the higher estimations of the magnetic param-
eter lead to the Lorentz force’s existence, which produces the
resistance in the direction of the liquid and, as such, velocity
decays. Whereas in the presence of the Lorentz force, more heat
energy is generated that causes an increasing temperature pro-
file. Figures 8 and 9 are drawn to predict the influences of the
porosity term Kp on the flow rate f ′ and temperature θ fields.
FromFigure8, the velocityprofile iswitnessed increasingalongη
for increasing values of the porosity term Kp. The boundary film
viscosity rises, and it turns thicker for GO than from Al2O3 and

Figure 2. Effects of γ on velocity profile for distinct nanoparticles.

Figure 3. Effects of γ on temperature profile for distinct nanoparticles.

Figure 4. Effects of Gr on velocity profile for distinct nanoparticles.

Figure 5. Effects of Gr on temperature profile for distinct nanoparticles.
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Figure 6. Velocity contours againstM for distinct nanoparticles.

Figure 7. Temperature contours againstM for distinct nanoparticles.

Figure 8. Velocity contours against KP for distinct nanoparticles.

Figure 9. Temperature contours against KP for distinct nanoparticles.

CuO The temperature contours in Figure 9 are decreasing along
η, and this decrease for GO is more considerable. Physically as Kp
grows, the resistance reduces, causing the flow to encounter less
drag, and as a result, the flow retardation to decrease. Figure 10
elucidates the impacts of the Prandtl number Pr on the heat dis-
tribution θ . It is examined that temperature contour is observing
cross flow, i.e. increasing near the plate but decreasing abroad
from the plate. The parameter Pr is mostly associated with heat
and momentum diffusivities. When Pr increases, the thermal
diffusivity weakens, allowing momentum diffusivity to domi-
nate thermal diffusivity and, as a result, temperature reduces.
Figure 11 deals to estimate the impression of radiation param-
eter upon temperature profile. Temperature is decaying as the
radiation parameter rises, and this deduction for GO is more sig-
nificant. As due to the dominant effects of the flux at the wall,
radiation is found decreasing function of the temperature. The
effects of Eckert number Ec on the heat field θ are exhibited
in Figure 12. Temperature is escalating for high estimations of
the Eckert number. The Eckert number demonstrates the effects
of heat dissipation impacts. As the Eckert number is raised, the
kinetic energy is transformed to heat energy, due to which the
thermal conductivity enhances, and as a result, temperature
escalates. The increase for Al2O3 is more prominent. Figure 13
displays that the concentration field reduces as the Prandtl num-
ber Pr enhances. The decrease for CuO,Al2O3 and GO is on a
similar note. The influences of the Brownian movement term on
the heat fields are presented in Figure 14. It canbe seen thatwith
the surge in the Brownianmovement term, the temperature dis-
tribution reduces, and this reduction for GO is larger. Whereas

Figure 10. Temperature contours against Pr for distinct nanoparticles.

Figure 11. Temperature contours against N for distinct nanoparticles.
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Figure 12. Temperature contours against Ec for distinct nanoparticles.

Figure 13. Concentration contours against Pr for distinct nanoparticles.

Figure 14. Temperature contours against Nb for distinct nanoparticles.

the concentration in Figure 15 is increasing along η. The effects
onCuOandAl2O3 aremoreextensive. The temperatureprofile in
Figure 16 is escalating for enlarging values of the thermophore-
sis parameter. Because during the thermophoresis process, the
tiny fluid particles come back from the heated plate to a cool
plate, and as a result, a rise in temperature behaviour is noticed.
The surge for CuO and Al2O3 is more significant than from GO.
The impacts of the thermophoresis term on the mass transfer
are given in Figure 17. Concentration field is decaying for ris-
ing values of the thermophoresis term, and deduction for Al2O3

and CuO is more considerable. Figure 18 shows the influences
of the chemical reaction term Kr on the species mass profile.
A noticeable decrement can be predicted from the concentra-
tion profile. The larger destructive chemical reaction parameter

Figure 15. Concentration contours against Nb for distinct nanoparticles.

Figure 16. Temperature contours against Nt for distinct nanoparticles.

Figure 17. Concentration contours against Nt for distinct nanoparticles.

Figure 18. Concentration contours against Kr for distinct nanoparticles.
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Figure 19. Temperature contours against Bi for distinct nanoparticles.

Figure 20. Concentration contours against Le for distinct nanoparticles.

Figure 21. Skin friction variations against γ for distinct nanoparticles.

Figure 22. Skin friction variations against φ for distinct nanoparticles.

Figure 23. Nusselt number variations against γ for distinct nanoparticles.

Figure 24. Nusselt number variations against φ for distinct nanoparticles.

Figure 25. Sherwood number variations against γ for distinct nanoparticles.

Figure 26. Sherwood number variations against φ for distinct nanoparticles.
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Figure 27. Streamlines for distinct nanoparticles.

leads to a boost in the destructive reaction rate because ofwhich
concentration decays. The effects of the Biot number upon con-
centration profile are shown in Figure 19. It is realised that the
profile is plummeting. The reduction for GO is more consider-
able. Figure 20demonstrates the impacts of the Lewis number Le
on the concentration distribution. Themass profile is decreasing
along with η for expanding values of the Lewis number Le. The
increase in the Lewis number owns a weaker Brownian motion
coefficient, and as a result, concentration decays. The coefficient
wall draggingCf against theCasson fluidparameterγ for distinct
nanoparticles is plotted in Figure 21. Similarly, the coefficient
skin resistance Cf along with volume fraction parameter φ for
distinct nanoparticles is presented in Figure 22. TheNusselt local

Figure 28. Casson fluid Streamlines for distinct nanoparticles.

number is schemed along with the Casson fluid parameter γ
and volume fraction parameter φ in Figures 23 and 24 for dis-
tinct nanoparticles. Also, the local Sherwood number alongside
the Casson liquid term γ and the fractional volume parameter
φ for distinct nanoparticles is shown in Figures 25 and 26. The
stream lines are drawn in Figures 27 and 28 to predict the flow
behaviour.

5. Conclusion

A mathematical model has been developed for chemical react-
ing Casson-type nanofluid flow by considering ethylene glycol-
basednanoparticles. The rheological aspects are studied inoccu-
pancy of novel thermophoretic diffusion, Brownian movement,
radiative terms and reactive species. CSCM (Chebyshev Spec-
tral Collocation Method) is employed to examine the effects
of the physical parameters upon boundary layer profiles. Thus,
following conclusion can be drawn:

• The velocity of the fluid decreases for the Casson fluid param-
eter, magnetic parameter but increases for the Grashof num-
ber and porosity parameter.

• The fluid temperature decays for Casson fluid parameter,
Grash of number, porosity parameter, radiation parameter,
Eckert number and Biot number.

• For magnetic parameter and Prandtl number the fluid tem-
perature enhances.
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• The nanofluid temperature is reducing forNbwhereas it esca-
lates for Nt.

• The nanoparticles concentration reduces for Pr,Nt, Kr and Le
whereas enhances for Nb.

The study finds its usefulness in medical sciences, material
sciences, biotechnology, and so on. As such, further extension
of the study is encouraged by incorporating different metal
nanoparticles in an annular cylinder.
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