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Abstract In this paper, our aim is to construct the novel wave structures for two non-linear evo-

lution equations which are rising in non-linear optics, mathematical biological models, fluid dynam-

ics, waves theory, mechanics, quantum mechanics, and many more. We employed an efficient

analytical technique namely, the Sardar-subequation method to build the wave solutions for the

modified Benjamin-Bona-Mahony equation and the Coupled Klein–Gordon equations. We have

built the numerous type of soliton wave structures of modified Benjamin-Bona-Mahony equation

and the Coupled Klein–Gordon equations via the Sardar-subequation method. Acquired results

reveal the dynamics behavior of waves structures including the bright, singular, dark, and periodic

singular solitons solutions. To illustrate the behavior of these solutions some selected solutions are

sketched in two-, and three-dimensional graphs. On the basis of these results, our technique is suit-

able, up-to-date, and powerful. The obtained solutions are very efficacious and influential in
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non-linear optics, mathematical biology, mechanics, fluid mechanics, plasma physics, and many

more. This study will assist to predict some new hypothesis and theories in the field of mathematical

physics.

� 2023 The Authors. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

In recent times, the extensive contribution of non-linear partial

differential equations (NLPDEs) in scientific domains have
become more significant including, mathematical biology,
chemical physics, optical fibers, mechanics, hydrodynamics,
etc. and also used to define the complex characteristics in these

fields [1–5]. Therefore, the analysis of these models is impor-
tant and precarious to understand these existences and support
to researchers using them to systematic developments and

attaining the most momentous goal [6–8]. To facilitate, how
complex things, perform in non-linear evolution equations
(NLEEs), it is our requirement to inspect the wave structures

for the NLEEs [9,10]. For this purpose, many distinct non-
linear physical phenomena are used in domains of robust state
physical, liquid mechanics and atoms, physical compound and

optical fibers [11–15]. Therefore, searching for wave solutions
of NLEEs is enormously crucial. Thus, to search such solu-
tions many efficient techniques have been established by vari-
ous researchers and scientists to develop the exact solutions of

non-linear PDEs in various form, such as the tanh-coth
method, the improved F-expansion method, the Frobenius
integrable decomposition, the extended tanh-function method,

the simple equation method, the Hirota bilinear method, the
multiple simplest equation method, the Darboux transforma-
tion, the trial solution method, the Hirota technique, [16–22],

new extended generalized Kudryashov scheme, rational
ðG0=GÞ-expansion and improved tanh scheme, improved auxil-
iary equation and enhanced rational ðG0=GÞ-expansion meth-
ods, the fourth-order Runge–Kutta technique and so on [23–

29]. Furthermore, in soliton theory, integrable equations are
produced from matrix spectral problems and come in hierar-
chies. Using certain symmetric reductions on potentials, one

can construct reduced integrable equations such as modified
Korteweg-de Vries equations and non-linear Schrodinger
equations. Riemann–Hilbert problems, expressed from the

associated given matrix spectral problems, also deliver an
influential method that permits us to solve integrable equa-
tions, mainly to construct soliton solutions [30–33]. In this

work, our aim is to construct and analyze the novel soliton
wave solutions via the Sardar-subequation method (SSM)
[34] on the modified Benjamin-Bona-Mahony (BBM) equation
and the Coupled Klein–Gordon (CKG) equations [35–38]. Our

focus is on the construction of various waves solitons solutions
for instance bright, singular, dark-bright and periodic-singular
wave solitons. The under consideration method is measured

more universal among mentioned above. Likewise, these out-
comes support us to recognize the active performance of sev-
eral physical configurations. Moreover, these results are

positive, special, exact and may be cooperative for illuminating
specific non-linear real phenomena in non-linear mathematical
models.
This article is designed as: The BBM equation is defined in
Section 2. The description of Sardar-subequation method and
its application on BBM are given in Section 3. The CKG equa-

tion and the application of SSM are given in Section 4. Phys-
ical interpretation of the results is written in Section 5 while
findings of this paper are presented in Section 6.

2. The Sardar-Subequation Method

Consider the PDE

WðP;Pt;Px;Pxx;Pxt;Ptt;Ptx; . . . :Þ ¼ 0; ð1Þ
where P ¼ Pðx; tÞ is an un-known function.

Pðx; tÞ ¼ VðfÞ; f ¼ xþ kt; ð2Þ
where k is non-zero constant. By applying the above transfor-

mation, given below ODE is obtained

PðV;V0;V00; . . .Þ ¼ 0; ð3Þ
in which V ¼ VðfÞ;V0 ¼ dV

df ;V00 ¼ d2V
df2

,. . ..,.

Consider (3) has the solution as follows

VðfÞ ¼
XM
j¼0

KjX
jðfÞ; ð4Þ

where Kjð0 6 j 6 MÞ are constants.

ðX0ðfÞÞ2 ¼ Gþ FX2ðfÞ þ X4ðfÞ; ð5Þ
where G and F are real constants and (5) yields the sets of solu-

tions as
Case 1:When F > 0andG ¼ 0, then

X�
1 ðfÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
�Fpq

p
sechpqð

ffiffiffi
F

p
fÞ; ð6Þ

X�
2 ðfÞ ¼ �

ffiffiffiffiffiffiffiffi
Fpq

p
cschpqð

ffiffiffi
F

p
fÞ; ð7Þ

where

sechpqðfÞ ¼ 2
pefþqe�f ; cschpqðfÞ ¼ 2

pef�qe�f.

Case 2:When F < 0andG ¼ 0, then

X�
3 ðfÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
�Fpq

p
secpqð

ffiffiffiffiffiffiffi
�F

p
fÞ; ð8Þ

X�
4 ðfÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
�Fpq

p
cscpqð

ffiffiffiffiffiffiffi
�F

p
fÞ; ð9Þ

where

secpqðfÞ ¼ 2
peifþqe�if ; cscpqðfÞ ¼ 2i

peif�qe�if.

Case 3:When F < 0andG ¼ a2

4b
, then

X�
5 ðfÞ ¼ �

ffiffiffiffiffiffiffiffi
�F

2

r
tanhpqð

ffiffiffiffiffiffiffiffi
�F

2

r
fÞ; ð10Þ

X�
6 ðfÞ ¼ �

ffiffiffiffiffiffiffiffi
�F

2

r
cothpqð

ffiffiffiffiffiffiffiffi
�F

2

r
fÞ; ð11Þ
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X�
7 ðfÞ ¼ �

ffiffiffiffiffiffiffiffi
�F

2

r
tanhpqð

ffiffiffiffiffiffiffiffiffi
�2F

p
fÞ � i

ffiffiffiffiffi
pq

p
sechpqð

ffiffiffiffiffiffiffiffiffi
�2F

p
fÞ

� �
;

ð12Þ

X�
8 ðfÞ ¼ �

ffiffiffiffiffiffiffiffi
�F

2

r
cothpqð

ffiffiffiffiffiffiffiffiffi
�2F

p
fÞ � ffiffiffiffiffi

pq
p

cschpqð
ffiffiffiffiffiffiffiffiffi
�2F

p
fÞ

� �
;

ð13Þ

X�
9 ðfÞ ¼ �

ffiffiffiffiffiffiffiffi
�F

8

r
tanhpqð

ffiffiffiffiffiffiffiffi
�F

8

r
fÞ þ cothpqð

ffiffiffiffiffiffiffiffi
�F

8

r
fÞ

 !
; ð14Þ

where

tanhpqðfÞ ¼ pef�qe�f

pefþqe�f ; cothpqðfÞ ¼ pefþqe�f

pef�qe�f.

Case 4:When F > 0andG ¼ a2

4
, then

X�
10ðfÞ ¼ �

ffiffiffi
F

2

r
tanpqð

ffiffiffi
F

2

r
fÞ; ð15Þ

X�
11ðfÞ ¼ �

ffiffiffi
F

2

r
cotpqð

ffiffiffi
F

2

r
fÞ; ð16Þ

X�
12ðfÞ ¼ �

ffiffiffi
F

2

r
tanpqð

ffiffiffiffiffiffi
2F

p
fÞ � ffiffiffiffiffi

pq
p

secpqð
ffiffiffiffiffiffi
2F

p
fÞ

� �
; ð17Þ

X�
13ðfÞ ¼ �

ffiffiffi
F

2

r
cotpqð

ffiffiffiffiffiffi
2F

p
fÞ � ffiffiffiffiffi

pq
p

cscpqð
ffiffiffiffiffiffi
2F

p
fÞ

� �
; ð18Þ

X�
14ðfÞ ¼ �

ffiffiffi
F

8

r
tanpqð

ffiffiffi
F

8

r
fÞ þ cotpqð

ffiffiffi
F

8

r
fÞ

 !
; ð19Þ

where

tanpqðfÞ ¼ �i pe
if�qe�if

peifþqe�if ; cotpqðfÞ ¼ i pe
ifþqe�if

peif�qe�if.

3. The Benjamin-Bona-Mahony Equation

The modified BBM equation is defined as

Pt þ Px þ lP2Px þ Pxxt ¼ 0; ð20Þ
where l is a constant that will be found far ahead. Using the
following wave transformation

Pðx; tÞ ¼ VðfÞ; f ¼ xþ kt;

converts (20) into the ODE, as follows

3ðkþ 1ÞVþ lV3 þ 3kV00 ¼ 0: ð21Þ
3.1. Application of the SSM on BBM

In order to achieve the soliton wave structures of BBM, the

SSM is applied on (21). By balance rule on terms of V00 and
V3 in (21), gives M ¼ 1, so (4) changes to

VðfÞ ¼ K0 þ K1XðfÞ; ð22Þ
where K0;K1 are constants. Replacing the (22) along with (5)
into (21), and gets the set of equations in K0;K1; l; andk. On
resolving the system of equations, we attains

K0 ¼ 0; K1 ¼
ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p ;
k ¼ 1

�1� F
: ð23Þ

Case 1: When F > 0andG ¼ 0, then

P�
1;1ðx; tÞ ¼

ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p �
ffiffiffiffiffiffiffiffiffiffiffiffi
�pqF

p
sechpqð

ffiffiffi
F

p
ðxþ ktÞÞ

� �
; ð24Þ

P�
1;2ðx; tÞ ¼

ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p �
ffiffiffiffiffiffiffiffi
pqF

p
cschpqð

ffiffiffi
F

p
ðxþ ktÞÞ

� �
: ð25Þ

Case 2: When F < 0andG ¼ 0, then

P�
1;3ðx; tÞ ¼

ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p �
ffiffiffiffiffiffiffiffiffiffiffiffi
�pqF

p
secpqð

ffiffiffiffiffiffiffi
�F

p
ðxþ ktÞÞ

� �
; ð26Þ

P�
1;4ðx; tÞ ¼

ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p �
ffiffiffiffiffiffiffiffiffiffiffiffi
�pqF

p
cscpqð

ffiffiffiffiffiffiffi
�F

p
ðxþ ktÞÞ

� �
: ð27Þ

Case 3: When F < 0andG ¼ a2

4b
, then

P�
1;5ðx; tÞ ¼

ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p �
ffiffiffiffiffiffiffiffi
�F

2

r
tanhpqð

ffiffiffiffiffiffiffiffi
�F

2

r
ðxþ ktÞ

 !
; ð28Þ

P�
1;6ðx; tÞ ¼

ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p �
ffiffiffiffiffiffiffiffi
�F

2

r
cothpqð

ffiffiffiffiffiffiffiffi
�F

2

r
ðxþ ktÞ

 !
; ð29Þ

P�
1;7ðx; tÞ ¼

ffiffi
6

pffiffiffiffiffiffiffiffi
lFþl

p �
ffiffiffiffiffiffiffi
� F

2

q
tanhpqð

ffiffiffiffiffiffiffiffiffi�2F
p ðx� ktÞÞ��

�i
ffiffiffiffiffi
pq

p
sechpqð

ffiffiffiffiffiffiffiffiffi�2F
p ðxþ ktÞÞ��; ð30Þ

P�
1;8ðx; tÞ ¼

ffiffi
6

pffiffiffiffiffiffiffiffi
lFþl

p �
ffiffiffiffiffiffiffi
� F

2

q
cothpqð

ffiffiffiffiffiffiffiffiffi�2F
p ðxþ ktÞÞ��

� ffiffiffiffiffi
pq

p
cschpqð

ffiffiffiffiffiffiffiffiffi�2F
p ðxþ ktÞÞ��; ð31Þ

P�
1;9ðx; tÞ ¼

ffiffi
6

pffiffiffiffiffiffiffiffi
lFþl

p �
ffiffiffiffiffiffiffi
� F

8

q
tanhpqð

ffiffiffiffiffiffiffi
� A

8

q
ðxþ ktÞÞ

��
þcothpqð

ffiffiffiffiffiffiffi
� F

8

q
ðxþ ktÞÞ

��
:

ð32Þ

Case 4: When F > 0andG ¼ a2

4
, then

P�
1;10ðx; tÞ ¼

ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p �
ffiffiffi
F

2

r
tanpqð

ffiffiffi
F

2

r
ðxþ ktÞÞ

 !
; ð33Þ

P�
1;11ðx; tÞ ¼

ffiffiffi
6

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lFþ l

p �
ffiffiffi
F

2

r
cotpqð

ffiffiffi
F

2

r
ðxþ ktÞÞ

 !
; ð34Þ

P�
1;12ðx; tÞ ¼

ffiffi
6

pffiffiffiffiffiffiffiffi
lFþl

p �
ffiffi
F
2

q
tanpqð

ffiffiffiffiffiffi
2A

p ðxþ ktÞÞ��
� ffiffiffiffiffi

pq
p

secpqð
ffiffiffiffiffiffi
2F

p ðxþ ktÞÞ��; ð35Þ

P�
1;13ðx; tÞ ¼

ffiffi
6

pffiffiffiffiffiffiffiffi
lFþl

p �
ffiffiffi
A
2

q
cotpqð

ffiffiffiffiffiffi
2F

p ðxþ ktÞÞ��
� ffiffiffiffiffi

pq
p

cscpqð
ffiffiffiffiffiffi
2F

p ðxþ ktÞÞ��; ð36Þ
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P�
1;14ðx; tÞ ¼

ffiffi
6

pffiffiffiffiffiffiffiffi
lFþl

p �
ffiffi
F
8

q
tanpqð

ffiffi
F
8

q
ðxþ ktÞÞ

��
þcotpqð

ffiffi
F
8

q
ðxþ ktÞÞ

��
:

ð37Þ
4. The Coupled Klein–Gordon Equation

One other considered model in this paper, the CKG equation
is defined as

Qxx �Qtt �Qþ 2Q3 þ 2QR ¼ 0;

Rx � Rt � 4QQt ¼ 0:

(
ð38Þ

Using the following wave transformations

Qðx; tÞ ¼ VðfÞ; Rðx; tÞ ¼ UðfÞ; f ¼ xþ kt;

converts (38) into the following ODE

ð1� k2ÞV00 � Vþ 2ð1þ kÞ
1� k

V3 ¼ 0: ð39Þ
4.1. Application of the SSM on CKG

In order to achieve the soliton wave structures of CKG, the

SSM is utilized on (39). Balancing the terms of V00 and V3 in
(39), yields M ¼ 1, so (4) reduces to

VðfÞ ¼ K0 þ K1XðfÞ; ð40Þ
where K0;K1 are constants. Replacing the (40) along with (5)

into (39) and gets the set of equations in K0;K1;F; andk. On
solving the set of equations, we yields

K0 ¼ 0; K1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
;

F ¼ 1

1� k2
: ð41Þ

Case 1: When F > 0andG ¼ 0, then

P�
2;1ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi�pq

1� k2

r
sechpq

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� k2

r
ðxþ ktÞ

 ! !
;

ð42Þ

P�
2;2ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
pq

1� k2

r
cschpq

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� k2

r
ðxþ ktÞ

 ! !
:

ð43Þ
Case 2: When F < 0andG ¼ 0, then

P�
2;3ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi�pq

1� k2

r
secpq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

1� k2

r
ðxþ ktÞ

 ! !
;

ð44Þ

P�
2;4ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi�pq

1� k2

r
cscpq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

1� k2

r
ðxþ ktÞ

 ! !
:

ð45Þ

Case 3: When F < 0andG ¼ a2

4b
, then

P�
2;5ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2ð1� k2Þ

s
tanhpq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2ð1� k2Þ

s
ðxþ ktÞ

 ! !
;

ð46Þ
P�
2;6ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2ð1� k2Þ

s
cothpq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2ð1� k2Þ

s
ðxþ ktÞ

 ! !
;

ð47Þ

P�
2;7ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2ð1�k2Þ

q
tanhpqð

ffiffiffiffiffiffiffiffiffiffiffiffi
� 2

1�k2

q
ðxþ ktÞÞ

��

�i
ffiffiffiffiffi
pq

p
sechpqð

ffiffiffiffiffiffiffiffiffiffiffiffi
� 2

1�k2

q
ðxþ ktÞÞ

��
;

ð48Þ

P�
2;8ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2ð1�k2Þ

q
cothpqð

ffiffiffiffiffiffiffiffiffiffiffiffi
� 2

1�k2

q
ðxþ ktÞÞ

��

� ffiffiffiffiffi
pq

p
cschpqð

ffiffiffiffiffiffiffiffiffiffiffiffi
� 2

1�k2

q
ðxþ ktÞÞ

��
;

ð49Þ

P�
2;9ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

8ð1�k2Þ

q
tanhpqð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

8ð1�k2Þ

q
ðxþ ktÞÞ

��

þcothpqð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

8ð1�k2Þ

q
ðxþ ktÞÞ

��
:

ð50Þ

Case 4: When F > 0andG ¼ a2

4
, then

P�
2;10ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2ð1� k2Þ

s
tanpqð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2ð1� k2Þ

s
ðxþ ktÞÞ

 !
;

ð51Þ

P�
2;11ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2ð1� k2Þ

s
cotpqð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2ð1� k2Þ

s
ðxþ ktÞÞ

 !
;

ð52Þ

P�
2;12ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffi
1

2ð1�k2Þ

q
tanpqð

ffiffiffiffiffiffiffi
2

1�k2

q
ðxþ ktÞÞ

��
� ffiffiffiffiffi

pq
p

secpqð
ffiffiffiffiffiffiffi
2

1�k2

q
ðxþ ktÞÞ

��
;

ð53Þ

P�
2;13ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffi
1

2ð1�k2Þ

q
cotpqð

ffiffiffiffiffiffiffi
2

1�k2

q
ðxþ ktÞÞ

��
� ffiffiffiffiffi

pq
p

cscpqð
ffiffiffiffiffiffiffi
2

1�k2

q
ðxþ ktÞÞ

��
;

ð54Þ

P�
2;14ðx; tÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k� k2 � 1

p
�

ffiffiffiffiffiffiffiffiffiffiffi
1

8ð1�k2Þ

q
tanpqð

ffiffiffiffiffiffiffiffiffiffiffi
1

8ð1�k2Þ

q
ðxþ ktÞÞ

��

þcotpqð
ffiffiffiffiffiffiffiffiffiffiffi

1
8ð1�k2Þ

q
ðxþ ktÞÞ

��
:

ð55Þ
5. Physical interpretation of the results

In this study, we have built the various type of soliton wave
structures of BBM equation and CKG equations by using

the SSM. It is exhibited that the use of wave transformations
converted the PDEs into ODEs. By using the Mathematica
software, we have satisfied all calculations in the methods

and have verified that all consequent solutions fulfilled the core
equations. To exhibit the plots of the attained results, we have
employed the Maple software. In Fig. (1), the plot of the solu-

tion jP�
1;1ðx; tÞj in eq. (24), are the demonstrated with parame-
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ters F ¼ 1:5, l ¼ 0:7, p ¼ 1:3; q ¼ 1:2, and c ¼ 0:65. In

Fig. (a), we have plot 3-dim graph of jP�
1;1ðx; tÞj that gives

bright soliton wave structure and Fig. (a-1), is the 2-dim graph

of jP�
1;1ðx; tÞj with t ¼ 1. In Fig. (2), the plot of the solution

jP�
1;5ðx; tÞj in eq. (28), are the demonstrated with parameters

F ¼ 1:4, l ¼ 0:8, p ¼ 1:2; q ¼ 1:2, and c ¼ 0:75. In

Fig. (b), we have plot 3-dim graph of jP�
1;5ðx; tÞj that gives dark

soliton wave structure and Fig. (b-1), is the 2-dim graph of

jP�
1;5ðx; tÞj with t ¼ 1. In Fig. (3), the plot of the solution

jP�
1;7ðx; tÞj in eq. (30), are the demonstrated with parameters

F ¼ 1, l ¼ 0:9, p ¼ 1; q ¼ 1, and c ¼ 0:98. In Fig. (c), we

have plot 3-dim graph of jP�
1;7ðx; tÞj that is combo dark-

bright soliton wave structure and Fig. (c-1), is the 2-dim graph

of jP�
1;7ðx; tÞj with t ¼ 1. In Fig. (4), the plot of the solution

jP�
1;14ðx; tÞj in eq. (37), are the demonstrated with parameters
Fig. 1 (a) 3D plot of bright soliton wave structur

Fig. 2 (b) 3D plot of dark soliton wave structure
F ¼ 1:2, l ¼ 0:5, p ¼ 1:8; q ¼ 1:7, and c ¼ 0:77. In

Fig. (d), we have plot 3-dim graph of jP�
1;14ðx; tÞj which is a

combo periodic-singular wave structure and Fig. (d-1), is the

2-dim plot of jP�
1;14ðx; tÞj with t ¼ 1. In Fig. (5), the plot of

the solution jP�
2;1ðx; tÞj in eq. (42), are the demonstrated with

parameters p ¼ 1:2; q ¼ 1:2, and c ¼ 0:75. In Fig. (e), we have

plot 3-dim graph of jP�
2;1ðx; tÞj which is a bright soliton wave

structure and Fig. (e-1), is the 2-dim plot of jP�
2;1ðx; tÞj with

t ¼ 1. In Fig. (6), the plot of the solution jP�
2;2ðx; tÞj in eq.

(43), are the demonstrated with parameters p ¼ 1:4; q ¼ 1:3,
and c ¼ 0:7. In Fig. (e), we have plot 3-dim graph of

jP�
2;2ðx; tÞj which is a periodic soliton wave structure and

Fig. (e-1), is the 2-dim graph of jP�
2;2ðx; tÞj with t ¼ 1. In

Fig. (7), the plot of the solution jP�
2;5ðx; tÞj in eq. (46), are

the demonstrated with parameters p ¼ 1; q ¼ 1, and
e of jP�
1;1ðx; tÞj and (a-1) 2D graph with t ¼ 1.

of jP�
1;5ðx; tÞj and (b-1) 2D graph taking t ¼ 1.



Fig. 5 (e) 3D plot of bright soliton wave structure of jP�
2;1ðx; tÞj and (e-1) 2D graph taking t ¼ 1.

Fig. 4 (d) 3D plot of combo periodic-singular soliton wave structure of jP�
1;14ðx; tÞj and (d-1) 2D plot taking t ¼ 1.

Fig. 3 (c) 3D plot of combo dark-bright soliton wave structure of jP�
1;7ðx; tÞj and (c-1) 2D plot taking t ¼ 1.
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Fig. 6 (f) 3D plot of singular soliton wave structure of jP�
2;2ðx; tÞj and (f-1) 2D graph taking t ¼ 1.

Fig. 7 (g) 3D plot of dark soliton wave structure of jP�
2;5ðx; tÞj and (g-1) 2D graph taking t ¼ 1.
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c ¼ 0:85. In Fig. (g), we have plot 3-dim graph of jP�
2;5ðx; tÞj

which is a bright soliton wave structure and Fig. (g-1), is the

2-dim graph of jP�
2;5ðx; tÞj with t ¼ 1.

6. Conclusion

In this paper, we have successfully applied the SSM on two dif-
ferent non-linear models, namely, BBM and CKG equations.

The acquired results are in the forms of trigonometric and
hyperbolic functions solutions which are very efficacious and
influential in non-linear optics, mathematical biology, mechan-
ics, fluid mechanics, plasma physics. The obtained results show

the bright, singular, dark, and periodic singular solitons wave
behaviors. Selecting the suitable values of parameters and to
realize the physical meaning of the solutions, 2-dim and 3-
dim plots have been represented. By the results and figures,
it may be observed that all solutions stimulate their estimated

physical behavior. These solutions produce different soliton
wave behaviors to the considered models, physically. From
outcomes, we can say that these solitons present wave behav-

ior, physically, of the considered models. Also, this study will
help to predict some new hypothesis and theories in the field of
mathematical physics. Moreover, we compare our results with

that have been newly published [39,40] to show the paper’s
novelty and its scientific contributions.
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