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Abstract

This research examines the fractional Peyrard—Bishop DNA dynamical governing sys-
tem, which displays the proliferation of optical pulses in field of plasma and the optical
fibre. The analytical method is utilized to find travelling wave solutions because the inverse
scattering transform cannot solve the Cauchy problem for this equation. The ®°model
expansion method is an efficient and dependable technique for generating the generalised
solitonic wave profiles with a wide range of soliton families. The main advantage of the
offered analytical strategy is that it specifies a constraint for each solution to guarantee its
existence. As a result, solitonic wave structures get attributes such as the Jacobi elliptic
function, periodicity, brightness, dark-brightness, singularity, exponential, trigonometry,
and rational solitonic structures, among others, under existence conditions that have not
been explored previously. The results are represented graphically in 2-D, 3-D, and contour
glimpses to illustrate the behavioural responses to pulse propagation by inferring the fit-
ting values of system parameters. The stabilty of the considered model is discussed and
develope the stability condition. The fractional parameter is responsible for reducing singu-
larity and continuing to increase the smoothness in wave patterns. It is easy to employ the
®%-model expansion method to other complicated non-linear systems and acquire solitary
waves pattern.
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1 Introduction

A double helix is a natural structure for a Deoxyribonucleic acid molecule. This signifies
that it has two polymeric chains that are corresponding and are entangled (Manafian et al.
2020). The double helix with two strings is the Watson-Crick model of B-shaped DNA. It
is possible to consider of the homogeneous crystal structure because the masses of nucleo-
tides are not very different. The harmonic longitudinal length is strong because hydrogen
bonds hold strings together, whereas these bonds are weak. The Peyrard—Bishop equation
completely ignores any displacements along transverse (Zafar et al. 2020). In the literature,
Morse’s potential originates before the Hamiltonian formation of Peyrard and Bishop equa-
tions as,

U, (Q, — u,) = D[e™ @) — 177, (1)

Here,the Morse’s potential is represented by U, (Q, —u,), Q, and u, are the displace-
ments of the nucleotides, and D and v are the depth and the width of the Morse’s potential.
Zdravkove also proposed the Hamiltonian for the DNA chain (ZdravkoviC 2011). Further-
more, Dauxois has suggested an improved version of the Peyrard—Bishop model (Dauxois
1991). The hydrogen bonds’ strand apertures can be explained by the following Hamilto-
nian (Agiiero et al. 2008),

H@ =52+ DA%, + 2atg, +5eVRY, 40,=0,,-0, @

n
where y; and y, indicate the linear and nonlinear coupling strengths, respectively. The 6 is a
constant and v, = mQ,, is the momentum for the displacement Q,,. The equation of motion
in the continuum limit can be stated by the following form, starting with the Hamiltonian
Eq. (2).

Q, — (¢, +3,Q,) — 2V2kDe™ (e — 1) = 0, 3)

with ¢, = —dz, b, = ’d4, D=-=,k= \/_ 2v and being d is the inter-site nucleotide dis-
tance in the DNA ladder. Con51der the following time fractional Peyrard—Bishop DNA
dynamic model equation in this paper,

Dyl Q = (@) +3,(Q)HQ,, — 2kae™ (e — 1) = 0. (4)
Here, ¢,, ¢,, kand @ = D are constants.

The mathematical Peyrard—Bishop model of DNA describes the nonlinear interaction
between neighboring displacements and hydrogen bonds. It is an efficient and simple model
to elucidate the mathematical description of mechanical denaturation. The importance of
DNA, the molecule that serves as the foundation of the genetic code, cannot be overstated.
The mechanical characteristics of the material are particularly important because accessing
the genetic information and replicating the molecule for replication both require opening
the double helix structure of DNA.

There have been numerous techniques and methodologies developed to guarantee
analytical exact solutions for nonlinear PDEs like as, Kudryashov scheme (Zafar et al.
2022; Srivastava et al. 2020), sine-Gordon expansion algorithm (Fahim et al. 2022;
Abdul Kayum et al. 2022), bilinear neural network approach (Zhang et al. 2021; Zhang
and Bilige 2019), extended simple equation technique (Khater et al. 2021), F-expansion
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procedure (Karaman 2021; Yildirim 2021), unified auxiliary equation strategy (Zayed and
Shohib 2019; Zayed et al. 2021), %—expansion method (Ismael et al. 2020), Hirota bilin-
ear methodology (Abdulkadir Sulaiman and Yusuf 2021), generalized exponential func-
tion approach (Khodadad et al. 2021), and many others (Ghanbari et al. 2021; Lii 2005;
Baskonus et al. 2018; Rehman et al. 2020; Zhang et al. 2021). Liu et al. (2022) analyzed
the dissipative Burgers equation in sense of fractional theory and developed Lie symmetry
algebra and constructed the conservation laws. Liu et al. (2022) investigated the general-
ized diffusion wave equation via x —Hilfer-Prabhakar (x — H — P) fractional operator and
acquired the analytical solutions. Liu et al. (2022) has been derived the new Korteweg-de
Vries-like equation. Liu et al. (2022) discussed the Kadomtsev—Petviashvili (KP) equation
and multiple solitons displayed by using the linear superposition principle.

This considered model (4) is investigated by many researchers in different contexts and
established results. Peyrard and Bishop (Peyrard and Bishop 1989; Abazari et al. 2018)
have examined the oscillator-chain in order to investigate the appearance of solitonic struc-
tures. In the research of Dusuel et al. (1998) and Alvarez et al. (2006), the examination of
scientific and physical modelling of DNA element characteristics indicates that they can
be reduced to a fundamental non-linear configuration. The non-linearity of DNA energetic
model manifests itself as localised waves with numerous outstanding features, such as
transferring vitality without dispersing.

Alharthi et al. (2022) examined the Peyrard—Bishop DNA dynamical model recently in
(2022) and created four alternative analytical solutions utilising the Kudryashov analyti-
cal method. As a result, many solitons-type solutions appear to be mysterious and there is
a gap in the literature like Jacobi elliptic function, periodic, dark, bright, singular, dark-
bright, exponential, trigonometric, and rational solitonic structures, etc.. The second issue
is that no condition for the reported solutions’ existence has been stated. In order to fill this
gap, an extended approach ¢°-model expansion technique is used, which yields more than
twenty-eight analytical solutions for the new and more generalised solitary waves that have
never been produced previously. It also illustrates the constraint condition corresponding to
each solution for their existence.

This study is categorized as, Sect. 2 is providing overview and solutions, Sect. 3 is fixed
for graphical illustration, Sect. 4 is presenting dynamical investigation, and at last, conclud-
ing remarks.

2 M-truncated fractional derivative
Definition 2.1 The single-parameter truncated Mittag-Leffler function (Sousa and Oliveira
2018) is defined as:
i &
E = _—
0@ Z‘o T(Ok + 1)

in which @ > 0 and z € C. It is defined as follows in terms of a non-fuzzy idea.

Definition 2.2 Suppose that
f100,00) > R,
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and w € (0, 1) the M-truncated derivative of f of order w is defined by:

(@ + iEy(e™) = f(P)

£

.0 —_1;
DV f(d) = il_l’}%
for ¢ > 0 and ;E4(.), 6 > 0.

Theorem 2.3 Suppose that g is differentiable function of w order at ¢, > 0 with w € (0, 1]
and 6 > 0 then, f is continuous at .

Theorem 2.4 Ifw € (0, 1], 0 > 0, f, h are differentiable up to w order at ¢ > 0, then:

1 DPGf (@) + () = rD(F()) + sD (h(¢h)), where r, s are real constants.
2- DY) = o, w € R.
3- DYU(F((e) = F(DS (@) + ()DL’ (F ().

(@D (W) —h(@)Dy (F()
4- Dw,& [ - i i M )
M (h(¢)) h()?

L DMy = L
5- Dy (NP =t ae

6-  D}P(foh) (@) = g'(W(@)D} h(gh).

3 Application of the NAEM

In this section, we merely implement the proposed technique to identify soliton solu-
tions to the RLW problem using Beta and M-Truncated fractional derivatives, respec-
tively (Table 1). We illustrate the graphs of acquired solutions by adjusting the frac-
tional parameter # to appropriate values.

Table1 Limiting cases for The Jacobi elliptic functions

functions

No. Functions s—1 s—0
1 sn(Y,s) tanh(Y) sin(Y)
2 cn(Y, s) sech (Y) cos(Y)
3 dn(Y,s) sech (Y) 1

4 ns(Y,s) coth(Y) csc(Y)
5 cs(Y,5) csch (Y) cot(Y)
6 ds(Y,s) csch (Y) csc(Y)
6 sc(Y,s) sinh(Y) tan(Y)
8 sd(Y,s) sinh(Y) sin(Y)
9 ne(Y, s) cosh(Y) sec(Y)
10 cd(Y,s) 1 cos(Y)
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4 Construction of analytical solutions
4.1 The ®°-model expansion method
Assume a general differential equation:
R@,Q,,Q,,Q,,Q,,..)=0. 5)
It is possible to convert it into an ordinary differential equation:
MEP, P, P",..) = 0. (6)
Have used following transformation:
Qx, 1) = P(Y), N
where, Y = k;x + k,t. Assuming that Eq. (6)’s solution has the following form:
2
PO = [a,R"(Y)), ®)
m=0
where j is homogeneous balancing constant. The function R(Y) satisfies ,
R2(Y) = hy + hyR2(Y) + h,R*(Y) + hsR(Y),
9
R”(Y) = h,R(Y) + 21, R3(Y) + 3hsR3(Y). .
The Eq. (9) satisfies,
(M)
RO = ———, (10)
VIOX(Y) +¢
where f®2(Y) + g > 0 and ®(Y) is the solution of Jacobi elliptic equation,
O(Y) = [y + LP*(Y) + [,®*(Y), (11
where [, [, and I, are constants to be determined, while f and g are the given as,
_ hy(h—hy) = 3hyl,
Bloly + (B2 = Y’ Bloly + (2 = 12) (12)
under the constraint,
Ry — hy)[9ly — (I — hy)(2Ly + hy)] + 3hg[—1 + 15 + 31y, 1> = 0.
4.2 Travelling wave structures of the Eq. (4)
We construct a travelling wave transformation to locate solutions to the Eq. (4):
I'y+1
Q(x, 1) = P(Y), where,Y = x — %(ﬂta). (13)
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We get ODE by employing the next wave transformation (13) to (4).
1P = (p) +30,(BH)P" - 2kwe P (e —1) = 0. (14)
Let be a hypothesis,
H=e"P, (15)
We have the non-linear ordinary differential equation by plugging Eq. (15) into Eq. (14),
Ky = i YHH" = k(¢ = w*YH (M) + 3y H(H ) H”

—3¢,(H')* = 2k* 0 H® + 2k* 0> = 0. (16)
The homogeneous balancing constant j = 1 for Eq. (16), thus,
H = by + b R(Y) + b,R*(Y), (17)
where,
R"2(Y) = hy + hyR2(Y) + hyR*(Y) + hgRE(Y), )

R”(Y) = hyR(Y) 4 2k, R3(Y) + 3h,R3(Y).
The solution (17) is plugging into Eq. (16) and get a system,
R : —2k*wby® + 2k wby® — 2K2by’ 1Pbyhy + k2o uPby *hy + 2k2by> d byhy — K2y by hg
+66abob;*hy’by = 3¢hyby*hy” = 0,
R : =12k by°b; + 10,4 @by by — K2 pi*by>byhy — 2k 4Pby> by byhg + 2 k2 uPbob, > hy + K2by* b hy ¢,
+2k2by2b byl — 2k byby hypy + 3 boby > hohyy + 24 bob by hyd, — 18 b byhy e, = 0,
R? : —12k*w by’ b, — 30k @ by*b,? + 10k* w by*b,
+20k* @by b, — 412 uPby  byly — 2K uPby by hy
— 2K2 uPby by hy + 4K P bob 2byhg + K 12Dy g
+ 412 by + 2K2by b 2 hy ) + 2 Kby by  hy by
— 4K>bob, *byhypy — Kby oy + 30 bob,2byhghy s
+24byby o>y — 3b *hohypy — 42b,2by) > hy by = 0,
R® : —60k*wby*b,by — 40k wby’b> + 40 k*w by b, b,
+20k* @ by?b,> — 212 uPby*byhy — 11K u2by>b by,
— K2 uPbob Py + 4K P bob by g + 4 K2 42b, byl
+2k2by by by, + 11 Kby b byhypy + K2bob > hy
— 4K2bob by hypy — 4K2b 2 byhydy + 6 bob P hyhyd, + 3 bob Py dy + 84 bbby hohy s
— 15D byhghypy — 48 b, by 1y, = 0,
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R*: =30k 0 by*by? — 120k @ by*b,2b, — 30K w by2by* + 20 k@ by by + 60k @ by*b, 2 b, + 10k w byb,*
— 6K Pby> byhy — 5 K2 uPby2b, 2 hy — 8 K2 pPby by Ty — 8K bbbyl + 2K P byby  hy + Tk b, 2by  hy,
+6K%by>byhypy + S k2by b 2 hyy + 8K by by Ry + 8 KPbob 2byhay — 2 K boby oy — TK*b by ho
+ 48 byb, 2byhghypy + 24 bob *byhy  dy + T2 byby> hohy by — 30 by 2by > hohydh, — 24 by* hy? ¢, = 0,
R3: — 120k @ by b by* — 120k w by*b,>by — 12 k2@ byb,® + 60 k4@ by>b by* + 40 k* @ byb,>by + 2 K@ b,°
— 3K 1%by by hg — 2012 4P by by byhy — 4 K2 uPbob Phy — 11K by, by*hy — K2 u2b,3byhy + 6 K2 42b, by Iy
+ 32y by gy + 20k2by 2y byhypy + 4K2bob S hydy + 11 K2bob by oy + K2b > byhy ) — 6 K2, by> hydh,
+9boby ohgdy + 9 boby > hyhyhy + 120 boby by hohyy + 60 bbby hy* by
+6b°byhohyy +3b°byhy by — 36 b5y  hohyh, = 0,
RS: —40k*w by b,® — 180 k4@ by>b,2by* — 60 k*w byb, *b,
—2K*wb, 8 + 20k @ by*by> + 60 k*w byb,2b,*
+ 10k*w b *by — 8K 42by byhg — 8 K> u2by b, 2 hg
— 1412 u*by2 by hy — 20 K2 uPbob, 2byhy — 412 uPbyby by
— K 12D,  hy — 212 1Pb by Ry + 2K 2Dy g + 8 Kby byhg
+ 8k%by2 by hepy + 14K2by by hyp,
+20K2bob,2byhy ) + 4K2boby > hypy + K2, hyh,
+2k2b,2by hy by — 252y hygpy + 66 bob, >byhghehy
+ 66 byb,2byhy gy + 96 boby hohydy + 48 byby >y + 3 by hohg s + 3 by hyhyy
+24b,%by hohyhy + 125,25y 1y by — 24 by * hghy ¢, = 0,

R” : =120 k*@ by2b,by® — 120 k*@ byb,*b,> — 12k*w b, b,
+ 40 k*w byb,by® + 20k @ b,3b,)% — 29 k2 12by*b, by
— TP Pbyb, > hg — 26 k2 uPbyb by *hy — 6 K2 u?b 3 by,
— K 42D, by Ry + 29 Kby b by + T K*boby* hed,
+26K%byb by iy + 6 Kby byhydy + Kb by Ry,
+12bob > hyhgpy + 6 byb > hy>y + 156 bob, by hohe s
+ 156 byb by hyhydy + 27 by 2 byhghgdy + 27 b2 byhyhypy + 24 b by hohydy + 12 b5y hy 2y = 0,
R® 1 =30k*wby>by* — 120k*w byb,%b,® — 30k @ b *b,? + 10k @ byb,* + 20 K@ b, *b,> — 20k u2by>byhg
— 32K uPbyb, *byhg — 10K P byby by — 2 K% 14, *hg
— L2 42b, by iy + 20 K2by by by + 32 K2 boby *byhgh,
+10K2bgby > hypy + 2K2b, *hepy + 11 Kb, 2D, hy¢h,
+ 84 byb, 2byhyhgpy + 42 bob, 2byhy by + 120 byby > hohed,
+ 120 boby > hyhypy + 6 b Iyhghy + 3 by 1>y + T8 b, 2by hohg sy + T8 by 2by oy, = 0,
R® : —60k*wbyb,by* — 40k wb,3by® + 10K w b, by*
— 41 K2 Pbyb by hg — 1112 1Pb 3 byhg — 8 K2 142by by 1y
+ 41 K2bob by hepy + 11 Kb byhepy + 8K7b by  hyghy
+ 15 byb, 2 hyhgby + 192 byb, by hyhgy + 96 bbby hy >,
+48 b byhyhgpy + 24 b3 byhy Py + 84 by by hohgpy + 84 b by oyl = 0,

19)
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R : 12140 byby> =30k @ b 2by* + 2k @by — 16 k2 4Pbyby hg — 20 k2 4?by by hg — 2 K2 uPby by
+ 16 K2byby ey + 20520, 2by hpy + 2 K2, hypy + 102 byby 2byhyhehy
+ 144 byby> hyhey + 72 boby >y s
+ 95, hyhgdy + 132,2by2hyhgdy + 66 by 2by 2 hy> by + 24 by hghedy + 24 by hyhyhy = 0,

R —12k*@ by by’ — 15K2 1u2b by > he + 15 k2b by  hepy + 9 boby > he?dy + 228 bbby > hyhebs
+ 69 b 3byhyhgdy + 144 by by> hyhgy + T2 b1 by s>y = 0,

R : =2k by — 4K2p%by hg + 4 K2by hgpy + 60 bob 2byhg by + 168 byby>hyhg s + 6b14h62¢(19)
+ 186 b, 2by 2 hyhgdhy + 48 by hyhg s + 24 by hy 2y = 0,

R'3 1 132byb by he> dy + 45 by > byhg> Py + 204 by by hyhehy =0,

R™ 1 96 byby>hg?dy + 1205, 2by 2 he> oy + T2 by * hyhgpy = 0,

RS : 132 ¢yb by hg? = 0,

R : 48 ¢yby*he? = 0.

The aforementioned system (19) is solved via Maple Software.

Set 1:
24/3p, h
b0=0,b1=0,b2=i$,y=y,ho=0,h2
K2y/w
(20)
,V3b(u? = ) — 6y
= +/3k ,hg =0.
360,/
Set 2:
V3h, [$, ¢, ¢,
by=byby =0.by =22 == = 24/3 Ewbo—zﬁ o+,
K@ by? 1 1
By = ——2 hy =+ =by V3K ——, g = 0.
O 12hep, 0 370 5%
21

Now, we will use only Set 1 to construct solution for the sake of space. After substituting
(20) into (17), we get,

Qx, 1) = _ik In (AR*(Y)), (22)

_ L 2V 0y
where A = +—k2\/; .
Category 1. if [,=1,l,=-1-5*1,=5>,0<s<1, then ®()=sn(Y,s) or
O(Y) = cd(Y, s), thus we have,
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1 sn* (Y, )
Q,(x,)=—1In(A
1= ( fsn2(Y,s) + g 23)
or
1 cd*(Y,s)
Q&,n=—In{A , 24
0= < Jod(X.5) + g &4
where Y = x — @(m") and the functions fand g are,
Pk e V5
h4( s 12¢, 12¢, 6 d’2>
f= 3
2_(—2_1)? R _ R V3
3s ( s 1) + (12¢7 12¢, 6\/§
_ 3hy
g= 5
2 _(—2_1)? LT T
3s ( K 1) +(12¢2 6, g /i
under the constraint condition,
oonl e B Bh | RV
= e
4 120, " 1205 [a
k2ﬂ2 k2¢1 k2\/§
64/ 22

Rt Ky | V3 252 -2+ -
12¢, 124,

- +
12¢, 12, [5

It is possible for us to obtain a single wave solution, when s — 1,
tanh?(Y, s)
A > , (25)
ftanh“(Y,s) + g

—ln(

@l’l(x, [) = s

under the constraint condition,

k2 k*4/3

D, V3 [4\/3 2120 — 43y Liw g,
(0] [0)]

h,2 2,2
SN S +
144 ¢,> 12¢, 12¢, s

[0
— Kt 2K P, — 4843 200 ¢, — 12K 0y — k2
w

124K P, — 24K ¢, — 144 97|
It is possible for us to obtain a single wave solution, when s — 0,
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1 sin?(Y, s
Q0 0) = — < — X9 > (26)
- fsin“(Y,s)+ g
or
cos2(Y, s)
Q,,(x, 1) = — :
22(5,1) —k ( fcos(Y,s) +g> @7
under the constraint condition,
2
Ko V3

Category 2.if [y =1 -5, =2s" - 1,1,

N 21247 k2 k2\/_ kz;ﬂ
4 b, 12¢>2 6 /— 124>2 12¢, 6 /—'

< cn?(Y,s) )
fen2(X,s5)+¢g )’

Q;(x, 1) = —Lk In

De+h (ut*) and the functions f'and g are

where Y = x
__ ke R RV
h4<2s 1- 12, 12¢z+6 m)
f= .
K22 Ko /3
3(—s2+1) (2s2-1) (ﬁ—@——é m)
3(=s*+1)h,
8= 7
2 122 [2¥ k2\/§
3(—s2+1) (2s2-1) +(ﬁ—T¢;—6 M)
under the constraint condition
K/3

k2 2 k2
0=nog—1-Kr Kb,
26, 126, . &
K2, k2\/§

k2/42
9 (=s>+1)s*—|2s2 -1
(s+ )s s 12% 12¢2 ;

4s2—2+kz”2 Ce, k2\/§
T

It is possible for us to obtain a single wave solution, when s — 1
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(29)
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A sech 2(Y, s)(Y, s) >
Fsech?(X,s)(Y,s)+g/

Q;1(x, 1) = —Lk In <

2
k2\/§ - k2ﬂ2 k2¢1 k2\/§
12¢, 12¢, ™|

k2 2 k2
L I
124, 12¢, [

under the constraint condition,

0=—h,’*
Category 3. if [, =5 — 1,[, =2 —s%,1, = —1,0 < 5 < 1, then ®(Y) = dn(Y,s) , thus we
have,
1 dn*(Y,s)
Qu(x,)=—1In( A ,
s =24 < fdn2(Y,s) + g (30)
where Y = x — @(ut") and the functions f and g are,
L2 _ R B B3
h4< s +2 12, 12¢2+6\/W>
f = 2 9
3243 (—g2 2 R _ Ry kY3
35243 ( s+2) +<12¢2 13¢‘2 /n
3(s*=1)hy
8= N’
3243 (_g2 2 R _ Ry RV3
3s52+3 ( 52 +2) +<12¢2 E7 Tz)
under the constraint condition,
o + L, + £V3 952 —|-s2—1 Cp + L, + 23
12¢, ' 12,  [&r 12¢, ' 12, &

0=h2-s*=1-

k2”2 B k2¢] B k2\/§
2¢, 12¢,  [a ||
€2))

It is possible for us to obtain a single wave solution, when s — 1,
sech2(Y, 5)(Y, s) >
Fsech?(YX,s)(Y,s)+g/’

21 -2+

1
Q, (x,f)= —1In
L= = <
under the constraint condition,
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2

0= _n ) | k2M2 N k2¢l N k2\/§ - k2/42 k2¢l k2\/§
4 12¢, " 12¢, " [ar 12¢, 126,  [o '

Category 4. if [,=s>L,=-1-s>1,=1,0<s<1, then ®X)=ns(Y,s) or
DY) = dc(Y, s), thus we have,

2
Qsx,) = - In (A M) (32)

fns2(X,s)+ g

or

_ L dc2(Y, s)
Qo) = = In <A (Y, s) + g)’ (33)

where Y = x — @(ut") and the functions f and g are,

f= <
2 K22 ¢ /3
2 (—¢2 — o Sl W
3s ( S 1) +<12¢7 124, ¢ /¢2)
_ 35%h,
&= N’
2 K22 Ko kz\/g
2 (—¢2 — o S W,
3s ( § 1) +(12¢>2 120, ¢ /d>2)

under the constraint condition,

K22 k2¢1 k2\/§

0=h2-s*=1- + +
4 120, " 12¢, " [5
DT IR A 3 agoap R Ko 3

12¢, 124, [ 2¢, 12, [

It is possible for us to obtain a single wave solution, when s — 1,

< 4 coth?(Y, s)(Y, s) >
feoth®(Y,s)(Y,s)+g/

Qs (x,0) = L In

x (34)

under the constraint condition,
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02 2 ”2 K, k2\/§
o 12¢2 12¢;2 6 /5
o |, K Ro VI R e RV
¢, 126, fax Tg, 129, i
It is possible for us to obtain a single wave solution, when s — 0,
1 csc?(Y, 5)(Y, s)
Q ,H=—1In(A
52000 = n( Fes(X,5)(Y.5) +g (35)
or
1 sec2(Y, s)(Y, s
Q¢ () =—1n <A (X, X, 5) ) (36)

—k fsec2(X,)(X,s)+ g

under the constraint condition,

T N e kzxf L R Re RY3
4 12¢>2 12¢2 6 /— 12¢, 12¢, 6 /—'

Category 5. if [, = —s?,1, = =1 +2s%,1, = 1 — 52,0 < 5 < 1, then ®(Y) = nc(Y, s)
we have,

Q;(x, 1) = 1 In <A

nc(Y,s)
—k

fnc2(X,s) + g

where Y = x — @(;ﬂ“) and the functions f and g are,

ke R RV
h4<2s - g B2

f= .
2 2 2 :
—3S2h4
g:

2
2 2

under the constraint condition,

, thus

(37
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k2ﬂ2 k2¢1 \/g

g, " 12g, " i

k2u2 K, k2\/§
g, ¢, " &
R k2¢1 k2\/§

12¢2 12¢2 6 \/7

It is possible for us to obtain a single wave solution, when s — 1,

0=h225—1—-

—9(—s2+ l)sz— 252 —1-

452 -2 +

1 cosh?(Y, s)(Y, s
Q0 = —1n (A AMSELIQEL) ) (38)
—k feosh*(X,s)(Y,s)+ g
under the constraint condition,
2
0=-n21- K’ kzd’l K3 k2#2 B, 2\/3
- ¢, " 126, 6 /— "2, 124, 6 /— '
It is possible for us to obtain a single wave solution, when s — 0,
1 sec’(Y,$)(X, s)
Q ,HN=—In(A ,
20 = < Fse?(Y,9)(Y,5) + g (39

under the constraint condition,

Rt Rg RVII| R Re RV

0=—hj[-1- - - :
12¢2 12¢2 \/’ 12¢2 12¢, \/’
6 6

Category 6. if [, = —1,1, =2 — 52, Lh=-1+ §2,0 < s < 1,then ®(Y) = nd(Y, s) , thus we
have,

_ 1 nd*(Y, s)
Qs = —pln <“4 Fad? (X, 5) + g>’ 40

where Y = x — @(m") and the functions f and g are,
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f= -
3243 (—g2 2 ew R Y3
35243 (s+2) +<12¢2 e, g ¢2>
—3h,
8§=-

2’
2 122 e kz\g
32 — (=<2 o
35243 ( s +2) +(12¢2 0, g 72>

under the constraint condition,
Ry ke, . K/3

0=n2-s>+2—
T g, Y 124,

2 ke, kz\/g
¢, " 124, " P

Lo gas B2 L IE]

12¢, 124, &
w

It is possible for us to obtain a single wave solution, when s — 1,

952 +9—|-s*+2-

(41

2
@s,l(x,t)=_ikln <A cosh™(Y, 5)(Y, 5) >

feosh® (Y, 5)(Y,s) + g
under the constraint condition,

2

kzﬂz . k2¢1 kz\/g kzﬂz k2¢1 kz
12¢p, 12¢, /@ 12¢2 12¢)2 6 / ’

Category 7. if [y =1,L, =2 —5%1,=1—5%,0< s < 1, then ®(Y) = sc(Y,s) , thus we
have,

0=-hl1-

_ 1 sc2(Y, s)
Q.= —In <A R +g>, 42)

where Y = x — @(ut”) and the functions f and g are,
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g:

2
—3S2+3—(—S2+2) +<E_@_6\/¥

under the constraint condition,

22 K, kz\/§
0=nh}|-s>+2-
-5+ 12¢2+12¢2+

w

T E
9249 |—s2 40 LK i V3
¢, " 124, " &

i K¢ K3

257 +4+ -
120, 126, ( [&
@

It is possible for us to obtain a single wave solution, when s — 1
1 sinh* (Y, $)(Y, s
QgJ(—x? t) =—1In < ) ( )( ) >’ (43)
—k fsinh?*(Y, s)(Y,5) + g

under the constraint condition,
2

k2/42 k2q§ k2 \/5 k2/42 k2¢) K2 \/5

0=-h21-
4 12¢2 12¢2 6. /5 12¢2 12¢, 6./

We are able to acquire a periodic wave solution, when s — 0

2
( tan?(Y, s)(Y, 5) ) 4

1
Q ) =—1
02 = A R (s + 8

under the constraint condition,
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The modulation instability analysis and generalized fractional
k2/42 k2¢ k2\/§
12(,{)2 12¢2 6 /

o |, Ru Bo RVII e R kY3

¢, " 126, i Tg, 124, &
Category 8.if [, = 1,1, =25 — 1,1, = —s*(1 —5%),0 < s < 1, then ®(Y) = 5sd(Y,s) , thus

O=h42

2
sd*(Y, ) >’ 45)

_1
Qw0 = = (“4 FP,5) + g

we have,
where Y = x — DD (ut*) and the functions f'and g are
h By . V3
4 12¢7 12¢, 61/ 22
f= .
) 2_(2¢2 — R Ry RV3
3( s +1)s (2s 1) <12¢2 g, 052)
_ 3hy,
§= 7
_2 2_ (92— w2 Re_ RYV3
3(-s2+1)s>—(2s2-1) (12% 6 ¢)
under the constraint condition
) ) k2ﬂ2 k2¢l k2\/§
0=hy-s"—1- + +
12¢, 12¢, 6./
2 . K, kz\/g 2e s Rt K, k2\/§
24— _ _
12¢, & 12¢, 12¢, 6

2 2
92 —|=2-1=
’ ’ 12¢,
(46)

It is possible for us to obtain a single wave solution, when s — 0
)
sin“(Y, s) >

Qo)== In( A
w0160 =— (fSinz(Y,S)"‘g

k2 \/5 . kzﬂz d’ k2
1 2¢2 12(]52 6 / '

—h2 -1 - kzﬂz K9,
12¢2 12¢z 6/

under the constraint condition
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Category 9. if [, =1 — 52 Ay =2 —sz,l4 =1,0< s <1, then ®(Y) =cs(Y,s) , thus we
have,

2
cs“(Y,8) > a7

1
=—1
Q;(x, 1) —k n< Jfes?(X,s) + g

where Y = x — @(yt") and the functions f and g are,

Kyt kK k23
M+ ¢1+ \/_

1
2 12¢, 124, \/@
[0

i(—s2+1)2— <1 2 1)2+ k2 _ K, kz\/g

s+

1
=hl=
f=hs 2

—_ + —_ — s
16 25 T3 12¢,  12¢, -
N
2 k2 2 k2 k2 3
g=§h4i(—s2+l)2—<ls2+l) N P _ \/_ ,
2" 6 2% 73 12¢, 124, -

w
under the constraint condition,

K2k k*4/3
/4+ ¢1+ \/_

0="h2—s>+2-
o 2, 126, /&

2142 k2¢1 \/§
g, " 12, &
2,142 k2¢) k2\/§

1 2(}52 1 2¢2 6 \/’

It is possible for us to obtain a single wave solution, when s — 1,

1 csch (Y, s) )
@ )= — 1 A . 2~ )
mten=— n( fesch?(Y, )+ ¢ (48)

952 4+9—|-s*+2-

-25*+4+

under the constraint condition,

2

K2y k2¢1 \/5 k2y2 k2¢ K2 \/_
2, 124, [ T g, 126, fir |
6 6

We are able to acquire a periodic wave solution, when s — 0,

0=-h>1-

@ Springer



The modulation instability analysis and generalized fractional... Page 190f34 232

=L (g oy
Qo0 = —k In <Afc0t2(Y, )+g >, “

under the constraint condition,

kP k2¢1 K43
g, " 124, " fix
o |, Ru  Bo RVII KR F¢ K3

124, " 124, 6\/* " 2¢, ~ 124, 6\/*

Category 10. if [, = —s2(1 — 5, I, = 252 — 1,I, =1,0<s <1, then ®Y)=ds(Y,s) ,
thus we have,

0=n22

1

Q) =— <~A (50)

ds* (Y, s)
—k

fds*(X,s)+ g

where Y = x — @(yt") and the functions f and g are,

K i k2¢1 +2 \/5

12¢, " 124, JE

Ry k2¢1 +k2\/§

Do 20, e
2\—1

Ryl k2¢1 k2 \/3
12¢, 12¢, b ’

f=hy|2s*=1-

2\ —1

-3 (—s2 + l)s2 - (2s2 - 1)2 +

g==3(=+1)Fh| -3 (- + 1) = (25— 1)" +
6

under the constraint condition,

k2112 k2¢ kZ\/_
¢, " 129, " fax

22 R K3
YRR PP L i

¢ 12¢, \/E

0="h22s—1-

so . K Bo B3
6

12¢, 12¢,
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It is possible for us to obtain a single wave solution, when s — 1,

1 csch?(Y, s
Q)= —1n (A %) (51)
—k fesch?(Y,8) + g
under the constraint condition,
N 12y k2¢> kz\/_ kzuz k2¢1 kz\/_
! ¢, " 12¢, | 6/ "2, 126, e |
It is possible for us to obtain a single wave solution, when s — 0,
1 csc2(Y, s)
)=—h|A—FF-"—"—
Quatnt = 0 (Ar S 2

under the constraint condition,

Rut | Ky kZ\f T e

0=—h2-1- -

124, " 126, 6\/* " g, 124, 6\/*'

Category 11. if [y = =51, = 2 1, = =5 0 <5 < 1, then ®(Y) = ne(Y. 5) £ se(Y, 5)
or ®(Y) = 2L thus we have,

1+sn(Y,s)
1 ne(Y,s) + sc(Y, 5))?
Q0 =——In(A (ne(Y, s) £ s¢(X, 5)) (53)
—k fne(Y,5) £ 5¢(Y,5))* + g
or
1 en*(Y,5)
QuxH=—In(A
W= n< Fer (Y, + (1 snX(Y, s»g) oY
where Y = x — @(w") and the functions fand g are,
1, 1 Ke? | P kz\/'
f=hyl -+ - - +
2 2 12¢, 12(1)2 b
!
3<—ls2+1>2— (ls2+l>2+ Rul K V3
4 2 2 12¢, 12¢, 6 [ ’
21

3 5 ) < 1, 1 1, 1\ |2 o, K3
=2hy (=2 + 1 2t o) — (224
g =3+ D53 4S+4> <S+>+12¢2 12¢, 6\/*

under the constraint condition,
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2,2 k2 k2
O=h42 152_’_1/2_]{# ¢1 \/_
2 24, " 12¢, &

o(Laedy Lol B Fo 0y
4

R

2 2 124)2 12¢, 6/
Rl k2¢1 kz\/g

2¢, 124, JE

It is possible for us to obtain a single wave solution, when s — 1,

s+ 1+

1 cosh(Y, s) + sinh(Y, s))?
Q3 (,)=—1In| A (cosh(Y 5) . (1, 5) (55)
’ —k f(cosh(Y, s) + sinh(Y, 5))2 + g
or
1 sech?(Y, s
Q)= —In < (.9 > > (56)
—k fsech?(Y,s) + (1 + tanh*(Y, s))g
under the constraint condition,
2
_ | R Re RV R Re RV
4 12¢2 12¢>2 6 /2 12¢2 12¢, 6 /T '
We are able to acquire a periodic wave solution, when s — 0,
1 (sec(Y, s) + tan(Y, 5))?
,H)=—1In[ A
Qi32060) % < f(sec(Y,s) + tan(Y, )2 + g (57
or
1 cos2(Y,s)
Qo) = —1In <.A ) > (58)
—k fcos2(Y,s) + (1 +sin’(Y, s))g

under the constraint condition,

2y k2¢1 kz\/_
2, 124, ' 6%

9 . 2y k2¢1 kz\/_ k2;42 k2¢1 _ kz\/g

16 26, " 124, 6\/* g, T 124, 6\/*

2172
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Uy A Ly . X 1, then ®(Y)=scn(Y
——h= ,4——2,/, <s<1, then ®(Y)=scn(Y,s)

Category 12. if [, = >

+dn(Y,s) , thus we have,

1 nen(Y, s) + dn(Y, 5))>
Q= (A (nen(Y,s) (Y,s)) (59)
—k fen(Y,s) £dn(Y,8)* +¢g
where Y = x — @(ut") and the functions f and g are,
2,2 k2 2
f:h4lsz+l K d k\/§
2 2 12¢2 12¢>2 6T
-1
2 2,2 2 2
i(—sz+l)2—<ls2+l) i d \/_ ,
6 2 2 12¢, 12¢, 6T
2\—1
3 5 A3, 5 2 1, 1\ | Be V3
=—Zh(=s*+ D5 = (=2 +1) = (= - -
g ha(=s"+ Ds (=s*+1) <2S+2>+12¢2 26 . o ,
under the constraint condition,
0=hn2 lsz_i_l_kzﬂz K¢, K3
Y127 T2 12, 124, Ja
@
Akt A O O T TRV
S [ R
16 2 2 12(}52 12(],’)2 6 /
S +1+ R Ko, kz\/g
124, 124, | fix
It is possible for us to obtain a single wave solution, when s — 1,
n sech (Y, s) + sech (Y, s))?
Qs o) = Lin (4 e 09 (Y, 5) )
—k S sech (Y, s) + sech(Y,s))2 + g

under the constraint condition,
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2 2 2 2
0=—h421—k LK k\/g
24, T 124, 6 /—

k2 H2 K2 b, K2 \/5

12¢2 12¢2 6 \/’ ’

It is possible for us to obtain a single wave solution, when s — 0,

1 (n cos(Y,s) + 1)
Qisp000) = —k In (Af(n cos(Y,s) + 1)> + g>

(61)

under the constraint condition,

2 2 k2
1 KA KO Gtk

¢, ' 124, 6\/’

9 1/2 k2M2 k2¢1 kZ\/_ k2ﬂ2 k2¢1 k2\/§
16 12¢2 12¢2 6 /— 12¢2 12¢, /—
Category 13.if [, = 1,1, = =22 1, = 1 0 < 5 < I, then ®(Y) = 2% thus we have
0™ 472 2 AT g ’ 1+cn(Y.s) ’
1 sn* (Y, 5)
Qix,)=—1In[ A ,
1600 = n( (X, ) + (1 £ cn?(Y, s))g> 62)

where Y = x — @(W“) and the functions fand g are,

1 Ky k2¢1+k2\/§
27126, 24, &

w

f=hy|—s*+

i—<—52+ 1)2+ Ku? k2¢1 kz\/g
2 12¢)2 12(1)2 6 / ’

>2+ i KBg Ky3

126, 124, & ||’

under the constraint condition,
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k2ﬂ2 k2¢1 \/g

1
0=h|—s"+ 3
72T g, T 12, T . /—
9 | o 1 B R kY3
16 27126, 124, [
257+ 1+ Rut K, kz\/§
—Z5
Rg, ¢, [

It is possible for us to obtain a single wave solution, when s — 1,

| tanh(Y, s) >
Q)= —In(A '
0100 = n( ftanh®(Y, 5) + (1 + sech (Y, 5))g o

under the constraint condition,

2.2 k2 2,2 k2 /3
K 2 23 ][ 9 1/2ku+¢1+\/_

0=h2-1/2- Z —|-1/2-
3 12(152 12¢, 6/— 16 12¢, 1205 [5

k2M2 k2¢ k2\/§
T, " T2e, fax

We are able to acquire a periodic wave solution, when s — 0,

1 sin(Y, s
Qio(x,1) = —1In <A — @) ) (64)
—k fsin“(Y,s) + (1 + cos2(Y, 5))g
under the constraint condition,
2,2 k2 3
0=h42 1/2_kﬂ d)l \/_
g, " 129, " [
/ k2pl2 ](2(1)1 \/5 - k2’u2 k2¢1 k2\/§
16 12q§2 12(]52 6 / 12¢p, 12¢, 6./
@
: 1 1 52 1—s sn(Y,s
Category 14.if [, = .1, = ==, 1, = (=~ ) ,0 <5< 1,then®(Y) = m , thus we

have,
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2
sn*(Y,s) > 65

-1
Q== m( fsn2(X,5) + g(en(Y, 5) £ dn(Y, 5))?

where Y = x — @(;ﬂ") and the functions f and g are,

k2 ;42 k2 k2 \/_

1
2 12¢>2 12(;52 6 /—

2 k212 k2 k24/3
3(s+1)—<1s2+1)+ WK EV3
16 12¢, 12¢, 6 [6:

2" 72
1) ENEETU R RN U L £V3
g—4h4 16(s+1) S5 +5) +

s% +

1
:h —_
f 45

26, 124, ( [o ||’

under the constraint condition,

Kur K k*4/3
Lol K Koy V3

2 2 12¢, 12¢, 6 [¢
k* k2¢1 \/3

1
2 12¢2 12¢2 ‘ /—

2142 k2¢1 kz\/_

s +1+ -
12¢, 12¢, 6./%

It is possible for us to obtain a single wave solution, when s — 1,

Q060 = —1In ( e - > o
TR Tk [ tanh*(Y, 5) + g(sech (Y, s) £ sech(Y,s))? 0

0=h,’

sz+

SV
16 2

under the constraint condition,

2

R K kz\/— LR e V3
g, * 129, * 6,2 T, T4, far |

We are able to acquire a periodic wave solution, when s — 0,

0=-h71
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1 sin?(Y, s) )
Q ) = — l A ’
172060 = —In < Fsin?(Y,5) + g(cos(Y, s) + 1) “

under the constraint condition,

12 M2 K2 ¢1 12 \/_
12¢2 124)2 6 /

9 _ Rt R V3L R KFe RV3

= —|1/2-
16 24, " 124, 6\/* e, 124, 6\/*

=h>(1/2 -

5 Graphical representation and discussion

In this section, we will display 2-D, 3-D, and Contour visualization of the acquired results.

This part visually displays the exact complex analytical solutions of the governing
model under consideration (4). We concluded that numerous new solitary wave exact solu-
tions are being developed in the guise of trigonometric function solutions, Jacobi ellip-
tic function solutions, and hyperbolic function solutions by comparing the findings of our
work to the results of Alharthi et al. (2022). A suitable collection of parametric values that
meet the constraint criteria for solutions is used to display the 2-D surface graph, 3-D sur-
face graph, and contour surface graph.

Figs. 1, 2, 3 and 4 are plotted for 7, =09, y=0.1, w=0.1, k=-0.1, n =1, and
¢, =23.900455549. In these figures, it can be observed that the obtained solutions dis-
playing the singular and bright propagating solitary wave solution. It is noticed that the the
fractional order is responsible to control the behavior of the soliton. That’s why, the scien-
tists and researchers of scientific field can acquire their required results.

6 Modulation instability analysis of the Peyrard-Bishop DNA
dynamical equation

6.1 Linear stability analysis

In this section of paper, the objective is to develop the modulation instability (MI) gain of
steady state solution of the governing system (4) by the virtue of the linear stability analy-
sis. The MI can be consisted in exponential growth of the small perturbations in the phase
of optical waves or the amplitude. It is significant to investigate it in the nonlinear wave
physics.

Let us assume a steady state solutions in order to perform a stability analysis,

Q =M, (68)

where, 9, is the initial incidence power (real constant-amplitudes). Furthermore, the solu-
tions (68) is transforming to perturbed stationary solutions as,
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(a) Three dimensional visualization (Qi,1(z,t)) at (b) Three dimensional visualization at v = 0.02
a=0.01

(¢) Two dimensional visualization at o = 0.01 (d) Two dimensional visualization at o = 0.02

4506
46.04
28.02 46.0
48.00
455
46.88
48.88 450
46.84

408.82

-10 -5 0 5 10 -10 -5 0 5 10

(e) Contour visualization at o = 0.01 (f) Contour visualization at o = 0.02

Fig. 1 Graphical solitary wave propagation of (Q, ; (x, 7)) at different fractional order

Q = mo + % E(x7 t)y (69)

where E is real function of x, ¢ and the perturbation coefficient parameter is ¢ << 1. The
perturbed stationary solutions are plugging into system (4) and develop the disturbance
equations,
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(a) Three dimensional visualization (Qj1(z,t)) at (b) Three dimensional visualization at o = 0.09
a=0.03

(¢) Two dimensional visualization at o = 0.03 (d) Two dimensional visualization at o = 0.09
ol - - . - o - - - -
8 8
485 485
480 480
6 6
455 455
450 450
4 4
445 445
440 440
2 2
o L n L n L o 1 1 L 1 |
-10 -5 ] 5 10 -10 -5 o 5 10
(e) Contour visualization at o = 0.03 (f) Contour visualization at o = 0.09

Fig.2 Graphical solitary wave propagation of (Q, ; (x, ?)) at different fractional order

02 - 3 5 62 _ 0 _ 2 62 -
0555(N =30 5500 ) (5Ew0) ¢y =0 5200 )¢y
wk wk (70)
+

(ekfmo ) 2 (eko (x,t) ) 2 ek My ekoE(x,1) =

After linearization, the disturbance equations (70) can be written as,
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(a) Three dimensional visualization (Qq,1(z,t)) at (b) Three dimensional visualization at o = 0.02
a = 0.01

-100

=150

-200

-250
(¢) Two dimensional visualization at o = 0.01

(d) Two dimensional visualization at o = 0.02

10
8
° o
-50
00 ° -2
_150 -100
2, -150
=250
_a00 -200
2
o 1 I 1 1 1
-10 -5 o 5 10
(e) Contour visualization at o = 0.01 (f) Contour visualization at o = 0.02
Fig.3 Graphical solitary wave propagation of (Q, ; (x, ?)) at different fractional order
0% _ 0% _
0 p=E® D=0 S5 EXD Jd =0. (71)
Now, we have to introduce the Z(x, t), such as,
B(x, 1) = a exp' B0 4p exp (FB0 (72)
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(a) Three dimensional visualization (Qs1(z,t)) at (b) Three dimensional visualization at o = 0.09
a=0.03

L n L
5 10

(e) Contour visualization at o = 0.03 (f) Contour visualization at o = 0.09

Fig. 4 Graphical solitary wave propagation of (Q; ; (x, 7)) at different fractional order

The function (72) substitute into (71) and get system of homogeneous equations,

af?o ¢, —ao |2,

73
bR20 P, — bo W 73)

The coefficient matrix of system (73) can be written as following for a and b,
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K20, — o T? 0 a\ _(0
< 0 K20 —0292> <b> - <0> i

The non-trivial solutions exist for the coefficient matrix (74), when the determinant van-
ishes. The dispersion relation derive by expanding the determinant of above coefficient
matrix,

(K2, - W)’ = 0. (75)

The Peyrard—Bishop DNA dynamical equation is modulationally stable for any wave num-
ber K if and only if the four roots of (76) are all positive real values. The roots of (76) are
not so simple to acquire, though, as we must use the current effective analytical formulae
and the appropriate criteria for the roots of a fourth-order polynomial. The dispersion rela-
tion’s solution is obtained (76),

W= +1/0, K, (76)

Thus, one can observe that, the modulation instability of the Peyrard—Bishop DNA dynam-
ical equation is modulationally stable (4) occurs when,

Vé, <0,

7 Conclusion

In this study, by applying one of the generalised expansion techniques, multiple new
soliton solutions to the Peyrard—Bishop DNA dynamical equation are developed. The
new expanded ®°-model expansion technique generally given fourteen families of dif-
fering soliton patterns.

The analysis yields twenty-eight solutions.
The acquired solitary wave patterns are based on Jacobi elliptic functions, with
hyperbolic solutions in the limiting case s — 1, and trigonometric solutions in the
limiting case s — 0.

e In order to ensure the existence of solutions, the constraint conditions connected to
each result are provided.
The solutions are shown in 2-D, 3-D, and contour real and imaginary profiles.
The developed constraints are satisfied by the parametric values used.
The Peyrard—Bishop DNA dynamical equation is modulationally stable under the
established constraint.

In order to explain the graphical behaviour of optical pulses employing the generated
analytical solutions, some relevant values are taken for the related free parameters. The
acceptable solutions can be relied upon to comprehend the nonlinear model’s physical
perspective. The ®5-model procedure is a strong and efficient mathematical tool that can
be used to provide the analytical answers to a variety of other challenging mathematical
phenomena.
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